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ABSTRACT 
 

The nonconvex combined traffic signal control and traffic assignment problem is 
examined using four different algorithms and four example networks.  The heuristic iterative 
approach has been widely used (1) without any justification regarding solution quality and (2) 
without any treatment of the problem of nonconvexity.  This is the first study designed 
recognizing the nonconvexity of the combined problem and examining quality of different 
algorithm solutions with convergence pattern analysis. 

Drivers are assumed to follow Wardrop's first principle and link performance is described 
by the Webster curve.  Origin-destination matrices are assumed fixed, green time per cycle ratios 
and cycle length are decision variables, and total system travel time minimization is the control 
objective.  The iterative approach sequentially performing assignment and signal optimization 
finds mutually consistent points where flow is at user equilibrium and signal setting is optimal.  
Three different local search algorithms with six variations regarding gradient calculation are 
implemented.  To counter the nonconvexity, two stochastic global searches, simulated annealing 
and a genetic algorithm are applied.  Complex signal schemes with overlapping movements and 
multiple phases are included in the developed codes. 

The codes are preliminarily tested to address characteristics of the algorithms.  
Comprehensive experiments are designed using five different demand levels and four different 
size networks.  An aggregate measure to determine the similarity of solutions by different 
algorithms indicated that the mutually consistent solutions are quite different from the other 
algorithm solutions and the difference grows as demand increases.  Regarding solution quality, 
each algorithm has a relatively superior combination of demand level and network size.  The 
iterative approach and local searches converge quickly but the two global searches converge 
slowly.  Numerical results confirm that the iterative approach is not always desirable and should 
be carefully applied at high demand in networks.  At high demand, however, no algorithm is 
always outperforming.  To improve code performance, a hybrid algorithm of global and 
local/iterative search utilizing their exclusive merits simultaneously and efficiently should be 
developed. 
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EXECUTIVE SUMMARY 
 

From the transportation planning perspective, traffic assignment models are used to 
forecast network flow patterns, commonly assuming that capacities decided by network supply 
parameters such as signal settings are fixed for a given origin-destination matrix (OD matrix).  
On the other hand, from the transportation engineering perspective, network flow patterns are 
commonly assumed fixed and control parameters are optimized in order to improve some 
performance index. 

The two processes, traffic assignment and signal optimization, are usually dealt with 
separately.  It is well known, however, that the two processes mutually influence each other.  
This mutual interaction can be explicitly considered by effective integration of these two 
processes, producing the so called combined control and assignment problem.  When user 
equilibrium (UE) is adopted for the traffic assignment, the problem is called the equilibrium 
network traffic signal setting problem (ENSS), which is normally nonconvex and obtaining 
explicit gradient information for any gradient based algorithm application becomes increasingly 
difficult as network size increases.  Even though the combined control and assignment problem 
has been studied over the last two decades, in the literature the following two points have not 
been sufficiently addressed: 

• Network representations and cost functions commonly used are too simple to properly 
describe flow patterns.  Therefore, theoretical and numerical results are somewhat apart 
different from reality although crude representation and simple functions reduce the 
problem complexity; 

• Attempted solutions of the combined control and assignment problem lack efficient 
algorithms and empirical results although some studies suggest gradient based local 
searches or heuristic algorithms.  The iterative optimization and assignment approach 
(IOA) is a widely used approximate algorithm and produces mutually consistent points 
of signal settings and flows by alternatively performing control optimization and 
assignment until convergence.  However, in the strict sense, IOA is not an optimization 
procedure for the combined problem, and the mutually consistent points naturally may 
not include any truly optimal point. 

Thus, the following questions can be asked. 
• How different are mutually consistent points from local or global points as network size 

increases and as more realistic link performance functions are used?  How do related 
parameters such as OD levels affect the difference?  Can global searches designed to 
recognize the nonconvexity of the problem offset high computational cost by 
generating relatively higher quality solutions than local or mutually consistent points? 

 
The main objective of this research is to apply two global approaches, simulated 

annealing and a genetic algorithm, and a local search technique to the combined control and 
assignment problem and to compare those solutions with mutually consistent solutions by 
iterative optimization and assignment (IOA). 

Comprehensive experiments were conducted using five different demand levels and four 
network sizes.  An appropriate measure for comparing solutions by the different techniques 
indicated significant solution differences and these differences tend to grow as network demand 
increases.  Each algorithm tends to perform best for a unique combination of demand and 
network size. 



 viii

TABLE OF CONTENTS 

CHAPTER 1.  INTRODUCTION 1 
1.1  MOTIVATION AND PROBLEM STATEMENT 1 
1.2  RESEARCH OBJECTIVE AND TASKS 2 
1.3  ASSUMPTIONS 4 
1.4  EXPECTED CONTRIBUTIONS  4 
1.5  RESEARCH OVERVIEW 4 

 
CHAPTER 2  REVIEW ON COMBINING CONTROL AND ASSIGNMENT 7 

2.1  NOTATION 7 
2.2  EQUILIBRIUM ASSIGNMENT 7 

2.2.1  Wardrop's two principles 7 
2.2.2  Beckmann's basic UE transformation 9 

2.2.2.1  Equivalency 10 
2.2.2.2 Uniqueness 10 
2.2.2.3  Existence 10 
2.2.2.4  Stability 11 

2.2.3  Frank-Wolfe algorithm 11 
2.2.4  Streamlined Frank-Wolfe algorithm and streamlined IOA procedure 13 
2.2.5  Variational Inequality formulation 14 
2.2.6  System optimal formulation 14 
2.2.7  Three alternative definitions of traffic equilibrium 15 

2.2.7.1  Three definitions 16 
2.2.7.2  Relationship among the three definitions 16 

2.3  CONTROL 17 
2.3.1  Role and impact of control 17 
2.3.2  Signal optimization and computer codes 17 
2.3.3  Control parameters and analytical optimization approach 18 
2.3.4  Three policies and two link performance functions 18 

2.4  COMBINING ROUTE CHOICE AND TRAFFIC CONTROL 19 
2.4.1  Overview 19 
2.4.2  Allsop and Charlesworth (1970's) 22 
2.4.3  Tan, Gershwin and Athan's hybrid optimization problem 22 
2.4.4  Smith and co-workers' research 24 
2.4.5  NDP, bilevel formulation and game theoretic explanation 24 
2.4.6  Braess's paradox and NDP 26 
2.4.7  Sheffi  and Powell's work 26 
2.4.8  Gartner and Al-Malik's and other researcher's works 27 
2.4.9  SATURN 28 
2.4.10  Vuren and Van Vliet's 1992 study with SATURN 30 
2.4.11  Comparison of NDP and iterative procedure 30 

2.5  SYMMETRIC AND ASYMMETRIC INTERACTIONS 30 
2.6  THEORETICAL REVIEW OF ITERATIVE OPTIMIZATION-ASSIGNMENT 
 APPROACH 32 

2.6.1  Pressure and extended assignment 32 
2.6.2  Gradient, monotone, capacity maximizing policies 35 



 ix

2.7  CHAPTER 2  SUMMARY 36 
 
CHAPTER 3  SIMULATED ANNEALING AND GENETIC ALGORITHMS 37 

3.1  OVERVIEW OF STOCHASTIC GLOBAL OPTIMIZATION 37 
3.1.1  Global optimization 37 
3.1.2  Pure random search 37 
3.1.3 Pure adaptive search and adaptive search 38 

3.2  OVERVIEW OF SIMULATED ANNEALING 40 
3.2.1  Annealing in the thermal process 40 
3.2.2  Gibbs distribution and Metropolis algorithm 40 

3.3  SIMULATED ANNEALING AND ITS USEFULNESS 43 
3.3.1  Simulated annealing 43 
3.3.2  Cooling schedule in simulated annealing 44 
3.3.3  Usefulness of simulated annealing and complexity 45 

3.4  CONVERGENCE IN PROBABILITY OF SIMULATED ANNEALING 46 
3.4.1  Notations and convergence in probability 46 
3.4.2  Markovian property and mathematical expression of SA 47 
3.4.3  Stationary distribution of SA with discrete state space 48 
3.4.4  Convergence in probability of homogeneous SA 

with discrete state space 49 
3.4.5  Convergence to optima of inhomogeneous SA 

with discrete state space 50 
3.4.6  Simulated annealing over continuous variables 51 
3.4.7  Vanderbilt and Louie 's continuous simulated annealing 52 

3.5  SA APPLICATIONS TO TRANSPORTATION ENGINEERING 56 
3.6  OVERVIEW OF GENETIC ALGORITHMS 57 

3.6.1  Introduction 57 
3.6.2  Terminology 57 

3.7  CANONICAL GENETIC ALGORITHMS AND USEFULNESS OF  
 GENETIC ALGORITHMS 58 

3.7.1  Canonical genetic algorithms 58 
3.7.1.1  Representation, initial population and fitness evaluation 58 
3.7.1.2  Selection 59 
3.7.1.3  Crossover 60 
3.7.1.4  Mutation 60 

3.7.2  Advantages and disadvantages of GA 61 
3.8  CONVERGENCE ANALYSIS OF GA 61 
3.9  GA APPLICATIONS TO TRANSPORTATION ENGINEERING 63 
3.10  CHAPTER 3  SUMMARY 65 

 
CHAPTER 4  METHODOLOGY 67 

4.1  OVERVIEW AND NOTATION 67 
4.2  CONTROL POLICY AND PERFORMANCE FUNCTION 68 

4.2.1  Control policy 68 
4.2.2  Performance function 68 

4.2.2.1  BPR and modified BPR curve 68 



 x

4.2.2.2  Webster's curve 69 
4.2.2.3  Deterministic oversaturation delay model 71 
4.2.2.4  Webster's curve, Frank-Wolfe algorithm and kink curve 73 

4.2.2.4.1  Method A 75 
4.2.2.4.2  Method B 75 
4.2.2.4.3  Numerical comparison of Methods A and B 77 

4.2.2.5  Derivatives of the Webster and BPR curves 79 
4.3  MULTIPHASES, OVERLAPPING MOVEMENTS AND CHAIN RULE 80 
4.4  NONCONVEXITY 81 

4.4.1  SO problem and nonconvexity 81 
4.4.2  ENSS problem and nonconvexity 86 

4.4.2.1  ENSS and nonconvexity: investigating domain sets 86 
4.4.2.2  ENSS and nonconvexity: investigating objective spaces 87 

4.5  SIMULATED ANNEALING FOR ENSS: SENSS 99 
4.5.1  Overview 99 
4.5.2  Value of SA for ENSS 99 
4.5.3  Simulated annealing for ENSS 99 

4.5.3.1  Representation and initialization 99 
4.5.3.2  Inner iteration 100 
4.5.3.3  Outer iteration 102 

4.5.3.3.1  Cooling schedule 102 
4.5.3.3.2  Cholesky decomposition 103 

4.5.3.4  SENSS algorithm and stopping criteria 105 
4.5.4  Streamlined SA 106 
4.5.5  Convergence and factors for experiments 106 

4.6  GENETIC ALGORITHM FOR  ENSS: GENSS 107 
4.6.1  Overview 107 
4.6.2  Maintaining control feasibility by GENSS for ENSS 107 
4.6.3  Implementing genetic algorithm for ENSS 107 

4.6.3.1  Representation and initial population 107 
4.6.3.2  Decoding 108 
4.6.3.3  Fitness evaluation 109 
4.6.3.4  Selection 110 
4.6.3.5  Crossover and mutation 110 

4.6.4  GENSS and factors for experiments 110 
4.6.5  Consideration of convergence   111 

4.7  LOCAL SEARCH FOR  ENSS: LOCAL 112 
4.7.1  Overview 112 
4.7.2  Gradient estimation 113 
4.7.3  Descent direction determination 116 
4.7.4  Determination of step size 117 
4.7.5  Local search algorithm and experimental factors 120 

4.8  ITERATIVE OPTIMIZATION-ASSIGNMENT PROCEDURE FOR ENSS: IOA 120 
4.8.1  Overview 120 
4.8.2  Pressure and chain rule 121 

4.8.2.1  Case 1 122 



 xi

4.8.2.2  Case 2 125 
4.8.2.3  Case 3 126 
4.8.2.4  Case 4 126 

4.8.3  Green time constraints and relaxation 127 
4.8.4  Derivation of pressure and approximation 127 

4.8.4.1  Derivation of pressure 127 
4.8.4.2  Pressure of the BPR curve 128 
4.8.4.3  Pressure of Webster's curve 130 
4.8.4.4  Pressure of the kink curve and approximation 130 

4.8.5  Pressure balancing by green time swapping 135 
4.8.6  IOA algorithm and its streamlined version 136 

4.9  CHAPTER 4  SUMMARY 137 
 
CHAPTER 5  CHARACTERISTICS OF THE FOUR COMBINED  
 PROBLEM ALGORITHMS 139 

5.1  NETWORK REPRESENTATION AND PERFORMANCE MODEL 139 
5.2  EXAMPLE NETWORKS 140 
5.3  SO AND MULTIPLE UE SOLUTIONS OF VV NETWORK 144 

5.3.1  SO of VV network 144 
5.3.2   Multiple UE flow patterns and the VV network 146 

5.4  INITIAL CONTROL SETTING AND DEMAND LEVEL 150 
5.5  PRELIMINARY TEST FOR SENSS CHARACTERISTICS 150 

5.5.1  SENSS parameters and stopping criteria 150 
5.5.2  Fast cooling schedule 154 
5.5.3  SENSS search trend 155 
5.5.4  Streamlining SENSS 155 

5.6 PRELIMINARY TEST FOR GENSS CHARACTERISTICS 158 
5.6.1 GENSS base parameter, stopping criteria and search trends 158 
5.6.2  Fitness curve and elitist treatment 164 
5.6.3  GENSS mutation rate, P M  164 
5.6.4 GENSS crossover rate, P C 168 
5.6.5 Population size in TTT 172 
5.6.6  Streamlining GENSS 176 

5.7  PRELIMINARY TEST FOR LOCAL CHARACTERISTICS 177 
5.8  PRELIMINARY TEST FOR IOA CHARACTERISTICS 181 

5.8.1  Stopping criteria 181 
5.8.2  Convergence characteristics of IOA 182 
5.8.3  Green swapping and streamlining IOA 185 

5.9  CHAPTER 5  SUMMARY 186 
 
CHAPTER 6  COMPREHENSIVE EXPERIMENTS 187 

6.1  PURPOSE OF COMPREHENSIVE EXPERIMENTS 187 
6.2  EXPERIMENTAL DESIGN 187 
6.3  EXPERIMENT I: COMPUTATIONAL UNIQUENESS ANALYSIS 189 

6.3.1  Design of experiment I 189 
6.3.2  Analysis 190 



 xii

6.3.3  Experiment I summary 192 
6.4  EXPERIMENT II: LOCAL SEARCH COMPARISONS 193 

6.4.1  Total travel time 193 
6.4.2  Deviation of local search results 196 
6.4.3  Weighted volume per capacity ratio 196 
6.4.4  Convergence and UE assignment repetitions 200 
6.4.5  Summary of experiment II and best local search 200 

6.5  EXPERIMENT III:  ALGORITHM COMPARISONS 200 
6.5.1  Total travel time 201 

6.5.1.1  Overall results 201 
6.5.1.2  The VV network and total travel time 205 
6.5.1.3  The 2x1 network and total travel time 209 
6.5.1.4  The MED network and total travel time 212 
6.5.1.5  The AST network and total travel time 215 

6.5.2  Weighted volume per capacity ratio 218 
6.5.3  Convergence pattern 223 

6.5.3.1  Convergence pattern of the IOA and nLOCAL methods 223 
6.5.3.2  Convergence of the SENSS and GENSS procedures 226 

6.5.4  Conclusion and implication of the Experiment III 228 
6.6  CYCLE LENGTH AND EXPERIMENT RESULTS 230 
6.7  CHAPTER 6  SUMMARY 230 

 
CHAPTER 7  INCLUSION OF CYCLE LENGTH OPTIMIZATION 233 

7.1  CHARACTERISTICS OF CYCLE LENGTH 233 
7.2  CYCLE LENGTH SELECTION IN NETWORKS 235 
7.3  DEVELOPMENT OF SYSTEM CYCLE LENGTH OPTIMIZATION 235 
7.4 UNCERTAINTY OF SELECTION OF NETWORK CYCLE LENGTH 236 
7.5  CYCLE LENGTH OPTIMIZATION ALGORITHMS AND IMPLEMENTATION 237 
7.6  PRELIMINARY TEST AND FINDINGS 238 
7.7  COMPREHENSIVE EXPERIMENT 241 
7.8  CHAPTER 7  SUMMARY 245 

 
CHAPTER 8  CONCLUSIONS 247 

8.1  OVERALL CONCLUSIONS AND RESEARCH CONTRIBUTIONS 247 
8.2  FUTURE RESEARCH 249 

 
APPENDIX 251 

A.1  Gradient, Jacobian and Hessian 251 
A.2  Definiteness, Monotonicity and Convexity 252 
A.3  Relation among Monotonicity, Jacobian, Definiteness and Convexity 252 
A.4  Spanning Trees 254 
A.5  Algorithm 254 
A.6  NP and Polynomial-Time Approximation 254 
A.7  Markov Chain and Two Balance Equations 255 
A.8  Hajek (1988)'s Definitions and p-Series 256 
A.9  Proof of Descent Direction in Section 4.7.3 260 



 xiii

 
REFERENCES 261



 xiv

LIST OF FIGURES 

Figure 1.1  Study tasks 3 
Figure 1.2  Research structure 5 
Figure 2.1  The general Frank-Wolfe algorithm 13 
Figure 2.2  The Frank-Wolfe algorithm for the standard static UE problem 13 
Figure 2.3  The relationship among the three UE definitions 17 
Figure 2.4  Example network (Dickson, 1981) 20 
Figure 2.5  Three curves on space x,λ( ) 20 
Figure 2.6  Interesting four points on space x,λ( ) 21 
Figure 2.7  Multiple local points on space x,λ( ) 21 
Figure 2.8  Iterative optimization assignment procedure 22 
Figure 2.9  Allsop and Charlesworth's iterative procedure 22 
Figure 2.10  The basic structure of SATURN 28 
Figure 2.11  The signal optimization of SATURN 29 
Figure 2.12  The streamlined version of signal optimization of SATURN 29 
Figure 2.13  Transforming control optimization into assignment 34 
Figure 3.1  Pure random search 38 
Figure 3.2  Pure adaptive search 38 
Figure 3.3  Adaptive search 39 
Figure 3.4  Metropolis algorithm 42 
Figure 3.5  Simulated annealing algorithm 44 
Figure 3.6  Abstract form of the simulated annealing algorithm 48 
Figure 3.7  Schematic illustration of random walk in SA 55 
Figure 3.8  Vanderbilt and Louie's continuous simulated annealing 56 
Figure 3.9  Canonical GA 58 
Figure 3.10  Selection procedure 60 
Figure 3.11  Crossover example and procedure 60 
Figure 3.12  Illustration of mutation  60 
Figure 3.13  Traffic GA procedure in Foy, Benekohal and Goldberg (1993) 64 
Figure 4.1  Signalized intersection delay with no overflow when vcr <1.0  70 
Figure 4.2  Signalized intersection delay with overflow when vcr <1.0  70 
Figure 4.3  Webster' curve 71 
Figure 4.4  Signalized intersection delay when vcr >1.0  72 
Figure 4.5  The idea of kink curve 74 
Figure 4.6  Kink curve and kink point 76 
Figure 4.7  Orthogonal matrix (array) of the eighteen selected cases 78 
Figure 4.8  A simple network from Van Vuren and Van Vliet (1992) 82 
Figure 4.9  Nonconvex objective space of SO: Webster's curve 

for the Figure 4.8 network; OD=2000 84 
Figure 4.10  Nonconvex objective space of SO: the BPR curve 

for the Figure 4.8 network; OD=2000 85 
Figure 4.11  Nonconvex objective function of ENSS: Webster's curve 

for Figure 4.8 network; OD=2000 89 
Figure 4.12  Nonconvex objective function of ENSS: BPR curve 

for the Figure 4.8 network; OD=2000 90 



 xv

Figure 4.13  Nonconvex objective function of ENSS: Webster's curve 
for the Figure 4.8 network; OD=1000 91 

Figure 4.14  Nonconvex objective function of ENSS: BPR curve 
for the Figure 4.8 network; OD=1000 92 

Figure 4.15  An example network with two intersections 94 
Figure 4.16  Nonconvex objective space of ENSS: Webster's curve for the Figure 4.15  

network; OD=1800 from zone A and 1200 from zone C 95 
Figure 4.17  Nonconvex objective space of ENSS: Webster's curve for the Figure 

4.15 network; OD=1800 from zone A and 900 from zone C 96 
Figure 4.18  Nonconvex objective space of ENSS: the BPR curve for the Figure 4.15 network; 

OD=1800 from zone A and 1200 from zone C 97 
Figure 4.19  Nonconvex objective space of ENSS: the BPR curve for the Figure 4.15 network; 

OD=1800 from zone A and 900 from zone C 98 
Figure 4.20  Search with boundary intensifying 101 
Figure 4.21  Adaptive cooling schedule 103 
Figure 4.22  Inversion procedure by Cholesky decomposition 105 
Figure 4.23  SENSS algorithm 106 
Figure 4.24 Green time decoding 109 
Figure 4.25  GENSS algorithm 111 
Figure 4.26  Flowchart of the golden section algorithm 119 
Figure 4.27  Local search 120 
Figure 4.28  Four different cases of phase plan 123 
Figure 4.29  Link performance function and green time ratio 125 
Figure 4.30  Typical shape of link pressure for the BPR curve 129 
Figure 4.31  Typical shape of pressure for Webster's curve 131 
Figure 4.32 Pressure of kink curve 132 
Figure 4.33  Approximation of pressure for Webster's curve 134 
Figure 4.34 Green time swapping 135 
Figure 4.35  IOA algorithm 136 
Figure 5.1  Detailed intersection representation 139 
Figure 5.2  A simple network from Van Vuren and Van Vliet (1992) 140 
Figure 5.3  An example network with two intersections 141 
Figure 5.4  A medium size network 142 
Figure 5.5  A subnetwork from the city of Austin, Texas, USA 143 
Figure 5.6  System optimal control green time allocation to wide bypass route 145 
Figure 5.7  System optimal control flow allocation to wide bypass route 145 
Figure 5.8  Average travel time of system optimal control 146 
Figure 5.9  Total travel time of system optimal control 146 
Figure 5.10  VV network UE flow and green time, OD=500 148 
Figure 5.11  VV network UE flow TTT and green time, OD=500 148 
Figure 5.12  VV network UE flow TTT and percentage bypass flow, OD=500 148 
Figure 5.13  VV network UE flow and green time, OD=3500 149 
Figure 5.14  VV network UE flow TTT and green time, OD=3500 149 
Figure 5.15  VV network UE flow TTT and percentage 

bypass flow, OD=3500 149 
Figure 5.16  Three different TTT measures of SENSS in the AST network  152 



 xvi

Figure 5.17  Metropolis algorithm results in the AST network  152 
Figure 5.18  Adaptive cooling in the AST network 153 
Figure 5 19  Impact of initial temperature on the solution quality 

on the MED network by showing TTT1 154 
Figure 5 20  Impact of initial temperature on the solution quality on the MED 

network by showing TTT2 154 
Figure 5.21  Impact of initial temperature on the solution quality on the MED 

network by showing TTT3  155 
Figure 5.22  SENSS search trend on the VV network with Webster's curve 156 
Figure 5.23  SENSS search trend on the 2x1 network with Webster's curve 156 
Figure 5.24  Streamlined and regular versions of SENSS 157 
Figure 5.25  GENSS base case results in the VV network 

with Webster's curve 159 
Figure 5.26  GENSS base case search trends in the VV network 160 
Figure 5.27  GENSS base case results in the 2x1 network 

with Webster's curve 161 
Figure 5.28  GENSS base case search trend in the 2x1 network 162 
Figure 5.29  GENSS base case results on the MED network 

with Webster's curve 163 
Figure 5.30  GENSS base case results on the AST network 

with Webster's curve 163 
Figure 5.31  Mutation rate and minimum TTT (TTT1) of each population 165 
Figure 5.32  Mutation rate and average TTT (TTT2) of each population 166 
Figure 5.33  Mutation rate and best TTT (TTT3) of the associated generation 167 
Figure 5.34  Crossover rate and minimum TTT (TTT1) of each population  169 
Figure 5.35  Crossover rate and average TTT (TTT2) of each population  170 
Figure 5.36  Crossover rate and best TTT (TTT3) of the associated generation 171 
Figure 5.37  Population size and minimum TTT (TTT1) of each population 173 
Figure 5.38  Population size and average TTT (TTT2) of each population  174 
Figure 5.39  Population size and best TTT (TTT3) of the associated generation 175 
Figure 5.40  Streamlining effect of GENSS 176 
Figure 5.41  Green time perturbation and TTT 178 
Figure 5.42  nLOCAL results on the 2x1 network with Webster's curve 180 
Figure 5.43  nLOCAL result on the AST network with Webster's curve 181 
Figure 5.44  IOA convergence pattern for the VV network  183 
Figure 5.45  IOA convergence pattern for the 2x1 network  183 
Figure 5.46  IOA convergence pattern for the MED network  184 
Figure 5.47  IOA convergence pattern for the AST network  184 
Figure 6.1    Total travel time by the four algorithms in the VV network 207 
Figure 6.2    Total travel time by the four algorithms in the 2x1 network 210 
Figure 6.3    Total travel time by the four algorithms in the MED network 213 
Figure 6.4    Total travel time by the four algorithms in the AST network 216 
Figure 6.5    Weighted vcr for the VV network at the five different OD levels 222 
Figure 6.6    Relative superior regions of the four searches 228 
Figure 6.7    The IOA optimization scheme 229 
Figure 7.1    Adding more decision variables such as cycle length 234 



 xvii

Figure 7.2    Average delay as a function of demand level and cycle length  
(Amended from Webster, 1958) 235 

Figure 7.3    Deciding network cycle length 236 
Figure 7.4    IOA and cycle length optimization 237 
Figure 7.5    nLOCAL and cycle length optimization 237 
Figure 7.6    SENSS and cycle length optimization 238 
Figure 7.7    GENSS and cycle length optimization 238 
Figure 7.8    Difference of total travel tine between nLOCAL and IOA 243 
Figure 7.9    Difference of total travel tine between SENSS and IOA 243 
Figure 7.10  Difference of cycle length between nLOCAL and IOA 244 
Figure 7.11  Difference of cycle length between SENSS and IOA 245 
Figure A.1   Depth of discrete states (Hajek, 1988) 258 
 

 



 xviii

LIST OF TABLES 

Table 2.1  Assignment Related Notation 8 
Table 2.2  Control Related Notation 9 
Table 2.3  Additional notation for pressure 32 
Table 2.4  Properties of policies according to link performance function. 36 
Table 3.1  Temperature function 45 
Table 3.2  Number of repetitions 45 
Table 3.3  Stopping criteria 45 
Table 3.4  Notation for the SA and Markov chains 47 
Table 3.5  Terms of GA (Gen and Cheng, 1997) 58 
Table 3.6  Representation of chromosomes 59 
Table 4.1  Additional notation for Chapter 4 67 
Table 4.2  Factors and levels assigned 77 
Table 4.3  Comparisons of Method A and B 78 
Table 4.4  Counter example for the nonconvexity of ENSS with Webster's 

curve for the network in Figure 4.8 86 
Table 4.5  Counter example for the nonconvexity of ENSS: the BPR 

curve for the network in Figure 4.8 87 
Table 4.6  Representation of chromosomes 108 
Table 4.7  Several GAs  112 
Table 4.8  Local searches 115 
Table 5.1  Link performance model 140 
Table 5.2  Example network characteristics 144 
Table 5.3  Chosen initial control settings and OD levels 150 
Table 5.4  Base SENSS parameter values 150 
Table 5.5  Relative performance of the boundary intensified search 153 
Table 5.6  Performance of the streamlined version of SENSS by the average number of UE 

iterations required 156 
Table 5.7  Best TTT of different crossover and mutation rate combinations 158 
Table 5.8  Base GENSS parameter values 159 
Table 5.9  Effectiveness of fitness curves and elitist treatment on TTT3 164 
Table 5.10  Mutation rate and TTT3 164 
Table 5.11  Crossover rate and best TTT in the MED network 168 
Table 5.12  Population size and best total travel time in the MED network  172 
Table 5.13  Local search results  180 
Table 5.14  Green swapping 185 
Table 5.15  Performance of non streamlined and streamlined IOA  186 
Table 6.1  Basic parameter settings and stopping criteria of the four codes 188 
Table 6.2  Total cases for the three experiments 189 
Table 6.3  Similarity of mutually consistent flow patterns for alternative 

initial solutions 191 
Table 6.4  Flow similarity of solutions by the IOA and different algorithms 

with λ o =type 1 192 
Table 6.5  Control similarity of solutions by the IOA and different algorithms 

with λ o =type 1 193 



 xix

Table 6.6  Means of local search total travel time (hr) 194 
Table 6.7  Paired comparison of nLOCAL and other local searches using TTT 195 
Table 6.8  Standard deviations of local search TTT results (hr) 197 
Table 6.9  Coefficient of variation of local search TTT results 198 
Table 6.10  Weighted vcr of the local search methods 199 
Table 6.11  Average number of iterations until convergence 200 
Table 6.12  Average UE assignment repetitions of the local searches 200 
Table 6.13  Mean of total travel time by the four searches (hr) 201 
Table 6.14  Minimum of total travel time by the four searches (hr) 202 
Table 6.15  Standard deviation of total travel time by the four searches (hr) 203 
Table 6.16  Coefficient of variation of total travel time by the four searches 204 
Table 6.17  Total travel time mean values by the four search methods for 

the VV network 206 
Table 6.18  Analysis of variance on TTT for the VV network 206 
Table 6.19  Analysis of variance on Ti  for the VV network 206 
Table 6.20  Least significant difference analysis of Ti  values for 

the VV network (p-values) 208 
Table 6.21  Total travel time mean values by the four search methods for 

the 2x1 network 209 
Table 6.22  Analysis of variance on Ti  for the 2x1 network 211 
Table 6.23  LSD analysis of Ti  values for the 2x1 network (p-values) 211 
Table 6.24  Total travel time mean values by the four search methods for 

the MED network 212 
Table 6.25  Analysis of variance on Ti  for the MED network 214 
Table 6.26  LSD analysis of Ti  values for the MED network (p-values) 214 
Table 6.27  Total travel time mean values (hours) by the four search methods 

for the AST network 215 
Table 6.28  Analysis of variance on Ti  for the AST network 217 
Table 6.29  LSD analysis of Ti  values for the AST network (p-values) 217 
Table 6.30  Mean of weighted vcr for the four search methods 219 
Table 6.31  Standard deviation of weighted vcr for the four search methods 220 
Table 6.32  Coefficient of variation of weighted vcr for the four search methods  221 
Table 6.33  Average number of iterations until convergence of the 

IOA and nLOCAL methods 224 
Table 6.34  Wrong way optimization encountered during the IOA procedure 225 
Table 6.35  Average SENSS and GENSS iterations to find 

best solution and to stop 227 
Table 7.1    Mean of total travel time for VV network (zero lost time) 239 
Table 7.2    Mean of total travel time for 2x1 network (zero lost time) 239 
Table 7.3    Mean of total travel time for MED network (zero lost time) 240 
Table 7.4    Mean of total travel time for AST network (zero lost time) 240 
Table 7.5    Mean of total travel time of comprehensive experiment 242 
Table 7.6    Mean of cycle length of comprehensive experiment 244 



 xx



 1

CHAPTER 1.  INTRODUCTION 

1.1  MOTIVATION AND PROBLEM STATEMENT 
From the transportation planning perspective, traffic assignment models are used to 

forecast network flow patterns, commonly assuming that capacities decided by network supply 
parameters such as signal settings are fixed with a given particular origin-destination matrix (OD 
matrix).  On the other hand, from the transportation engineering perspective, network flow 
patterns are commonly assumed fixed and control parameters are optimized in order to improve 
some performance index for prevailing flow patterns.  The input flow patterns must either be 
observed or forecast through traffic assignment 

The two processes, traffic assignment and signal optimization, are usually dealt with 
separately.  It is well known, however, that the two processes mutually influence each other.  
This mutual interaction can be explicitly considered by effective integration of these two 
processes, producing the so called combined control and assignment problem.  When user 
equilibrium (UE) is adopted for the traffic assignment, the problem is called the equilibrium 
network traffic signal setting problem (ENSS), which is normally nonconvex and obtaining 
explicit gradient information for any gradient based algorithm application is difficult as network 
size increases.  Even though the combined control and assignment problem has been studied over 
the last two decades, in the literature the following two points have not been sufficiently 
addressed: 

• Network representations and cost functions commonly used are too simple to properly 
describe flow patterns.  Therefore, theoretical and numerical results are somewhat apart 
different from reality although crude representation and simple functions reduce the 
problem complexity; 

• The combined control and assignment problem lacks efficient algorithms and empirical 
results while some studies suggest gradient based local searches or heuristic algorithms.  
The iterative optimization and assignment (IOA) is a widely used approximate 
algorithm and produces mutually consistent points of signal settings and flows by 
alternatively performing control optimization and assignment until convergence.  
However, in the strict sense, IOA is not an optimization procedure for the combined 
problem, and the mutually consistent points naturally may not include any truly optimal 
point. 

Thus, the following questions can be asked. 
• How different are mutually consistent points from local or global points as network size 

increases and as more realistic link performance functions are used?  How do related 
parameters such as OD levels affect the difference?  Can global searches designed 
recognizing the nonconvexity of the problem offset high computational cost by 
generating relatively higher quality solutions than local or mutually consistent points? 

This research is mainly motivated by these questions.  If the quality of the three solutions by 
global, local and IOA approaches are similar, IOA, essentially, the current field practice can be 
strongly justified as an approximate algorithm for solving the combined control and assignment 
problem. 
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1.2  RESEARCH OBJECTIVE AND TASKS 
The main objective of this research is to apply two global, simulated annealing and a 

genetic algorithm, and a local search technique with several variations to the combined control 
and assignment problem and to compare those solutions with mutually consistent solutions by 
IOA.  Figure 1.1 presents the tasks to be performed. 

• Review the literature on the combined control and assignment problem and simulated 
annealing and a genetic algorithm; 

• Select cost functions, a network representation method and incorporate more complex 
signal schemes such as multiple phases and/or overlapping phases (one movement 
receives the right of way during more than one phase) using a chain rule; 

• Implement four algorithms: simulated annealing, a genetic algorithm, a local search and 
an iterative optimization and assignment for ENSS under the code names of SENSS, 
GENSS, LOCAL and IOA, respectively; 

• Apply those algorithms to example networks to address their characteristics; 
• Perform comprehensive experiments with different demand levels in different networks 

and compare solution quality and convergence patterns. 
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Figure 1.1  Study tasks 
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1.3  ASSUMPTIONS 
To keep the problem manageable, several assumptions are made, and their selection 

reasons and limitations will be discussed in the following chapters.  Among others, the following 
are important. 

• Total travel time minimization is the objective of control optimization; 
• Traffic assignments are steady-state with fixed OD; 
• Route choice criterion for drivers is assumed to be minimum time path selection so that 

drivers follow deterministic user equilibrium; 
• Webster's delay function and the modified BPR function are selected for intersection 

delay modeling and link cruise time is assumed constant; 
• Because including traffic progression signal offset effects analytically in the theoretical 

flow and control relationships has not yet been properly resolved, offset is not 
considered; 

• Traffic signal phase sequences are exogenous and all phases are protected because 
including permissive movements makes the UE problem asymmetric with fixed control 
variables and solving the UE problem repeatedly within a reasonable amount of 
computation time may be difficult.  Green time is the only chosen signal parameter.  
Cycle length can be optimized separately and implemented in the codes, and discussed 
in Chapter 7. 

 
1.4  EXPECTED CONTRIBUTIONS  

This research is the first to seek global optimization of the combined control and traffic 
assignment problem.  Despite a lack of knowledge regarding the quality of solutions, IOA has 
been widely used in both the real world and theoretical studies since (1) IOA simulates the 
current practice of control optimization and traffic assignment, (2) the flow pattern constrained 
by UE makes the problem nonconvex and difficult to solve and (3) IOA contains tractability to 
deal with large networks.  The mutually consistent solution given by IOA, however, is not 
necessarily optimum and can be much worse than either the local or global optimum. 

Global searches may be too costly to apply for large problems or for real time problems.  
Ever-improving computer performance, however, reduces this limit.  By developing bench marks 
by global and local searches, IOA validity and actual value can be tested. 
 
1.5  RESEARCH OVERVIEW 

This research is structured as shown in Figure 1.2.  First, the introduction chapter 
contains the motivation and problem statement, research objectives and the expected study 
contributions.  Chapter 2 reviews the literature of the combined control and assignment problem.  
Chapter 3 describes the selected two stochastic global optimizations, simulated annealing and a 
genetic algorithm, centered on their origins, foundations, convergence properties and 
applications to transportation engineering.  Chapter 4 presents methodology to implement the 
four algorithms with discussions on link performance functions and problem nonconvexity.  
Chapter 5 presents the characteristics of the four implemented algorithms in the four example 
networks including the system optimal and user equilibrium flow pattern derivation in the 
simplest example network.  Chapter 6 includes three comprehensive experiments, Experiment I, 
II and III, which execute a computational uniqueness analysis of resulting flow and control 
variables, a relative comparison of different local searches, and a performance comparison of the 
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four codes, respectively.  Chapter 7 includes cycle length optimization for the codes. Chapter 8 
summarizes research findings and future research suggestions. 
 

 

Ch 1  Introduction

Ch 2  Literature review on 
         combining control and  
         assignment

Ch 3  Simulated annealing 
         and Genetic algorithm

Ch 4  Nonconvexity and four algorithms: 
         SENSS / GENSS / LOCAL / IOA

Ch 5  Characteristics of the four codes

Ch 6  Comprehensive experiments: 
         Experiment I / II / III

Ch 7  Cycle length optimization

Ch 8  Conclusions
 

 
Figure 1.2  Research structure 
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CHAPTER 2  REVIEW ON COMBINING CONTROL AND ASSIGNMENT 
 
This chapter reviews the literature of the combined traffic control and route assignment 

problem, centered on (1) standard equilibrium assignment; (2) signal control; and (3) previous 
research combining the two. 
 
2.1  NOTATION 

Two basic notations, assignment related and control related, are shown in Tables 4.1  
and 4.2 

 
2.2  EQUILIBRIUM ASSIGNMENT 
 
2.2.1  Wardrop's two principles 

Traffic assignment is the problem of finding flow pattern, which results from a route 
choice criterion, over a given urban transportation network.  The problem to solve equilibrium 
flow or user equilibrium flow has its origin in Wardrop (1952) of the British Road Research 
Laboratory.  Wardrop stated two route choice criteria: 

• First principle: travel times on all routes actually used are equal, and less than those 
which would be experienced by a single vehicle on any unused route. 

• Second principle: the average (or total system) travel time is a minimum. 
Flow satisfying the first principle is called user equilibrium (UE), which is the most widely used 
descriptive flow pattern.  Its existence, however, does not have any strong evidence.  The flow to 
satisfy the second principle is called system optimal (SO), which is normative as individuals may 
not attempt to follow the system optimal configuration.  The SO flow can be used as a bound in 
many mathematical network design problem.  The UE conditions can be expressed explicitly as; 

X k
pq Ck

pq − upq( )= 0       ∀ k, p,q  (2.1a) 

Ck
pq − upq ≥ 0                ∀ k,p,q  (2.1b) 

Xk
pq

k
∑ = rpq                  ∀ p,q  (2.1c) 

X k
pq ≥ 0                          ∀ k,p,q  (2.1d) 

where upq  is the OD specific Lagrange multiplier.  (2.1a) and (2.1b) guarantee two cases: if path 
k is used (i.e., X k

pq > 0) then the path k cost is equal to upq ; if path k is not used (i.e.,X k
pq = 0 ) 

then the path k cost is at least as great as upq .  Thus, the first principle is satisfied and upq  equals 
the minimum path cost between p-q.  (2.1c) and (2.1d) are simply flow conservation and 
nonnegativity constraints, respectively.  If Ck

pq  is replaced by the marginal path cost C k
pq, then 

(2.1) corresponds to the second principle. 
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Table 2.1  Assignment Related Notation 
N node (intersection) set or total number of nodes (intersections) in a network 
L directed link (arc) set or total number of links in a network 

N, L[ ] a network with nodes N and directed links L 
P set of origin nodes 
Q set of destination nodes 
Kpq  set of paths connecting OD pair p-q; 
K : a finite set of paths on a network N, L[ ] ; 

 
K = U

pq
Kpq  

xa  flow on link a 
t a, ca  travel time or cost on link a; t = (.. ., ta ,. ..), c = (. .., ca, ... ) 
Xk

pq  flow on path k connecting OD pair p-q; Xpq = (..., Xk
pq, ... ); X = (..., Xpq, ... ) 

C k
pq travel time or cost  on path k connecting OD pair p-q; 

C pq = (..., Ck
pq ,... ) ; C = (..., Cpq ,... ) ; C k

pq = ca xa , λa( )
a ∈Kpq
∑  

r p,q  trip rate between origin p and destination q 

δa,k
pq  indicator variable; δa,k

pq =
1  if link a is on path k between OD pair p - q
0  otherwise                                                   

 
 
 

 

Now, xa = Xk
pq ⋅ δa,k

pq

k
∑

q
∑

p
∑  

∆pq  link-path incidence matrix for OD pair p-q with elements δa,k
pq ; the element in the 

a-th row and k-th column of ∆pq  is δa,k
pq , i.e., ∆pq( )a,k

=δa,k
pq ; ∆ = ...,  ∆pq ,...( ) 

F D  set of flows to meet demand: demand-feasible flow by Smith (1979b); 

F D = X; Xk
pq

k
∑ = rpq  ∀  p, q

 
 
 

  

 
 
 

  
 

F S set of flows within capacity limitations; supply-feasible flow by Smith (1979b) 
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Table 2.2  Control Related Notation 
CL cycle length 
Gs

j
 green time of stage s at intersection j; 

Λ s
j

 green time ratio of stage s at intersection j; Λ s
j =

Gs
j

CL ; Λ = . .., Λs
j , ...( ) 

ω a,s
j  indicator variable for stage matrix; ω a,s

j =
1 if link a runs in stage s at junction n
0               otherwise
 
 
 

 

Ω j  stage incidence matrix for node j with elements ω a,s
j ; the element in the a-th row 

and s-th column of Ω j   is ω a,s
j , i.e., Ωj( )a, s

= ω a,s
j ; 

 
Ω = K, Ω j ,K( ), j ∈N  

ga  green time for intersection link a; now, at junction n, ga = ω a,s
j

s
∑ Gs

j  

λa  green time ratio for intersection link a; 

 λa =
ga
CL

= Λs
j ⋅ ωa,s

j

s
∑ (  Q an intersection link is related to only one junction); 

 λ = λa , ...,( ) 
sa  saturation flow rate for intersection link a 
cap a  capacity of intersection link a; capa = sa ⋅ λ a  
vcr a  ratio of flow rate to capacity on intersection link a (degree of saturation); 

 vcr a =
xa

cap a
=

xa
sa ⋅ λa

 

φa  ratio of flow rate to saturation flow rate sa ; φa =
xa
sa

 

F E  the set of allowable control setting; F E = Λ; Λs
j

s
∑ = 1   ∀ j

 
 
 

 
 
 

 

 
2.2.2  Beckmann's basic UE transformation 

Beckmann, McGuire and Winsten (1956) developed the formulation of the UE problem 
as a mathematical program and proved the equivalency, existence and uniqueness of the solution.  
Boyce (1981) included historical development of the concept of equilibrium assignment with 
many algorithms and problem formulations.  Sheffi (1985) presented fundamental traffic 
assignment methodology and Patriksson (1991) reviewed in detail the recent development of 
traffic assignment. 

For fixed OD, the following nonlinear problem finds a UE flow pattern if a typical 
convex performance curve, denoted by link travel time ta , satisfies (2.3). 

minimize z x( ) = ta w( )
0

xa∫
a
∑  dw  (2.2a) 

subject to xa = Xk
pq

k
∑

q
∑

p
∑ δa,k

pq      ∀ a  (2.2b) 

Xk
pq

k
∑ = rpq                  ∀ p,q  (2.2c) 

X k
pq ≥ 0                          ∀ k,p,q  (2.2d) 

where (2.2b) is the definitional link flow constraints. 
∂ta xa( )

∂xb
= 0      ∀ a ≠ b  (2.3a) 
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∂ta xa( )
∂xa

> 0      ∀ a  (2.3b) 

∂2ta xa( )
∂2xa

> 0      ∀ a  (2.3c) 

 
In the literature, (2.2) is known as Beckmann's transformation and is called the standard UE 
problem.  The usefulness of (2.2) became greater after its solution algorithms were found in the 
late 1960s and early 1970s (Sheffi, 1985).  (2.3) state the performance function of a link is 
increasing with flow only on that link (2.3a and 2.3b) and is convex (2.3c).  (2.3c) is natural 
because congestion effects become greater as flow increases due to the interaction among 
vehicles.  (2.3c) is not necessary for UE uniqueness but required for SO uniqueness. 
 
2.2.2.1  Equivalency 

The Lagrangian of (2.2) can be formulated as (2.4) and its first-order conditions (Kuhn-
Tucker conditions) turn out to be (2.1) (Sheffi, 1985). 

L(X, u) = z x X( )[ ]+ upq rpq − Xk
pq

k
∑

 

 
  

 
 

pq
∑  (2.4) 

where upq  denotes the dual variables associated with the flow conservation constraint for OD 
pair p-q in (2.2c). 
 
2.2.2.2 Uniqueness 

To identify the uniqueness of UE (link) flow in (2.2), it is sufficient to prove that 
objective function z x( )  is strictly convex and the feasible set defined by constraints (2.2b) (2.2c) 
and (2.2d) is convex.  All the constraints are linear and assure that the feasible set is convex.  
z x( )  must have a positive definite Hessian to be strictly convex.  If ta xa( ) satisfies (2.3a) and 
(2.3b), the Hessian of z x( )  is as follows. 

  

∇2z x( ) =

dt1 x1( )
dx1

0 0 L

0
dt2 x2( )

dx2
0 L

M 0 O

M M
dtn xn( )

dxn

 

 

 
 
 
 
  

 

 

 
 
 
 
 

 (2.5) 

 
where n is the total number of links.  The Hessian is diagonal with strictly positive diagonal 
entries by (2.3b), and is positive definite.  z x( )  is thus strictly convex, and the UE problem has a 
unique minimum on its feasible convex set. 
 
2.2.2.3  Existence 

The fact that equilibrium flow is the solution of the minimization problem (2.2) implies 
that the proof of the solution existence for (2.2) is sufficient for the existence of equilibrium 
flow.  The constraints in (2.2) define a closed set if flow is bounded below some capacity or 
finite number (e.g., OD amount is the upper bound) and the objective function (2.2a) is 
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continuous since it is a sum of integrals of continuously integrable functions.  Thus the 
minimization problem (2.2) has a solution, which is UE flow, in its domain. 
 
2.2.2.4  Stability 

Transportation planners and analysts may be interested in stability analysis for the route 
choice adjustment process in a dynamic context.  Very little experience, however, exists, either 
of theoretical or of an empirical nature.  Two different stability issues for this route adjustment 
process are of interest--global and local stability. 

Global stability is concerned with the possibility that the route adjustment process can 
drive any disequilibrium flow pattern (or any arbitrary initial flow pattern) to an equilibrium flow 
pattern (Zhang and Nagurney, 1996).  For example, in intelligent vehicle highway systems and 
advanced traveler information systems, will continuous updating of current travel cost 
information eventually lead flow to an equilibrium pattern, or will current (near) equilibrium 
flow stay close to the equilibrium flow pattern during the adjustment process?  Local stability 
issues, in turn, are concerned with different questions:  for example, will an observed or 
computed equilibrium pattern resume after some local perturbation caused by incidents (Zhang 
and Nagurney, 1996) ? 

Smith (1979b) discussed the stability analysis of traffic network equilibria for the fixed 
demand model.  Smith (1984b) showed that the adjustment process to swap vehicles from a 
higher cost path to lower cost path is globally stable under the assumption that the path costs are 
monotone using a method of Lyapunov.  Mahmassani (1990) empirically studied this issue 
through a commuter behavioral study as they adjusted their route choices on a simulated traffic 
network.  Zhang and Nagurney (1996) established that under the monotonicity assumption on 
link cost, the route choice adjustment process is globally stable.  They introduced a new concept, 
a regular Wardropean equilibrium, to the study of the local stability, which is useful when 
monotonicity is not guaranteed. 

 
2.2.3  Frank-Wolfe algorithm 

Frank and Wolfe (1956) developed an algorithm for solving quadratic programming 
problems with linear constraints.  This algorithm is called the convex combination algorithm or 
Frank-Wolfe (F-W) algorithm.  The algorithm is useful for the static transportation equilibrium 
problem, first coded and tested for a small city by Le Blanc et al. (1975), and is described in 
detail in Sheffi (1985).  Its applications to dynamic transportation equilibrium problems are 
described in Ran and Boyce (1994). 

The important part of the F-W algorithm is the direction finding subproblem.  The 
algorithm decides the movement direction by maximizing "drop" while maintaining feasibility, 
where the drop is the product of the descent  rate in a feasible direction from the current solution 
and the length of the feasible region in that direction.  The argument of using the drop is that the 
decrease of z x( )  may depend not only on how steep each candidate direction is but also on how 
far it is possible to move along.  In other words, a small movement might waste effort despite of 
a steep decrease of z x( )  in that direction and a considerable movement might achieve a larger 
reduction despite of modest decrease of z x( )  in that direction.  The subproblem to maximize 
drop should be easily solvable to maintain the applicability.   

For the following problem with convex objective function z x( )   and linear constraints; 
minimize z x( )  (2.6a) 
subject to a ⋅x ≥ b  (2.6b) 
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denote x as the current point and y as a feasible point.  Then the directional derivative of z x( )  in 

the direction y − x( )  is 
∇z x( )⋅ y − x( )

y − x
, which is the rate of change of z x( )  in that direction.  

Thus the drop, which is positive, in that direction is −
∇z x( ) y − x( )

y − x
y − x = −∇z x( ) y − x( ).  The 

procedure to obtain y, which maximizes the drop and is feasible, forms (2.7).  Now x is replaced 
by y in the constraint. 

maximize - ∇z x( )⋅ y − x( ) (2.7a) 
subject to a ⋅y ≥ b  (2.7b) 

Since x and ∇z x( )⋅ x  are fixed and does not affect the solution, (2.7) can be simplified by 
transforming into minimization as in (2.8). 

minimize ∇z x( )⋅ y  (2.8a) 
subject to a ⋅y ≥ b  (2.8b) 

Since ∇z x( ) is constant at x, ∇z x( )⋅ y  is linear and (2.8) is an LP problem.  Once the direction is 
decided, the step size to minimize z x( )  along the direction can be found by the interval 
reductions such as the golden section algorithm or the bisection method.  The general F-W 
algorithm is summarized in Figure 2.1. 

The importance of F-W algorithm in the standard UE assignment is in the fact that 
subproblem (2.8) is an all-or-nothing assignment because of the following.  Here, 

z x( ) = ta (w)dw
0

xa∫
a
∑  and hence ∇z x( )⋅ y =

∂z x( )
∂xaa

∑ ya = ta ⋅ ya
a
∑ .  Thus, (2.8) becomes (2.9) 

with assignment related constraints. 
 

minimize ta ⋅ ya
a
∑  (2.9a) 

subject to ya = Y k
pq ⋅δa,k

pq

k
∑

pq
∑  (2.9b) 

Yk
pq = rpq      

k
∑ ∀ p,  q  (2.9c) 

Y k
pq ≥ 0              ∀ k, p, q  (2.9d) 

 
Therefore (2.9) can be easily solved by an all-or-nothing assignment with the constraints.  

The all-or-nothing assignment consists of finding the shortest path tree for the OD pair and 
assigning OD to the path.  For the multiple OD case, the shortest path spanning tree from each 
origin to all destinations must be found for each origin.  Figure 2.2 expresses the F-W algorithm 
for the static user equilibrium problem.  The bisection method is useful for STEP2, which avoids 
integration to find α(n) . 
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STEP 0: INITIALIZATION: Set counter n=1 and find a feasible solution x(1). 
STEP 1: DIRECTION FINDING (Subproblem): 
 Find y(n)  that solves the linear program (2.8). 
STEP 2: STEP SIZE DETERMINATION (Line search): 
 Find α(n) that solves min

0≤α(n) ≤1
  z x(n) + α(n) y(n) − x(n)( )[ ]. 

STEP 3: MOVE: Set  x(n+1) = x(n) + α(n) y(n) − x(n )( ). 
STEP 4: CONVERGENCE TEST: If a specified criterion is met, stop; 
 Otherwise, set n=n+1 and return to STEP 1. 

Figure 2.1  The general Frank-Wolfe algorithm 
 

STEP 0: INITIALIZATION: Set counter n=1; 
Perform all-or-nothing assignment with t x( ) = ta 0( ), t b 0( ), .. .( ). 

This yields x(1) = xa
(1), xb

(1),. ..( ). 
STEP 1: UPDATE AND DIRECTION FINDING (Subproblem): 

t x(n )( )= ta xa
(n)( ), tb xb

(n )( ), .. .( ); 
Find y(n)  by perform all-or-nothing assignment based on t x(n )( ). 

STEP 2: STEP SIZE DETERMINATION (Line search): 

Find α(n)  that solves min
0≤α(n) ≤1

  ta(w)dw
0

xa
(n) +α (n) ya

(n) −xa
(n)( )

∫
a
∑ . 

STEP 3: MOVE: Set  x(n+1) = x(n) + α(n) y(n) − x(n )( ). 
STEP 4: CONVERGENCE TEST: If a specified criterion is met, stop; 

Otherwise, set n=n+1 and return to STEP 1. 
Figure 2.2  The Frank-Wolfe algorithm for the standard static UE problem. 

 
2.2.4  Streamlined Frank-Wolfe algorithm and streamlined IOA procedure 

The objective function improvement in the F-W algorithm is known to decrease with 
every iteration, i.e., the marginal contribution of each successive iteration is decreasing.  This 
convergence pattern is similar when the F-W is applied to the UE problem (Sheffi, 1984, pp. 
220-221).  When a series of full-scale UE programs are applied, significant computational effort 
is required.  When there are asymmetric flow interactions, where no known equivalent 
minimization program exists, an iterative diagonalization (relaxation) procedure finds a UE 
solution.  The diagonal algorithm  

(1) assumes the Hessian is diagonal using ta x1
(n), ... ,xa

(n) , ...( )≅ ˜ t a xa
(n)( ) during the n-th 

iteration (i.e., all cross-link effects are assumed fixed). 
(2) solves UE flow with z x( ) = ˜ t a (w)dw

0

xa∫
a
∑ . 

(3) repeats (1) and (2) until two consecutive UE flows meet a convergence criterion. 
Step (2) requires the solution of a full-scale UE program at every iteration, which is very 
demanding.  A streamlined version of the diagonal algorithm limits the number of iterations of 
each UE solution procedure, normally one or a few iterations at most, which solves the problem 
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more efficiently.  Mahmassani and Mouskos (1988) applied it for the case with asymmetric 
interactions between cars and trucks.  Ran and Boyce (1994) also utilized the diagonal algorithm 
to solve a dynamic assignment problem. 

Van Vuren and Van Vliet (1992) introduced the above idea to the iterative optimization 
assignment procedure, called streamlined algorithm to IOA problem.  The implementation limits 
the number of iterations in finding UE flows at each new signal setting and utilizes the latest 
flow at the previous signal setting as a starting flow for the next UE problem at a new signal 
setting.  It is similar to the diagonal algorithm but not the same since it fixes signal settings at 
each iteration and calculates ta  at every iteration using the signal setting without any 
diagonalization.  The benefit may be expected from the fact that the iteration numbers to 
converge decrease because signal setting changes become minimal as the iterative signal setting 
proceeds and minimum paths become steady.  According to Van Vuren and Van Vliet's test 
using Webster's delay model, about 15% of the computation times were saved. 

SENSS and GENSS utilize this but only partially.  SENSS and GENSS use the latest 
flow in the previous iteration as the next starting flow as in Van Vuren and Van Vliet (1992).  
However, SENSS and GENSS do not strictly limit the number of iterations to converge because 
the intermediate UE flows and objective values of SENSS and GENSS are important in their 
global search. 

 
2.2.5  Variational Inequality formulation 

Smith (1979b) was first to formulate the Wardrop conditions for UE into the formulation 
of Theorem 2.1.  Later Dafermos (1980) recognized the formulation as a finite-dimensional 
variational inequality (VI). 
[Theorem 2.1  Variational inequality formulation and UE (Smith ,1979b; Dafermos, 1980)] 

The solution x* ∈S of the following VI formulation is equivalent to UE flow. 
 
 
-c x*( )x − x*( )≤ 0 ∀ x ∈S (2.10) 
where S is defined by the flow feasibility constraints, (2.2b) (2.2c) and (2.2d).  In 
words,  (2.10) means −c x*( ) is normal at x*  to S. 

The VI formulation has been developed to study a certain class of partial differential 
equations in mechanics.  It now encompasses a variety of mathematical optimization 
problems, complementary problems and fixed point problems.  Ran and Boyce (1994) 
formulated several dynamic assignment problems into the VI formulation.  The VI 
formulation is known to be useful to investigate the conditions for existence and 
uniqueness of both static and dynamic problems. 
 
2.2.6  System optimal formulation 

The Wardrop's second principle is relevant to describing the flow that minimize total 
network travel time called the system optimal (SO) flow which is not necessarily an equilibrium 
flow.  The SO problem can be expressed as follows: 

minimize z x( ) = xata xa( )
a
∑  (2.11a) 

subject to  (2.2b), (2.2c) and (2.2d). (2.11b) 
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As in the UE, the SO objective function is formulated in terms of link flows while the constraints 
are formulated in terms of path flows.  The derivative of z x( ) with respect to the path flow on k 
between p-q is, 

∂z x X( )( )
∂Xk

pq = δa,k
pq

a
∑ ⋅ t a xa( ) ∀ k,p,q  (2.12) 

where t a xa( )= ta xa( )+ xa
dta xa( )

dxa
 for each link a.  The marginal contribution of an additional 

traveler on link a,t a xa( ), consists of two parts: (1) ta xa( ) is the travel time experienced by the 

traveler, and (2) xa
dta xa( )

dxa
 is the externalty caused by the traveler to the others on link a.  Each 

traveler would experience an additional travel time as much as 
dta xa( )

dxa
. 

The first-order conditions for (2.11) can be derived by Lagrangian as follows: 
X k

pq C k
pq − u pq( )= 0       ∀ k, p, q (2.13a) 

C k
pq − u pq ≥ 0                ∀ k, p,q  (2.13b) 
Xk

pq

k
∑ = rpq                  ∀ p,q  (2.13c) 

X k
pq ≥ 0                          ∀ k,p,q  (2.13d) 

 
where C k

pq is the marginal total travel time on path k connecting OD pair p-q, and u pq  is the OD 
specific Lagrange multiplier.  Here, (2.13a) and (2.13b) imply that the marginal total travel times 
on all used paths for a given OD pair should be equal at the solution.  The uniqueness of the SO 
solution is proved by the fact that the Hessian of z x( ) is positive definite by (2.3) as follows; 

  

∇2z x( )=

2 ′ t 1 x1( )+ x1 ′ ′ t 1 x1( ) 0 0 L

0 2 ′ t 2 x2( )+ x2 ′ ′ t 2 x2( ) 0 L

M 0 O

M M 2 ′ t n xn( )+ xn ′ ′ t n xn( )

 

 

 
 
 

 

 

 
 
 

 

where ′ t i xi( )=
dt i xi( )

dxi
 and ′ ′ t i xi( )=

d2ti xi( )
dxi

2 .  The SO problem can be solved using a UE code 

replacing ta   by t a  in z because of the following; 

t a w( )
0

xa∫
a
∑  dw = xa

a
∑ ⋅ ta xa( ) (2.14) 

 
2.2.7  Three alternative definitions of traffic equilibrium 

Smith (1984a) compared two alternative definitions of traffic equilibrium, user-optimized 
flow (UO) in Defermos and Sparrow (1969) and Wardrop equilibrium (WE) in Smith (1979b).  
Heydecker (1986) added another definition, called equilibrated flow (EQ).  The three flows are 
not always equivalent.  To represent the difference, path-flows and path-costs are useful. 
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2.2.7.1  Three definitions 
[User-optimized flow (UO)] (Defermos and Sparrow, 1969; Smith, 1984a) 

The path flow X is UO if and only if X k
pq > 0 implies 

Ck
pq(X) ≤ C ′ k 

pq (X + ε ⋅ ∆ k ′ k )   for  k,  ′ k ∈Kpq and k ≠ ′ k , 
where 0 < ε ≤ Xk

pq , and ∆ k ′ k  is a vector with -1 in the kth route and +1 in the k'th route, 
and zeros elsewhere.  ε ⋅∆ k ′ k  means the ε  amount of flow for  OD pair p-q swaps from 
path k to path k'. 

[Equilibrated flow (EQ)] (Heydecker, 1986) 
The path flow X is EQ if and only if X k

pq > 0 implies 
Ck

pq(X + ε ⋅ ∆k ′ k ) ≤ C ′ k 
pq(X + ε ⋅ ∆k ′ k )    for  k,  ′ k ∈Kpq and k ≠ ′ k  

[A Wardrop equilibrium (WE)] (Smith 1979b; Smith, 1984a) 
The path flow X is WE if and only if X k

pq > 0 implies 
Ck

pq(X) ≤ C ′ k 
pq (X) , or simply Ck

pq ≤ C ′ k 
pq   for  k,  ′ k ∈Kpq and k ≠ ′ k . 

In words, a traffic pattern is WE when no driver has a less costly alternative path. 
 
2.2.7.2  Relationship among the three definitions 

Heydecker (1986) pointed out differences among the three associated with individual 
users.  Flows are UO if any driver's path change will result in a cost which is at least as great as 
old cost on his/her old path.  Flows are EQ if any driver's path change will result in a cost that is 
at least as great as the new cost on his/her old path.  Flows are WE if present cost of any 
alternative path is at least as great as the cost on his/her present path.  Regarding the information 
available to each driver and the dynamic mechanisms of path choice, UO and EQ have a 
different feature.  As Heydecker indicated, EQ is equivalent to the circumstance that each driver 
is instantaneously aware of the cost of travel on all his/her available paths.  After trying a new 
route, the driver under this circumstance will decide whether or not to keep the new path by 
comparing the driver's new cost on the new path with the new cost experienced by other drivers 
who remain on the driver's old path.  On the other hand, under UO the driver acts on the basis of 
the driver's own experience.  The driver under UO will evaluate the new trial by comparing with 
the cost experienced on the driver's old path. 

Because of the difference of the three equilibrium definitions, the three flows are not 
always equivalent.  Figure 2.3 shows their relationship.  Smith (1984a) proved that UO is always 
WE but the reverse is not always true because of the possible non-existence of a UO flow pattern 
under certain junction interactions.  He gave a counter example for this case.  Heydecker (1986) 
proved relations "3" and "4."  Although relation "2" in Figure 2.3 is not always true, if the cost 
function is differentiable and satisfies the following (2.15), then WE is equivalent to UO 
(Heydecker 1986). 

∂Ck
pq

∂Xk
pq ≥

∂Ck
pq

∂X ′ k 
pq  (2.15) 

(2.15) means cost change of a path is more dependent on the flow change on that path than the 
flow change on the other path.  Relationship (2.16) implies (2.15). 

∂ta
∂xa

≥
∂ta
∂xb

 (2.16) 
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UO WE

EQ

1

3

4

2

1: true always (Smith, 1984) 
2: not always true (Smith, 1984) 
3: true if  path cost, c is continuous (Heydecker, 1986) 
4: true if  path cost, c is monotone (Heydecker, 1986)

 
Figure 2.3  The relationship among the three UE definitions 

 
This means cost change on a link is mainly dependent on the flow change on that link itself.  The 
Beckmann type link performance function satisfies (2.16).  Thus, the three definitions are 
equivalent.  When signal setting is fixed without permissive movement, the cost of using a link is 
an increasing function of the volume only on that link.  Thus, (2.16) and monotonicity are 
satisfied, so that all three definitions are equivalent.  According to Smith (1979b), the condition 
that the cost function be strictly monotone is sufficiently strong to ensure the uniqueness and 
stability of WE. 
 
2.3  CONTROL 
 
2.3.1  Role and impact of control 

Control systems for urban streets and freeways must satisfy two conflicting criteria, 
safety and mobility.  For urban streets, signal controls are most common and they should be 
systematically optimized to minimize delays, stops, fuel consumption, vehicle emissions or 
another disutility.  Freeway congestion is the primary problem being addressed by freeway 
traffic control.  Specific control concepts include ramp metering, mainline control, and corridor 
control.  This study focuses on urban streets controlled by signals and the interaction of control 
and route choice. 
 
2.3.2  Signal optimization and computer codes 

Signalized intersection control can be grouped into four fundamental categories--isolated 
interaction control, arterial intersection control (open network), closed network control, and area 
wide system control (Traffic Control Systems Handbook, 1985).  Many optimization codes have 
been developed for signal controls in each category.  For a known flow pattern, pre-timed signals 
can be optimized by the following models (Traffic Control Systems Handbook); 

(1) SOAP (Signal Optimization Analysis Packages) optimizes signal timing plans for 
isolated intersections, developed in 1977, with updates in 1982 and 1984, by the State 
of Florida and the University of Florida Transportation Research Center for the 
federal Highway Administration. 
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(2) TEXAS (Traffic Experimental and Analytical Simulation) is a simulation evaluation 
tool for isolated intersections, developed by the Center for Transportation Research at 
the University of Texas at Austin in 1977; 

(3) MAXBAND is a bandwidth optimization model that develops signal timing plans for 
arterials, based on a mixed integer programming formulation. 

(4) PASSER-II (Progression Analysis and Signal System Evaluation Routine) is an 
optimization model for progression along an arterial street considering various 
multiphase signal sequences. 

(5) TRANSYT-7F (Traffic Network Study Tool) is one of the most widely used models 
over closed networks, originally developed in 1968 by Robertson of the Transport 
and Road Research Laboratory (TRRL) in England.  It consists of a macroscopic 
simulation which computes a user specified performance index for a given signal 
network and a given set of signal timings, and a hill-climbing optimization procedure 
to find plausible splits and offsets. 

(6) SIGOP-III (Traffic Signal Optimization) was developed by KLD Associates, Inc., 
optimizes signal timing over a closed network considering delay, stops and queue 
spillover. 

For real-time area wide system control, there have been several systems; UTCS (Urban Traffic 
Control System by the Office of Research of the FHWA in US from early 1970s), SCOOT (Split 
Cycle and Offset Optimization Technique by TRRL in UK, started in 1973), SCAT (Sydney 
Coordination Adaptive Traffic System in Australia in late 1970s) and OPAC (Gartner, 1983).  
These area wide system controls require on-line data from detectors, performance evaluation and 
optimization tools, and supporting microprocessors with communication hardware. 
 
2.3.3  Control parameters and analytical optimization approach 

Since green splits and cycle times theoretical relationships between flows and green times 
can be reasonably set up, these are mainly used for the analytical control optimization study.  
Incorporating offset effects analytically into link performance functions has not been 
satisfactorily developed.  Therefore, a simulation approach is used to address the offset effects.  
Phase sequence can be combined with the simulation approach but requires an integer 
programming formulation, which expends the control optimization problem dramatically. 
 
2.3.4  Three policies and two link performance functions 

In the literature, the following three control policies are most frequently discussed since 
each of them has intuitive meaning and practical usefulness.  Two link performance functions, 
the modified BPR and Webster's functions are used throughout the research.  The characteristics 
of each function will be discussed in Chapter 4. 
[Webster's equisaturation policy] 

Webster (1958) suggested a signal setting policy that all approaches have the same vcr 
(volume per capacity) level at junction n: vcra = vcrb ∀ a,b ∈J n . 

[Delay minimizing policy] 
Allsop (1971) suggested a total delay minimizing policy at junction n: 
min

λ
ta

a
∑ xa, λa( )xa . 

[Smith's P o  policy] 
Smith (1979a) suggested a policy to satisfy sata = sb tb ∀ a,b ∈J n  at junction n. 
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[The BPR and Webster's Functions] 
The BPR function and Webster's function are frequently used in assignment and control 
optimization, respectively.  Here the modified BPR function (Sheffi and Powell, 1983) to 
allow for green times as in (2.17) is used.  Webster's two term model (Webster, 1958) is 
shown in (2.18).  The limitations of the two functions are discussed in section 4.2.2.

 
ta xa,λa( )= to 1 + 0.15

xa
λ a ⋅sa

 
 
  

 
 

4 

 
 

 

 
  (2.17) 

ta xa,λa( )=
CL 1 − λa( )2

2 1 − xa / sa( )+
xa

λasa λasa − xa( )  (2.18) 

 
2.4  COMBINING ROUTE CHOICE AND TRAFFIC CONTROL 
 
2.4.1  Overview 

The theory combining traffic control and route choice can be used for design and 
operation of traffic control systems as well as evaluation of traffic management schemes and 
major road proposals.  Considering the simple network shown in Figure 2.4 (Dickson, 1981), 
several useful concepts will be discussed. 

The network in Figure 2.4 consists of two OD pairs, AB and CD, and one signalized 
junction E under two phase signal operation.  When the total travel time is selected as a 
performance index and OD and cycle length are assumed fixed, the system has two degrees of 
freedom--flow on path AEB (say x) and green split for AEB (say λ ).  The other link flow 
variables and green split are dependent variables.  Now, the system objective function z λ,x( )  is 
expressed as contours in the λ,x( ) space in Figure 2.5.  The three curves are defined as follows, 

(1) Curve P represents the signal optimization with an input flow x such as λ = P x( ); 
(2) Curve E represents the UE with a fixed green split λ  such as xUE = E λ( ); 
(3) Curve O represents the SO with a fixed green split λ  such as xSO = O λ( ). 

There are four very interesting points as in Figure 2.6; 
(1) Point z* λ*,x*( ) is the optimal objective function value with UE flow; 

(2) Point zC λ C,xC( ) is a so called mutually consistent point--xC  is UE when the signal 
is fixed at λ C and λ C is optimal when flow is fixed at xC; 

(3) Point zL λS,xL( ) denotes a lower bound of z* , which can be found by an iterative 
procedure between the P and O curves (Notice that P and O have the same objective 
function, the total system cost, and hence zL  represents the signal optimized control 
to accommodate the given OD with least cost.); 

(4) Point zU λS,xU( ) can be an upper bound of z* , which can be obtained by a UE 
assignment with the fixed λS  of zL . 

The relation among the four points are true as long as there is only one valley on the z λ,x( )  
contours.  However, the relation is not necessarily true if there are multiple valleys on the 
contours as in Figure 2.7, since the locations of the four points can be on the different valleys.  
Multiple valleys are caused by the problem of nonconvexity.  Cantarella and Sforza (1987), 
Improta (1987) and Cantarella and Sforza (1995) contains the state of art on the combining 
control and assignment or the equilibrium network traffic signal setting problem (ENSS). 
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Figure 2.4  Example network (Dickson, 1981) 
 

λ

  x

  xUE = E λ( )
  λ = P x( )

  xSO = O λ( )

  z λ,x( )

 
[modified from Cantarella, Pasquariello and Sforza (1992)] 

Figure 2.5  Three curves on space x,λ( ) 
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λ

  x

  xUE = E λ( )  λ = P x( )

  xSO = O λ( )
  xC

  xU

  xL

 λC λS

  zC  zU  zL
  
z* λ*,x*( )

 
Figure 2.6  Interesting four points on space x,λ( ) 

 

λ

  x   λ = P x( )

  xUE = E λ( )
  xSO = O λ( )

 
Figure 2.7  Multiple local points on space x,λ( ) 
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2.4.2  Allsop and Charlesworth (1970's) 
Allsop (1974) suggested the necessity of combining signal calculation and assignment by 

pointing out that the routing of traffic in a network according to Wardrop's first principle is 
dependent on signal timings and should ideally be regarded simultaneously with timing 
calculations.  Gartner (1974) supported the same point.  Allsop suggested an iterative solution 
procedure which decomposes the problem into two well-researched subproblems as in Figure 
2.8.  Signal optimization is performed with flow patterns from the assignment subproblem.  The 
assignment uses link performance functions based upon signal settings from the signal 
optimization subproblem.  The suggested method is called the Iterative Optimization Assignment 
(IOA) procedure in the literature.  The IOA procedure continues until it converges and the 
solution is called a mutually consistent point--zC  in Figure 2.6 is an example. 

 
 

AssignmentSignal Optimization
flows

signal setting

 
Figure 2.8  Iterative optimization assignment procedure 

 
 

Allsop's conceptual algorithm was extended by Allsop and Charlesworth (1977) and 
Charlesworth (1977) in which the signal optimization subproblem is solved by TRANSYT, the 
original version of TRANSYT-7F.  The link performance functions are estimated by evaluating 
travel times for different flow level with TRANSYT and fitting these points with a polynomial 
function.  This is called Charlesworth's method and the whole procedure is summarized in Figure 
2.9.  With different starting points, the procedure is repeated to find other potential mutually 
consistent solutions.  Allsop and Charlesworth carried out an experiment on a small six-junction 
network.  Quite distinct mutually consistent solutions, i.e., different flow and green time patterns, 
were found but indicated similar total travel times. 

 
STEP 0: INITIAL ASSIGNMENT: Find an initial flow pattern. 
STEP 1: SIGNAL OPTIMIZATION: 

Calculate delay-minimizing signal timings using TRANSYT. 
STEP 2: LINK PERFORMANCE FUNCTION: 

Estimate relationships between travel time and traffic flow for each 
link with the signal setting from STEP 1. 

STEP 3: ASSIGNMENT:  
Reassign traffic with the link performance functions from STEP 2. 

STEP 4: CONVERGENCE TEST: Return to STEP 1 until criterion is met. 
Figure 2.9  Allsop and Charlesworth's iterative procedure 

 
2.4.3  Tan, Gershwin and Athan's hybrid optimization problem 

Tan, Gershwin and Athan (1979) formulated combining control and assignment as (2.19), 
named it the Hybrid Optimization Formulation. 

min z x*,λ( )= x* ⋅ t x*,λ( ) (2.19a) 
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s.t. x* ~ UE  (2.19b) 
 λ ∈FE  (2.19c) 

where  F E  is the set of feasible control variables.  They expressed (2.19b) and (2.19c) in a set of 
constraints and gave a necessary condition for a local minimum in the path flow formulation 
using Lagrangian multipliers.  Two methods were suggested and applied for a simple network.  
One seeks a local solution via the augmented Lagrangian method and the other seeks a mutually 
consistent point via the IOA procedure.  The former requires path enumeration, which makes the 
method inappropriate even for a small real network. 

For a large network, they utilized the fact that flow, which is constrained to be UE, is a 
function of and is uniquely determined by the control variables, in other words, the UE problem 
is convex for the fixed control variables.  (2.20) is the new formulation of (2.19).  Abdulaal and 
LeBlanc (1979b) used the same formulation for the network design problem.  

min z x* λ( ),λ( )= x* λ( )⋅ t x* λ( ),λ( ) (2.20a) 

s.t. x* λ( ) ~ UE  (2.20b) 
λ ∈FE  (2.20c) 

 
Only control parameters are considered as decision variables in (2.20).  They pointed out 

that the functional form of x* λ( )  is unknown and hence the derivative of x* λ( )  with respective 
to λ  is not explicitly available in any closed form.  Therefore z may not be differentiable in λ  on 
some points as shown in their example 2.  Sheffi and Powell (1983) also pointed out that x* λ( )  
may possess noncontinuous derivatives with respective to λ  at a finite number of points because 
of a possible change in the number of used paths between some OD pair by the change of λ ,  
The gradient should be interpreted as a finite difference over the point of derivative 
discontinuity.  Sheffi and Powell, though, argued the derivative can be expected to be piecewise 
continuous over the regions where a change in λ  does not cause a change in the number of used 
paths between any OD pair.  This potential problem may not occur for stochastic UE problems, 
where all the paths are always available to a tripmaker and the derivative will be continuous for 
most distributions used in conjunction with stochastic UE models.  To solve (2.20) for the 
deterministic UE, approximation of the gradient by finite differences (local search in Sheffi and 
Powell), avoiding derivatives (SENSS/GENSS) or other heuristics (following Tan et. al.'s 
suggestion) can be used. 

Tan, Gershwin and Athan suggested a method to find the lower and upper bounds of z, 
which are used for an approximate solution of (2.20).  The lower bound of z, zL , can be obtained 
from (2.20) excluding (2.20b).  Note that this flow is SO.  Let the control variable be λS  and 
solve UE at λS , which generates an upper bound of z, zU .  They proved the solution of (2.20), 
z* , satisfies. 

zL ≤ z* ≤ zU  (2.21) 
The IOA procedure can find zL   because this iterative method generates an SO flow thanks to 
excluding (2.20b) and signal variables are optimized at that flow pattern.  When the difference 
zU − zL  is not too large, zU   can be a good approximation of z* .  However, because of the 
nonconvexity, zL  as well as zU  can be far from the real optimum (global optimum) and for this 
reason the solution quality of the bounds cannot be justified. 
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2.4.4  Smith and co-workers' research 
Recalling the idea in section 2.2.5 by Smith (1979b) and Dafermos (1980) traffic 

equilibrium x*  with t λ,x( )  can be expressed in variational inequalities as 
− t λ,x*( )⋅ x − x*( )≤ 0 for all x in FD  (2.22) 

or in other words, 
− t λ,x*( ) is normal at x* , to F D . (2.23) 

Relation (2.23) is interpreted by Van Vuren and Van Vliet (1992) as : The cost functions t λ,x( ) 
produce a force field that acts on the flow pattern.  In the assignment, link flows move within 
their feasible boundaries determined by F D , pushed by this force field until a stable point is 
reached.  At that equilibrium the force field is normal to the feasible region, i.e., no component 
of the force field acting there can move the flow pattern.  The direction of the force field is 
determined by the cost function and the control policy employed.  Smith (1979a) has illustrated 
how this concept works in a simple case. 

Similarly, (2.24) represents a signal control setting λ*  which is optimum for a given flow 
pattern x (Smith and Van Vuren, 1993). 

t λ*,x( ) is normal at λ* , to F E  (2.24) 
where F E  is the set of allowable signal settings.  Smith (1981a; 1981b) called (2.24) a directional 
constraint, which control policies must satisfy to ensure existence of a mutually consistent point.  
Smith found that Webster's equisaturation policy and delay minimization policy do not guarantee 
a solution to satisfy (2.24) if the Pollaczek-Khintchine formula is employed in delay functions.  
The suggested P o  policy, however, found a good solution in some examples (Smith, 1981c) 
though P o  is not monotone with Webster's delay formula (Smith, 1985).  According to Smith et. 
al. (1987) and Van Vuren, Van Vliet and Smith's (1988) additional experiments with other 
policies, P o  is relatively stable and usually gives the lowest travel times when congestion is 
severe, but not always.  Smith (1987) incorporated queues in the discussion in a way that current 
flows, queues and green times with the P o  policy mutually affect the future flows, queues and 
green times. 

Smith (1982) proved that the set of equilibria (solutions of IOA) is convex when certain 
monotonicity and continuity conditions are satisfied at each junction.  Smith also showed that 
network monotonicity fails if there is a failure of monotonicity at any junction.  If the link 
performance function is monotone then monotonicity algorithms (Smith, 1984c; Smith 1984d) 
can be used to obtain a mutually consistent point.  Junctions are often controlled in a way that 
induces monotonicity failures and this suggests the set of solutions to urban network assignment 
problems may well be nonconvex. 
 
2.4.5  NDP, bilevel formulation and game theoretic explanation 

The network design problem (NDP) is to choose additions or improvements to an 
existing network to reduce the traffic related negative utility such as traffic congestion, energy 
consumption, pollution, etc.  NDP formulations are closely related to combining control and 
assignment.  LeBlanc (1975) presented the basic discrete version of NDP: 

minimize  z x, y( ) (2.25a) 
s.t. βa

a∈I
∑ ya ≤ B (2.25b) 
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 ya =
1, if link a is added to the network,
0, o.w.
 
 
 

 (2.25c) 

 x ~ an assignment rule  (2.25d) 
 xa ≤ Mya  (2.25e) 
where βa  is the fixed cost if constructing link a, I is the set of links considered for addition to the 
network, B is the fixed link addition budget and M is a very large constant.  Total travel time and 
UE are most popular for (2.25a) and (2.25d), respectively.  Note that  ya  is a binary decision 
variable and x is usually continuous, so the problem becomes a mixed integer programming 
problem, which generally leads to NP-hard problems.  Abdulaal and LeBlanc (1979b) formulated 
a continuous version of NDP with fixed demand as, 

minimize  z x, y( ) = ta
a
∑ xa,ya( )⋅ xa + ω ha

a∈I
∑ ya( ) (2.26a) 

s.t. ha
a∈I
∑ ya( )≤ B (2.26b) 

 ya ≥ 0  (2.26c) 
 x ~ an assignment rule  (2.26d) 
where ya  is the capacity improvement of link a, ha ya( ) is the cost of improving link a as a 
function of ya  and ω  is a conversion factor for dollars to travel time.  Notice that ya  is now a 
continuous variable.  Magnanti and Wong (1984) provided extensive reviews of both discrete 
and continuous NDP. 

In the case of signal design, stage green times at intersection j (Gs
j ) form the investment 

variables and cycle time (CL) is a budget constraint.  Then the resulting NDP is, 
minimize  z = ta

a
∑ xa,Gs

j( )⋅ xa  (2.27a) 

s.t. Gs
j

all stages at j
∑ = CL for j ∈ N (2.27b) 

 Gs
j ≥ 0  (2.27c) 

 x ~ UE  (2.27d) 
The above NDP formulations lead to two level or one level optimization models (Cantarella and 
Sforza, 1995), depending on how the UE constraint is treated.  LeBlanc and Boyce (1986) 
suggested a bilevel linear programming formulation for the NDP.  A bilevel formulation for the 
combined control assignment problem can be expressed by, 

(upper-level) min
λ

zU λ, x λ( )( ) (2.28a) 

s.t. λ ∈F E  (2.28b) 
where F E  is the set of allowable signal settings defined by some linear constraints and x is 
implicitly defined by the lower-level problem, here the UE problem. 

(lower-level) min
x

 zL x( ) = ta λ,w( )
0

xa∫
a
∑  dw (2.28c) 

s.t. xa = Xk
pq

k
∑

q
∑

p
∑ δa,k

pq      ∀ a  (2.28d) 

Xk
pq

k
∑ = rpq                  ∀ p,q  (2.28e) 
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X k
pq ≥ 0                          ∀ k,p,q  (2.28f) 

In one-level models, both control and flow variables are explicit decisional variables.  User 
behavior is expressed by a set of constraints or variational inequalities.  Marcotte (1983) 
formulated a one level NDP, which can be converted to a one level ENSS problem as, 

min
λ ,x

z λ,x*( ) (2.29a) 

s.t. t λ,x*( )x − x*( )≥ 0 ∀ x,x* ∈ FD and λ ∈FE  (2.29b) 
where F D  is defined by the flow feasibility constraints, (2.2b) (2.2c) and (2.2d). 

Dafermos and Sparrow (1969) first mentioned the relationship between a user-optimized 
transportation network and Nash equilibrium for a noncooperative game.  Rosenthal (1973) 
proved that the two concepts are equivalent assuming flows are discrete.  Devarajan (1981) 
extended the concepts for the continuous flow case.  Fisk (1984a) pointed out that the IOA 
procedure, where signal setting is performed without considering user behavior, is a Nash non-
cooperative game.  In the game the equilibrium state is characterized by the property that neither 
player can improve its objective by unilaterally changing its decision.  Fisk explained the NDP is 
a Stackelberg game where the leader (controller) knows how the followers (drivers) will respond 
to any new decision and he reformulated it as a maxmin problem assuming the cost function is 
monotone.  Fisk (1984b) suggested a penalty approach to solve the maxmin problem but it is 
only useful for a small problem.  The above (2.26) bilevel formulation can be viewed either as a 
generalization of maxmin problems or as a particular class of Stackelberg games with continuous 
variables (Marcotte, 1986). 

 
2.4.6  Braess's paradox and NDP 

Because drivers try to minimize their personal travel cost, Braess's paradox (Braess, 
1968; Murchland, 1970) can occur--i.e., the addition of facilities or capacity to a network without 
taking into account the reaction of network users may actually increases network-wide cost.  In 
the IOA procedure, a network improvement such as updated signal settings may result in 
deteriorated network conditions after drivers have adapted their route choice.  Several authors 
including LeBlanc (1975), Frank (1981) and Catoni and Pallottino (1991) have discussed the 
problem of the paradox in NDP.  The NDP and hence the NDP for the ENSS problem must be 
solved carefully since there yet exists no general theory to check beforehand whether the paradox 
will occur. 

 
2.4.7  Sheffi and Powell's work 

Sheffi and Powell (1983) suggested a local search algorithm.  The algorithm utilizes a 

finite difference for 
∂xb

*

∂λa
 which is a part of 

∂z
∂λa

 and computes the descent direction by 

modifying the obtained gradient direction to maintain the feasibility of green splits with the 
gradient projection method.  They avoid potential problems arising from discontinuities in the 

derivatives of 
∂xb

*

∂λa
 and hence 

∂z
∂λa

.  The details will be discussed later in Chapter 4.  To reduce 

the computational burden of UE assignment in calculating 
∂xb

*

∂λa
, a simplified method is 
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suggested by assuming for a large network 
∂xa

*

∂λa
>>

∂xa
*

∂λb
  (e.g., networks with more than several 

dozen links and nodes).  In addition, they suggested an iterative optimization-assignment method 
(called a "naive" iterative approach) whereby the signals are locally optimized for a given flow 
pattern. 

For a simple example network, the local search and the naive approach were tested with a 
modified BPR function.  The two methods gave different solutions of which the total travel time 
differences were not big.  For a large network testing of the suggested simplified gradient 
computation method has not been performed. 
 
2.4.8  Gartner and Al-Malik's and other researcher's works 

Concurrently with Allsop (1974), Gartner (1974; 1976) noticed the necessity of 
combining control and assignment and later, Gartner et. al. (1980) proposed two IOA 
procedures.  In signal optimization, one uses Webster's method for noninteracting signals and the 
other includes offsets by the MITROP method (Gartner, Little and Gabbay, 1976). 

Al-Malik (1991) and Al-Malik and Gartner (1995) demonstrated combining control-
assignment with Webster's and HCM delay models makes SO and UE problems nonconvex for 
intersections with two approaches and two phase signal operation.  For those intersections, Al-
Malik observed the two delay functions, constrained by Webster's equisaturation policy, can be 
expressed with related link flows as follows.  Assume an intersection is related to link a and link 
b.  For links a and b, Webster's policy means, 

λ a
λ b

=
xa
sa

÷
xb
sb

. (2.30) 

λa =
xa ⋅ sb

xb ⋅sa + xa ⋅sb
  by λa + λb =1 (  Q two phase operation)(2.31a) 

λ b =
xb ⋅ sa

xb ⋅ sa + xa ⋅ sb
 (2.31b) 

 
Now substituting (2.31a) and (2.31b) for λa  and λ b  in the delay models yields a delay model 
which is no longer a function of green splits, i.e., a flow-dependent link performance model.  Al-
Malik (1991) showed the resulting delay models are no longer monotonically increasing with 
respect to flow increases because of the implicitly incorporated Webster's policy. 

Al-Malik developed a procedure for modeling the effect of signal coordination by a delay 
adjustment mechanism.  Al-Malik's approach is limited to networks with two phase operation 
and the selected Webster equisaturation policy is somewhat obsolete.  Al-Malik and Gartner 
(1995) and Gartner and Al-Malik (1996) reported computational results on mutually consistent 
points in simple networks. 

Similarly using the IOA approach, Cantarella, Improta and Sforza (1991) and Cantarella, 
Pasquariello and Sforza (1992) performed experimental tests in a simple network to solve ENSS.  
Cascetta, Gallo and Montella (1998) reported numerical results with stochastic equilibrium 
assignment.  Yang and Yagar (1995) explicitly considered queueing delays in the urban street 
system with a bilevel formulation.  Yang and Yagar (1994) applied a bilevel formulation in the 
traffic corridor system.  Lee and Machemehl (1997; 1998a; 1998b) presented preliminary results 
on solution quality and computational performance of the different algorithms to solve ENSS. 
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2.4.9  SATURN 
SATURN (Simulation and Assignment of Traffic to Urban Road Networks) is a 

computer model developed at the Institute for Transport Studies, University of Leeds, for the 
analysis and evaluation of traffic management schemes over relatively localized networks of the 
typical order of 100 to 150 intersections.  The basic structure of SATURN in Figure 2.10 consists 
of two parts--simulation and assignment. 

 
 

simulation

assignment

network 
data

O-D

flow-delay curve new link flows

 
 

Figure 2.10  The basic structure of SATURN 
 
The simulation part is based on the concept of cyclic flow profiles, first introduced in the 

signal optimization program TRANSYT (Robertson, 1969).  It simulates the flow pattern from 
the previous assignment iteration, plus the situations of zero flow and capacity flow for each 
intersection link while keeping all other flows constant.  Then from the three points, it 
determines a flow-delay curve for each link by fitting the following form, 

ta xa( )=
t0 + αaxa

βa xa ≤ capa

t0 + αacapa
βa + T xa − capa

2capa
xa > capa

 
 
 

  
 (2.32) 

where T is the duration of the simulation period, and αa  and βa  are parameters.  Note that the 
cost curve is separable like the BPR function.  The UE assignment generates a new flow pattern 
and the two parts are iteratively performed until the flows of two successive assignments are 
within the user-specified convergence criterion. 

The above procedure does not contain signal optimization.  The basic procedure to 
implement signal optimization updates signals after each converged simulation-assignment loop 
as in Figure 2.11, which is seeking for a mutually consistent point.  Notice that the left 
component of Figure 2.11 is Figure 2.10.  This procedure requires four iteration steps as in 
Figure 2.11, 

(1) the simulation process (loop 1): let NS=the number of iterations; 
(2) F-W algorithm in the assignment (loop 2): let NA=the number of iterations; 
(3) the simulation-assignment (loop 3): let NSA=the number of iterations; 
(4) the signal optimization (loop 4): let NSO=the number of iterations. 

The total number of iterations would accrue to NSO ⋅ NSA ⋅ NA + NS( ) .  For example, when 
NSO=20, NSA=12, NA=8 and  NS=6, this would total 3360 iterations. 

The above procedure can be speeded up by a streamlined version shown in Figure 2.12, 
where a single step iteration is performed in the assignment.  Now total iterations is 
NSA ⋅ 1 + NSO ⋅ NS( )( ).  With the same parameter values as before, the total iteration number 
would be 620.  This reduction is from reduced iterations in the assignment step.  One question is 
if the streamlined one converges.  The experiment (Van Vuren and Van Vliet, 1992) showed the 
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answer is yes.  Further discussion of the convergence is given in Smith and Van Vuren (1993).  
For more details on SATURN and its applications on real networks, refer to Van Vliet (1982), 
Van Vuren and Van Vliet (1992), Hall, Van Vliet and Willumsen (1980) and Hale (1991). 
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Figure 2.11  The signal optimization of SATURN 
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Figure 2.12  The streamlined version of signal optimization of SATURN 
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2.4.10  Vuren and Van Vliet's 1992 study with SATURN 
This study had the three objectives: 
(1) to investigate the value of the IOA procedure; 
(2) to test the performance of existing signal control policies in the IOA procedure, and 

develop new policies that interact well with assignment; 
(3) to apply the results of the above in a route guidance context. 
The study gave the following conclusions: 
(1) There is no efficient method for solving the NDP.  Proposed alternative solution 

methods are either very cumbersome or depend on extreme simplifications in the 
network description and/or the link performance functions.  Although the IOA 
procedure could fail to produce very efficient signal control/flow combinations, it 
allows complex network descriptions of considerable size with realistic cost 
assumptions and calculates meaningful signal settings in real-life; 

(2) Webster's equisaturation, delay minimization (or total time minimization) and Smith's 
P o  policies as well as other newly developed policies that have desirable properties 
(the existence and uniqueness of a mutually consistent point) are compared.  
Webster's policy performs relatively poorly and behaves in a rather unstable manner.  
The delay minimization policy performs well in the larger size networks despite its 
theoretical disadvantages.  The P o  policy maximizes capacity but seldom improves 
on delay minimization.  None of the newly developed policies are consistently 
superior to delay minimization; 

(3) A multiple user class assignment model has been developed to simulate an integrated 
system of route guidance and signal control.  Tests showed again delay minimization 
performs relatively better than others. 

 
2.4.11  Comparison of NDP and iterative procedure 

The NDP for the ENSS problem is: 
(1) difficult to solve and suffers from a lack of efficient solution algorithms; 
(2) requires extensive data such as an OD matrix; 
(3) adopts only simplified cost functions (generally the BPR type polynomial form) 

and/or simplified traffic interactions. 
The IOA for the ENSS problem: 
(1) allows the use of realistic network descriptions and complex cost functions; 
(2) a decomposed method which cannot avoid Braess's paradox; 
(3) requires no OD information; 
(4) difficult to establish the theoretical properties (e.g., convergence). 

 
2.5  SYMMETRIC AND ASYMMETRIC INTERACTIONS 

The condition on the separable cost function (or link performance function) cannot 
always be satisfied--e.g., when control parameters or turning movements are considered.  
Defermos (1971) was the first to consider non-separable cost functions and to investigate the 
assignment problem when there are symmetric interactions but no capacity constraints.  Later 
Smith (1981a) included capacity constraints.  Here symmetric interaction means the marginal 
effects of one link flow xa  on the travel time on any other link t b  is equal to the marginal effect 
of xb  on ta  as follows, 
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∂ta
∂xb

=
∂tb
∂xa

∀ a ≠ b  (2.33) 

A class of problems where symmetric link interactions are involved have the known equivalent 
mathematical programming formulation. 

Since the symmetry condition is restrictive, in more general cases, the pattern of link 
interactions is not assumed symmetric and the Jacobian matrix of cost functions is not 
necessarily symmetric.  By use of the theory of variational inequalities, without imposing any 
symmetry conditions, Smith (1979b) and Dafermos (1980) found uniqueness and the existence 
of an equilibrium pattern can be established if the cost function satisfies the monotonicity.  A 
necessary and sufficient condition for monotonicity is that the Jacobian matrix of the cost 
function with respect to link flows be positive definite (not necessarily symmetric).  When the 
main dependence of link travel time is on its own flow as 

∂ta
∂xa

>>
∂ta
∂xb

∀ a ≠ b , (2.34) 

the Jacobian matrix of the link-travel-time vector, i.e., the Hessian of UE objective z will be 
positive definite and will have a unique solution with respect to link flows (See Chapter 8 in 
Sheffi (1985)).  When (2.34) is violated and the Jacobian matrix may not be positive definite, 
there could exist multiple equilibria even though the Jacobian matrix may be symmetric. 

Heydecker (1983) mentioned two aspects must be satisfied for any assignment procedure 
to show desirable behavior: (1) the assignment problem should have a single stable solution and 
(2) the procedure used should converge to this solution.  Heydecker used a relaxed condition 
(2.35) regarding the Jacobian matrix J, 

The determinants of all principal submatrices of 
the Jacobian matrix J are everywhere non-negative. (2.35) 

Condition (2.35) is weaker than the condition that J is everywhere positive definite.  Thus if 
(2.35) fails, J will not be positive definite and good behavior of the equilibrium assignment is not 
guaranteed.  The analysis showed that the policy which determines how the signal-settings are 
calculated influences whether or not (2.35) is satisfied, and discovered that the delay 
minimization policy and P o  with the Webster's formula violate (2.35).  Thus monotonicity could 
certainly not be established for the two policies. 

In the asymmetric interaction case, there is no known equivalent mathematical program.  
The solution algorithms are direct rather than other UE algorithms, but are still related to the 
minimization algorithms.  Friesz (1985) grouped the proposed algorithms to solve this class of 
problems into three categories: (1) diagonalization or relaxation approaches (Abdulaal and 
LeBlanc, 1979a; Defermos, 1982; Florian and Spiess, 1982).  Dafermos (1982) proved the 
monotonicity property ensures convergence of the algorithm and the above (2.34) was mentioned 
as a sufficient condition; (2) linearization methods (Pang and Chan, 1982); and (3) simplicial 
decomposition (Lawphongpanich and Hearn, 1984).  Among the three, diagonalization has been 
the most widely used since it can be easily implemented by a simple modification of the F-W 
algorithm. 

Mahmassani and Mouskos (1988) tested the applicability of the diagonalization algorithm 
with asymmetric interactions between passenger cars and trucks in highway networks.  The 
results showed convergence is achieved even though convergence is not guaranteed a priori 
because the only known sufficient condition for convergence (Dafermos, 1982), i.e., (2.34), is 
difficult to check. 
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2.6  THEORETICAL REVIEW OF ITERATIVE  
OPTIMIZATION-ASSIGNMENT APPROACH 

Smith and Van Vuren (1993) argued that IOA can be regarded as a highly idealized 
model of the day to day dynamics of driver route choices when a responsive signal setting policy 
is employed.  They provided strong conditions on the responsive control policy which guarantee 
that this algorithm is bound to converge to a convex set of mutually consistent (flow, control) 
pairs.  Furthermore they presented a proof of convergence under these conditions.  Convergence 
to the mutually consistent point of each policy is not intrinsic but is dependent on the selected 
link performance function.  For instance, a policy can converge with the modified BPR curve but 
not with Webster's.  In the next sections, theoretic aspects of the IOA procedure are discussed. 

 
2.6.1  Pressure and extended assignment 

For any Λ , the path flow vector X is user equilibrium if for every OD pair, 
more costly routes carry no flow (Wardrop, 1952). (2.36) 

Smith (1979b) showed that (2.36) is identical to (2.37) (see section 2.4.4). 
−C X,Λ( ) is normal at X to F D  (2.37a) 
or −C X,Λ( ) d − X( )≤ 0, ∀ d ∈FD  (2.37b) 

where F D  is the set of feasible route flow vectors.  Notice that Λ  is fixed here.  Smith et. al. 
(1987) acknowledged that a general control policy can be similarly expressed as an assignment 
like (2.36) or (2.37).  First, a performance measure should be defined.  For a given X, the signal 
setter needs a measure or index to use as a relative basis for re-setting signals.  If this measure is 
high for a signal phase, then more green from another phase should be swapped.  They termed 
this measure a traffic pressure (or pressure).  Pressure should be defined such that the selected 
policy is accomplished when this measure is balanced for all phases at every intersection.  Thus, 
different policies result in different pressure formulae.  Pressure of a natural policy is an 
increasing function of xa  and a decreasing function of λa .  Table 2.3. contains additional 
notation for more discussion. 
 

Table 2.3  Additional notation for pressure 
Ls  a set of links which receive green during stage s. 
pa  pressure of link a; p = .. ., pa ,. ..( ). 
Ps

n  pressure of stage s at intersection n; P n = ..., Ps
n,...( ); P = ..., P n,.. .( ). 

 
Relation (2.36) can be thought identical to (2.38), by thinking of a signal phase as a path 

in a hypothetical network.  The cost of such a path is negative pressure on that phase, a node in 
the hypothetical network is a traffic movement during that phase, and the flow along the new 
path is the green time given to the corresponding phase.  Figure 2.13 represents the concept 
graphically.  The example network has two signalized intersections, intersection n under two 
phases and intersection n' under three phase operation.  Then in the hypothetical network there 
are two OD pairs and five paths.  The nodes of each path represent the movements to move on 
that phase (e.g., path 4 related phase 2 at n' comprises node 3 and 4, and hence movement 3 and 
4 receive green in phase 2 at n')  Pressure of each phase Ps

n  is the sum of each movement 
pressure pa  (represented as a node in the hypothetical network):Ps

n = pa xa,λa( )
a∈Ls

∑ . 

Less pressurized phases receive no green time. (2.38) 
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Again (2.38) can be rewritten as, 
P X, Λ( ) is normal at Λ  to F E  (2.39a) 
or P X, Λ( ) d − Λ( )≤ 0, ∀ d ∈FE . (2.39b) 

Here X is fixed.  Thus this is just another assignment with Λs
n

s
∑ = 1 for intersection n instead of 

Xk
pq

k
∑ = rpq  in a normal assignment.; 

Relations (2.37) and (2.39) are both satisfied if and only if 
−C X,Λ( ), P X,Λ( )( ) is normal at X,Λ( ) , to F D × FE . (2.40) 

Relationship (2.40) is also another equilibrium problem only with extended domain space.  Any 
pair X,Λ( )  in F D × FE  which solves (2.40) satisfies (2.36), so it produces UE flow and satisfies 
(2.38), so the policy is accomplished.  Therefore an equilibrium consistent with the selected 
policy (mutually consistent point) is found.  Smith and Van Vuren (1993) reviewed the 
convergence of (2.40) with the IOA procedure. 
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Example network and phases 
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Figure 2.13  Transforming control optimization into assignment 



 35

2.6.2  Gradient, monotone, capacity maximizing policies 
Smith and Van Vuren (1993) categorized polices according to mathematical 

characteristics.  A policy is gradient if and only if, for each link a, ca,−pa( ) is the gradient of a 
not necessarily convex function (say va ).  If ca,−pa( ) is the gradient of va , then X,Λ( )  is the 
gradient of V = va

a
∑  since any pair of c .,.( ),−p .,.( )( )  can be transformed into a pair of 

C .,.( ), −P .,.( )( ) by  
xa = Xk

pq ⋅ δa ,k
pq

k
∑

q
∑

p
∑ , 

λa = Λs
n ⋅ ωa,s

n

s
∑ ,  

Ck
pq = ca xa, λa( )

a∈Kpq
∑ , 

and Ps
n = pa xa,λa( )

a∈Ls

∑ . 

If X,Λ( )  is a local minimum of V, then X,Λ( )  solves (2.40).  Thus, any point at which ∇V 
vanishes (we can do by some algorithms naturally) is an equilibrium.  Such a stationary point is 
either a local minimum, a local maximum or an inflection point of V because the convexity of 
va   and hence V is not guaranteed.  A local maximum and an inflection point are normally 
expected to be unstable. 

A policy is monotone if and only if, for each link a, ca,−pa( ) is a monotone function of 
xa,λa( ), or C,−P( ) is a monotone function of X,Λ( ) .  The monotonicity algorithms may be 

used to solve (2.40).  A policy is convex gradient if and only if, for each link a, ca,−pa( ) is the 
gradient of a convex function va .  In this case, C,−P( ) is the gradient of the convex function V.  
Thus, X,Λ( )  solves (2.40) if and only if X,Λ( )  minimizes V over F D × FE .  Any monotone 
gradient policy is a convex gradient policy because of the relationship between monotonicity and 
convexity (see Appendix). 

Even if (2.40) has a solution, the IOA algorithm may produce arbitrarily large costs, 
because it may produce x,λ( ) pairs which veer toward an infeasible subset I, 

I = x,λ( ); xa ≅ λa ⋅ sa ≥ δ ⋅sa > 0 for some a{ } (2.41) 
As x,λ( )  approaches I, costs will increase steeply in static assignment.  A policy is called 
capacity-maximizing (Smith, 1980) if the existence of a feasible pair x,λ( ) guarantees that the 
IOA algorithm produces x,λ( ) pairs which are always at least a fixed positive distance from I.  
In this case costs will be bounded above by a constant and cannot become arbitrarily large.  The 
modified BPR function is a polynomial and does not become arbitrarily large as flow approaches 
capacity, so this policy is not related to the modified BPR. 

Table 2.4 summarizes properties of policies from Smith and Van Vuren (1993).  In the 
IOA procedure, the modified BPR function fits fairly well but Webster's does not.  When the 
policy is gradient but not convex (e.g., PG  with Webster's in Smith and Van Vuren), the IOA 
procedure also converges but uniqueness is not guaranteed.  When the policy is monotone but 
not gradient, it is not clear that the IOA algorithm itself always converges (Smith and Van 
Vuren, 1993).  Algorithm (D) in Smith (1984d) is a variation of the IOA procedure and is shown 
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to converge when monotonicity is present.  When λa = 0  and capa = λasa = 0, cost functions are 
undefined.  Thus a minimum green by λa ≥ δ > 0 , or Λs

n ≥ δ > 0  should be imposed.  Because of 
this, (2.39) not (2.38) should be the implementation focus. 

 
Table 2.4  Properties of policies according to link performance function. 
Policy the modified BPR curve Webster's delay curve 

Equisaturation neither gradient nor 
monotone 

neither gradient nor 
monotone 

Delay 
minimization 

gradient and monotone neither gradient nor 
monotone 

P o  neither gradient nor 
monotone 

neither gradient nor 
monotone; 
capacity maximizing 

 
 
2.7  CHAPTER 2 SUMMARY 

Literature describing the combined traffic control and route choice problem has been 
reviewed.  Traffic control and route choice have been traditionally handled separately, but this 
can cause erroneous evaluation of traffic management schemes and major road proposals.  
Combining the two parts results in a complex, not necessarily convex, problem.  The IOA 
approach is the most popular method but an approximate one.  The quality of the approximate 
solution, compared with optimal solutions has not been fully investigated. 
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CHAPTER 3  SIMULATED ANNEALING AND GENETIC ALGORITHMS 
 
Traditional gradient based algorithms explore their problem domains by moving from a 

current point to a next point in a descent direction and lead to a local, but not necessarily a 
global, optimum.  Therefore, for a nonconvex problem, the final result of descent algorithms can 
be heavily dependent on starting solutions. 

Two stochastic algorithms, simulated annealing (SA) and a genetic algorithm (GA), are 
widely used for large scale discrete and continuous problems where a global optimum is hidden 
among many poorer, local optima.  In this chapter, fundamentals, convergence and applications 
to transportation engineering arena of the two are presented. 
 
3.1  OVERVIEW OF STOCHASTIC GLOBAL OPTIMIZATION 

Stochastic optimization is understood to be a method containing stochastic elements.  
This means either the outcome is a random variable or the objective under consideration is a 
realization of stochastic processes (Boender and Romeijn, 1995). 
 
3.1.1  Global optimization 

Global optimization intends to solve the very general problem defined as follows. 
[Definition: 3.1: Global optimization] 

minimize λ1 (3.1a) 
subject to: A →1 → B   i=1, 2,...,m (3.1b) 
 A → 2 → B (3.1c) 

where z and λ3  are real-valued functions defined on an S while r is the dimension and m 
is the total number of constraints. 
When λ1  in (3.1b), the problem is said to be unconstrained; when λ 2  in (3.1c), the 

problem is univariate.  If z is convex and the set of feasible solutions is a convex set, the problem 
is convex, any local minimum is a global minimum and efficient algorithms exist.  When no 
further assumptions are made on z and hi in (3.1) the problem is nonconvex.  A global search is 
needed to find a global minimum.  Because of the possibility that z has a very high and narrow 
saw-tooth shape, any number of function evaluations cannot guarantee getting close to the 
minimum value of z even with a convex constraint assumption (Hansen and Jaumard, 1995).  
Hence the lack of practical criteria to decide if a local solution is global makes global 
optimization a difficult problem. 

To understand SA, a brief introduction of basic stochastic methods including pure 
random, pure adaptive and adaptive searches might be useful because SA can be regarded as an 
adaptive search approximation even though its initial development is different. 
 
3.1.2  Pure random search 

The Pure Random Search (PRS) is the simplest stochastic global optimization method 
(Brooks, 1958; Boender and Romeijn, 1995).  PRS for solving (3.1) is shown in Figure 3.1. 
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STEP 0: Assume x0 , λ3  and set n=1. 
STEP 1: Generate a point λ 4  from a uniform distribution u over S. 
STEP 2: 

λ1
 

STEP 3: 
λ 2

 

Figure 3.1  Pure random search 
 
The algorithm consists of generating a sequence of independent and identically 

distributed (iid) uniform points in S and keeping the trace of the current best solution.  Now let  
denote a neighborhood of the set of global optima.  As discussed by Boender and Romeijin 
(1995), the convergence in probability of this algorithm can be expected.  After k iterations,  

Pr(for some i such that) 
=1-Pr(all 's ∉N S* )=1-Pr(X1,X2 ,. .., Xk ∉NS* ) 

=1 − 1 − ρ[ ]k  (3.2) 
where ρ  denotes the probability of N S*  over the uniform distribution u over S, u NS*( ).  

Because of 0 ≤ ρ ≤ 1, 1 − 1 − ρ[ ]k  in (3.2) converges to 1 as k → ∞ .  Devroye (1978) gave a 
formal proof of the following probabilistic convergence of PRS: 

Pr lim
n→∞

z Xn( )= z* 
 

 
 = 1. 

where z*  is a global optimum.  PRS is obviously inefficient since the expected number of 
iterations required to generate a point in N S*  grows exponentially with the dimension of S. 
 
3.1.3 Pure adaptive search and adaptive search 

Pure Adaptive Search (PAS) utilizes a subset Sn = x ∈S: z x( ) < yn−1{ }, instead of S, in 
generating a new point (Patel, Smith and Zabinsky, 1988; Zabinsky and Smith, 1992; Zabinsky 
et al., 1995).  It forces improvement in each iteration as in Figure 3.2. 

 
STEP 0: Assume x0 , y0 = ∞  and set n=1. 
STEP 1: Generate a point xnew  from a uniform distribution u over 
 Sn = x ∈S: z x( ) < yn−1{ }. 
STEP 2: Set yn = z xnew( ) . 

STEP 3: 
If a convergence criterion is met, stop.

Otherwise, n = n +1 and return to STEP 1.
 
 
 

 

Figure 3.2  Pure adaptive search 
 
In PAS, xnew  always improves the current best function value.  Zabinsky and Smith 

(1992) found the upper bound of the expected number of PAS iterations to achieve a solution 
arbitrarily close to global solutions over a convex feasible region as follows: 
[Theorem 3.1: Bound of PAS] 

For global optimization over a convex feasible region S in Rr  with diameter at most ∆ , 
with Lipschitz constant at most λ , then, 
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E NPAS y( )[ ]≤ 1 + r ⋅ ln
λ ⋅ ∆
y − z*   for all y > z* , (3.3) 

where N PAS y( ) denotes the number of PAS iterations to find a value of y or better. 
From (3.3) the expected number of PAS iterations grows at most linearly in the dimension r.  
Unfortunately, constructing Sn  is difficult in practice.  Alternatively, a trial and error method 
(acceptance-rejection method) can be used for generating a point in Sn : in other words, generate 
points uniformly in the feasible region S until a point in Sn  is found.  Then the PAS algorithm 
becomes PRS and is inefficient again.  Therefore PAS is conceptual rather than practical. 

An adaptive search (AS) algorithm (Romeijin and Smith, 1994) uses the Gibbs 
distribution instead of the uniform distribution as in PRS, which tends to concentrate searching 
near global optima as the parameter closes to zero as shown in Figure 3.3. 

 
STEP 0: Assume x0 , y0 = ∞ , c1 = ∞  and set n=1. 
STEP 1: Generate a point xnew  from the Gibbs distribution with cn   over 
S. 

STEP 2: 
If z xnew( ) < yn −1, yn = z xnew( ) and xn = xnew.
Otherwise, return to STEP 1.

 
 
 

 

STEP 3: 
If a convergence criterion is met, stop.

Otherwise, cn +1 = τ yn( ), n = n +1 and return to STEP 1.
 
 
 

 

where τ   is a positive nonincreasing function. 
Figure 3.3  Adaptive search 

 
The difficulty of generating an improved solution through each PAS iteration is avoided 

by continuously changing the distribution parameter controlling a new point choices (Romeijin 
and Smith, 1994).  When cn = ∞  for all n, the Gibbs distribution becomes a uniform distribution 
and AS reduces to PAS with the trail and error method to find an improving point.  Then, again 
this yields PRS.  However, an appropriate choice of the parameter c in STEP 3, which is virtually 
the same as SA cooling, generally influences the number of necessary trial points in STEPs 1 and 
2. 

Romeijin and Smith (1994) proposed the following way to change the parameter c in AS: 
given the current best function value yn , choose cn  in such a way that xnew  from the Gibbs 
distribution with cn  has a better function value than yn  with probability at least α .  Then the 

expected number of points that have to be generated at each c is at most 
1
α

.  Romeijin and Smith 

showed that the number of AS iterations is stochastically less than the number of PAS iterations 
by Theorem 3.2 below.  From this theorem, the expected number of AS iterations grows at most 
linearly with the dimension. 
[Theorem 3.2: Bound of AS] 

For global optimization over a convex feasible region S in Rr  with diameter at most ∆ , 
with the Lipschitz constant at most λ , then, 

E NAS y( )[ ]≤ E NPAS y( )[ ]≤ 1+ r ⋅ ln
λ ⋅ ∆
y − z*    for all y > z*  (3.4) 
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where N AS y( ) denotes the number of AS iterations required to achieve a value of y or 
better.  

 
By Theorem 3.2, some class of global optimization problems can be solvable efficiently, if it is 
possible to generate points according to the Gibbs distribution.  A Markov chain approach, 
whose stationary distribution follows the desired Gibbs distribution, has been devised instead of 
generating points from the Gibbs distribution directly.  The Hit-and-Run and Shake-and-Bake 
algorithms are examples of this approach (Boender Romeijin, 1995).  So far the polynomial time 
complexity in dimension is limited to a certain optimization problem class with convex feasible 
regions and construction of a polynomial time algorithm for the more general problems is still 
open.  The above mentioned Markov chain method is an approximation of AS and is exactly the 
same as SA.  Thus SA can be viewed as an approximate AS implementation. 
 
3.2  OVERVIEW OF SIMULATED ANNEALING 
 
3.2.1  Annealing in the thermal process 

It is well known in general physics that a system tends toward the state of minimum 
energy at each temperature, given the necessary freedom.  A solid in a high energy state usually 
exhibits a randomly arranged liquid phase state.  Conversely, with low energy, it shows a 
regularly arranged crystal lattice state.  Annealing is a thermal process for obtaining such low 
energy states of solids in condensed matter physics.  Annealing consists of the following two 
steps (Kirkpatrick, Gelatt and Vecchi, 1983): 

• Heating: increase temperature high enough to force a solid to melt and to make its 
particles randomly ordered; 

• Cooling: decrease temperature slowly to make particles highly ordered and to achieve a 
low energy state of the solid. 

When heating is not sufficiently high or cooling is not sufficiently slow, the solid will assume an 
amorphous state (a meta-stable state) rather than the ground state (Kirkpatrick, Gelatt and 
Vecchi, 1983; Van Laarhoven, 1988; Aarts and Korst, 1989). Rapid cooling freezes solid 
particles and prevents them from settling into the low energy state configuration.  This converse 
process of annealing is known as quenching. 
 
3.2.2  Gibbs distribution and Metropolis algorithm 

In thermal equilibrium, the state configuration of a solid is defined by the relative 
positions of its particles.  Because of their huge number even in a small piece (order of 1023 per 
cubic centimeter) and therefore high degree of freedom, the occurrence of a state or a 
configuration is characterized by a probability law.  Even at high temperature a low energy state  
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may exist although the chances are very small and vice versa.  In thermal equilibrium, the 
probability of occurrence of a state i with energy E i( ) at temperature T is known to be governed 
by the following Gibbs or Boltzmann distribution (Binder and Heermann, 1992; Toda, Kubo and 
Saito, 1992), 

Pr state = i at T( ) =
exp − E i( )

kBT
 
 
  

 
 

MT
 (3.5) 

where E(i) represents the energy of state i, kB  is the Boltzmann constant, exp −
E i( )
kBT

 
 
  

 
  is known 

as the Boltzmann factor, and M T  is a normalizing constant or the partition function, defined by 
the summation of the Boltzmann factors of all possible finite states at T.  If ST is the set of all 
possible states at T,  

M T = exp −
E j( )
kBT

 
 
  

 
 

j∈ST

∑ . (3.6) 

Notice that according to equation (3.5) in the Gibbs distribution the ratio of a lower-
energy state probability to a higher-energy state probability grows as temperature decreases.  Let 
E i( ) = v, E j( ) = V, v < V and T > t .  Define  r t , and rT   the ratios of state i probability to state 
j probability at t and T, respectively.  Then, 

rT =
exp − v

kBT
 
 
  

 
 

MT
÷

exp − V
kBT

 
 
  

 
 

MT
= exp

V − v
kBT

 
 
  

 
  (3.7a) 

similarly, 

r t = exp
V − v
kBt

 

 
 

 

 
 . (3.7b) 

Thus,  
  rT < rt Q T > t( ) . (3.8) 

(3.8) means the chance of highly ordered lattice formation becomes relatively larger as 
temperature decreases.  This plays an important role in the convergence of SA, later. 

To investigate the complex solid configuration in thermal equilibrium at a given 
temperature, the Monte Carlo method, utilizing random numbers to numerically generate a 
probability distribution, has been widely used in statistical physics (Binder and Heermann 1992).  
Metropolis et al. (1953) proposed an algorithm to analyze the evolution of a solid to thermal 
equilibrium by the following way.  For a given current solid state, apply a small randomly 
generated perturbation to obtain a candidate of the next state.  This candidate is accepted as a 
new current state with the following acceptance probability P a , 
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P a =
1 if ∆E < 0,

exp −
∆E
kBT

 
 
  

 
 if ∆E ≥ 0,

 
 
 

  
 (3.9) 

where ∆E = Ecandidate − Ecurrent .  If the candidate shows lower energy than the current state (i.e., 
∆E < 0), the candidate is always accepted as a new current state in the next process.  If the 
candidate results in higher energy (i.e., ∆E ≥ 0), its acceptance is governed by the probability, 

exp −
∆E
kBT

 
 
  

 
 , which is less than 1. 

When ∆E ≥ 0, probabilistic acceptance can be implemented by random numbers 
uniformly distributed over a 0,1[ ] interval.  A number u generated in such way is compared with 

exp −
∆E
kBT

 
 
  

 
 .  If u is less than exp −

∆E
kBT

 
 
  

 
 , the candidate is accepted as a new current state; if 

not, the original current state is retained and used for generating a new candidate state.  This 
procedure and above acceptance rule, P a , are called the Metropolis algorithm and the Metropolis 
criterion, respectively.  A large number of the above basic steps achieve the Gibbs distribution, 
i.e., thermal equilibrium at T is modeled.  The whole algorithm is shown in Figure 3.4. 

 
STEP 0: Initialization: 
 Decide the initial state i ∈ST = all possible states at T{ } and set 
n = 0  
STEP 1: A New State Generation: 
 At i, generate a new state j, j ∈ST  and set=n+1. 
STEP 2: Evaluation of j (the Metropolis criterion): 
 Calculate ∆E = E j( )− E i( ). 

If ∆E < 0, accept j.

If not, generate u ∈ 0,1[ ],
accept j if u < exp −

∆E
kBT

 
 
  

 
 

reject j if u ≥ exp −
∆E
kBT

 
 
  

 
 .

 

 
 

 
 

 

 
  

 
 
 

 

STEP 3: Transition: 

 
If j is accepted, move to j i ← j( ).
Otherwise, keep i i ← i( ).

 
 
 

 

STEP 4: Convergence Test for the Gibbs Distribution: 

 
If a convergence criterion or max imumn is achieved, stop.
Otherwise, return to STEP 1.

 
 
 

 

Figure 3.4  Metropolis algorithm 
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3.3  SIMULATED ANNEALING AND ITS USEFULNESS 
 
3.3.1  Simulated annealing 

Kirkpatrick, Gelett and Vecchi (1983) proposed an algorithm, based on a strong analogy 
of the annealing process, to some NP-complete combinatorial optimization problems, all of 
which are widely considered unsolvable by polynomial-time algorithms--for example, the 
traveling salesman problem (TSP), which looks for the shortest closed path that visits every 
given node exactly once and returns to the starting node.  This mathematical analogy is called the 
simulated annealing.  Independently Cerny (1985) applied a similar concept to TSP.  Vanderbilt 
and Louie (1984) extended SA to continuous optimization problems.  SA has proven to be a 
powerful numerical tool and is considered as an elegant example of physical concepts applied 
other fields of science. 

Energy level, E, in a thermal process is a surrogate for an objective function value, z, in 
optimization.  Possible configurations or states in annealing are comparable to feasible solutions 
in optimization.  If an annealing process properly continues with temperature lowering, a low 
energy configuration is realized, which is comparable to a desirable optimum in optimization.  If 
annealing is fast such as quenching, the solid configuration cannot reach the low energy 
configuration.  Instead, it may form a locally defected meta-stable configuration, which is 
comparable to a local optimum in optimization.  Temperature is regarded as a control parameter 
in SA. 

SA consists of two major folds--the Metropolis algorithm and cooling.  First, at a given 
control parameter c, SA repeats the search by generating new candidate solutions and updating 
the best solution until accepted solutions properly realize the Gibbs distribution.  Second, c is 
decreased and the search continues updating the best configuration.  This parameter reducing is 
called cooling because it is corresponds to temperature lowering in annealing.  How to reduce the 
cooling parameter (cooling schedule) is a key factor of SA. 

The best current solution may not be updated at every step because the Metropolis 
algorithm criterion accepts worse candidates.  Accepting uphill steps as well as downhill steps 
provides a chance to escape from a local energy configuration and allows the algorithm to search 
for different domain neighborhoods.  Eventually the best solution approaches the lowest energy 
state, i.e., a global optimum for the Gibbs distribution property in (3.7) and (3.8)--the inflation of 
the probability ratio of lower energy states to higher energy states in accordance with cooling. 

Here, as ample annealing time is required for particle reconfiguration to avoid locally 
defected lattice formation, slow cooling is important in optimization to avoid locally trapped 
solutions.  Figure 3.5 contains general steps of SA.  Without loss of any mathematical property, 
kBT of the Metropolis criterion and the Gibbs distribution can be replaced by c because the 
absolute value of c has no physical meaning in SA compared to physical annealing. 
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STEP 0: Initialization: 
 Decide the initial point i ∈Sc = all possible states at c{ } and set 
n=0. 
STEP 1: A New Solution Generation: 
 At i, generate a new solution j j ∈Sc  and set n = n +1. 
STEP 2: Evaluation of j (the Metropolis criterion): 
 Calculate ∆z = z( j) − z(i). 

 

If ∆z < 0, accept j.

If not, generate u ∈ 0,1[ ],
accept j if u < exp − ∆z

c
 
 

 
 ,

or reject j if u ≥ exp − ∆z
c

 
 

 
 .

 

 
 

  

 

 
 

 
 

 

STEP 3: Transition: 

 
If j is accepted, move to j i ← j( ).
Otherwise, keep i i ← i( ).

 
 
 

 

STEP 4: Convergence Test for the Gibbs Distribution: 

 
If a convergence or max imum n is achieved, go to STEP 5.
Otherwise, return to STEP 1.

 
 
 

 

STEP 5: Cooling and Stopping: 
If SA convergence criterion is achieved, stop.

Otherwise, reduce c, set n = 0 and return to STEP 1.
 
 
 

 

Figure 3.5  Simulated annealing algorithm 
 
 
3.3.2  Cooling schedule in simulated annealing 

The cooling schedule of SA is associated with convergence to a desirable solution as 
intuitively explained in section 3.3.1.  The cooling schedule affects the solution quality obtained 
and the speed of SA convergence, which consists of four components: 

• Temperature function (or parameter function), ck ; 
• Number of repetitions at each value of ck , L k ; 
• Stopping criterion; 
• Initial control parameter value, c0 ; 

where k represents the number of times the parameter has changed.  The ck, Lk and Stopping 
criterion are classified in Table 3.1, Table 3.2 and Table 3.3, respectively. 

The cooling rate, defined by 
ck +1 − ck

Lk
, is controlled by two components, ck  and L k .  If 

it is too slow, high computation time is the cost for better solution quality.  On the other hand, 
fast cooling may impair solution quality.  One more important component affecting to solution 
quality is the initial value of the control parameter c0 .  There is a qualitative rather than a 
quantitative standard for c0  which should be high enough to accept all initially generated 
solutions (configurations) with a large probability, which guarantees that the search area is not 
limited to a specific region.  Even though cooling schedules that guarantee polynomial 
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convergence have been found for some problems, the cases are very limited.  In general, a good 
cooling schedule is decided empirically depending on the problem under consideration. 
 

Table 3.1  Temperature function 
Nomenclature Form 
Constant ck = C, where C is a constant 
Arithmetic ck = ck−1 − C  
Geometric ck = ρkck −1 where ρk  is often a constant. 
Logarithmic ck =

C
log k + 2( )  

Adaptive ck  is dependent on the previous control parameter results. 
 

Table 3.2  Number of repetitions 
Nomenclature Form 
Single; Constant L k = 1; L k = C  
Arithmetic L k = Lk −1 + C  
Geometric L k = ρkLk −1  
Logarithmic L k =

C
log ck( ) 

Power L k = Lk −1( )ρk  
Adaptive L k  is, in some sense, dependent on the 

results at previous control parameters. 
 

Table 3.3  Stopping criteria 
Nomenclature Form 
Iterations Fixed number of iterations. 
Control parameter Until ck is less than a specified cfinal . 
Improvement No improvement or little improvement has 

occurred at successive control parameters. 
Mixed Combination of the above criteria. 
Adaptive Criterion is, in some sense, dependent on 

the results at previous control parameters. 
 
 
3.3.3  Usefulness of simulated annealing and complexity 

Collins, Eglese and Gloden (1988) performed an extensive literature survey of SA and 
annotated 292 references in a section of their paper.  According to the survey, major application 
areas of SA are computer design, image processing, physics and chemistry, numerical analysis 
and statistics in either discrete or continuous variable formulations.  In transportation engineering 
Friesz et al. (1992) introduced SA to an NDP based on Vanderbilt and Louie (1984).  The 
traveling salesman problem (TSP) was widely selected to test SA in combinatorial optimization.  
Hybrid SA with genetic and/or tabu searches was studied recently (Lin, Kao and Hsu, 1993; 
Knox, 1994; Skorin-Kapov, 1994). 
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Aarts and Korst (1989) discussed the complexity of SA for TSP.  The complete 
enumeration of all solutions was contrasted with SA in which the next solution was generated by 
exchanging the randomly chosen two cites from the current solution.  The result showed SA is 
clearly dominated by an infinite number or very large number of transitions, above the domain 
cardinality, in the Metropolis algorithm to establish the Gibbs distribution.  Bertsimas and 
Tsitsiklis (1993) mentioned the same point.  Thus, SA may be unsuited for solving combinatorial 
optimization problems.  SA with finite-time implementation, however, results in efficient 
approximation of an optimal solution.  In practice SA with a properly chosen cooling schedule 
finds at least near optimal solutions in polynomial time.  Many relative performance comparisons 
to tailored algorithms for the problems under consideration show mixed results (Mitra, Romeo 
and Sangiovanni-Vincentelli, 1985; Hajek, 1985; Corana, Marchesi, Martini and Ridella, 1987; 
Brooks and Verdini, 1988; Goffe Ferrier and Rogers, 1994).  Conclusively SA can be a 
reasonable alternative to existing methods for a certain class of problems for the following 
aspects: 

(1) Efficiency, i.e., the number of elementary operations (the running time) required to 
find a solution--SA with a proper cooling schedule finds quasi-optima in polynomial 
time but generally requires substantial computational efforts without specific cooling 
schedule information; 

(2) Effectivity, i.e., the closeness of SA solutions to global optima--SA is empirically 
proved very effective in finding high quality solutions.  For many important problems 
requiring very high quality solutions, e.g., layout decision in IC design, SA is a 
successful method; 

(3) Simplicity and Ease of implementation--SA is easy to intuitively understand without 
knowing its rigorous mathematical nature.  Even for a large problem SA can be 
implemented easily in a computer code; 

(4) Flexibility or robustness, i.e., the ability of an algorithm to handle various problems 
and problem variations--SA is clearly flexible considering its varied applications in 
the literature.  SA has been expanded to nonconvex problems and multiobjective 
optimization problems. 

 
3.4  Convergence in probability of simulated annealing 

Mathematical aspects of the SA are reviewed, centered on the convergence in probability 
to global optima.  Since its Markovian property, the SA can be described as a random walk.  To 
facilitate discussion, Markov chain notations and theorems are presented first, synthesized from 
Ross (1985), Wolff, (1989), Lukacs (1975), Van Laarhoven and Aarts (1987), Van Laarhoven 
(1988) and Aarts and Korst (1989).  Hereafter, unless otherwise specified, optimization implies 
minimization.  Three terms--state, configuration and solution--are used interchangeably.  State is 
properly used with Markov chains and configuration is proper in SA and solution is very general 
in optimization. 
 
3.4.1  Notations and convergence in probability 

Table 3.4 contains the notation for the SA and Markov chains. 
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Table 3.4  Notation for the SA and Markov chains 
Xn, n = 0,1, 2,. ..{ } a Markov chain, simply Xn{ }. 

Xn i( )  Xn = i ; a Markov process is in state i at time n or epoch n. 
Xn i; c( ) Xn = i  at a given control parameter c. 
P ij  (one-step) transition probability from i to j of Xn{ }. 
P ij

mth
, Pij

m( )  P ij  at m th  trial, i.e., Pr Xm = j / Xm−1 = i( ). 
P ij c( )  P ij  at a given control parameter c. 
P = P ij( ) the matrix of one-step transition probabilities P ij . 

P ij
n  n-step transition probability: Pr Xk+n = j / Xk = i( ).  Notice P ij

r ≠ Pij
rth

. 
P n = P ij

n( ) the matrix of n-step transition probabilities P ij
n . 

S a feasible solution set, i.e., domain, either discrete or continuous. 
Si  a neighborhood of solution i, defined as a subset of S that is close, 

in some sense, to i according to problems under consideration. 
S* the set of global optima, S* ⊆ S . 
z a real valued objective function of one or many variables, z:S → R , 

where R is the set of real numbers. 
z i( ) ; z i;c( )   z at state i; z i( )  at a given control parameter c. 

 
[Definition 3.2: Convergence in probability] 

A sequence of random variables Xn{ } converges in probability to a random variable 
X* ∈S* if  
lim

n→∞
Pr |X n − X*|> ε{ }= 0     for  any  ε > 0 , (3.10a) 

lim
n→∞

Pr |X n − X*|< ε{ }=1, (3.10b) 

lim
n→∞

Pr X n ∈S*{ }= 1, (3.10c) 

or simply, plim Xn
n→ ∞

= X* . (3.10d) 

Here, X*  can be degenerate; that is, Pr X* = k( )= 1 for some constant k. 
 
3.4.2  Markovian property and mathematical expression of SA 

SA continues its evolution with the Metropolis algorithm.  Pij is dependent only on the 
current state i and the next state j because z j( )− z i( ) is a sole input of the Metropolis criterion at 
a given control parameter.  Thus, SA satisfies the Markovian property and can be considered as a 
Markov chain, specially an asymmetric random walk for asymmetricity between accept and 
reject probabilities.  The Markov chain concept has been applied to SA convergence research 
and its evolution procedure can be mathematically expressed; 
[Generation probability, Gij ] 
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The probability of generating a candidate configuration j from i at c is defined by 

Gij c( ) = Gij =
χ

Si
j( )

Si
for i, j∈Si , (3.11) 

where χ
Si

j( )  is a characteristic function given by 

χ
S i

j( ) =
1 if j ∈Si ,
0 otherwise.
 
 
 

 (3.12) 

[Acceptance probability, A ij] 
The acceptance probability of a candidate j at c is given by the Metropolis criterion. 

A ij(c) = Aij = exp −
[z( j) − z(i)]+

c
 
 
  

 
    for  i, j ∈Si , (3.13) 

where, [z(j) − z(i)]+ =
[z( j) − z(i)]     if [z(j) − z(i)] > 0,

0                     otherwise.
 
 
 

 (3.14) 

[Transition probability, Pij] 
Transition probabilities from i to j at c are expressed by Gij and Aij as follows: 

P ij c( ) = Pij =
Gij c( )⋅ Aij c( )  if i ≠ j,
1- Pir c( )

r∈Si ,r≠i
∑    if i = j.

 
 
 

  
 (3.15) 

P ii , i.e., i = j  in (3.15), represents the probability that the candidate of state j from i is not 
accepted and i is kept for that step.  Now, using the above mathematical expression, the SA 
algorithm in Figure 3.5 can be abstractly represented as in Figure 3.6. 

 
 

STEP 0: Initialization: 
 Decide the initial solution i at c and set counter n=0. 
STEP 1 2 & 3: Generation, Evaluation and Transition: 

 P ij c( ) = Pij =
Gij c( )⋅ Aij c( )  if i ≠ j,
1- Pir c( )

r∈Si ,r≠i
∑    if i = j.

 
 
 

  
 

STEP 4: Convergence Test for the Gibbs Distribution: 

 
If a convergence or max imum n is achieved, go to STEP 5.
Otherwise, n = n +1 and return to STEP 1.
 
 
 

 

STEP 5: Cooling and Stopping: 
If SA convergence criterion is achieved, stop.

Otherwise, reduce c, set n = 0 and return to STEP 1.
 
 
 

 

Figure 3.6  Abstract form of the simulated annealing algorithm 
 
3.4.3  Stationary distribution of SA with discrete state space 

The following theorem verifies that the Metropolis algorithm of SA realizes the Gibbs 
distribution at c. 
[Theorem 3.3: Stationary distribution of SA at c (discrete state space)] 
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P c( ) is associated with the SA algorithm defined by (3.15).  Furthermore, the following 
condition is satisfied: 
∀ i, j∈S, ∃ p ≥ 1, ∃ m0 ,mi ,..., mp ∈S with m0 = i, mp = j,

and Gm nm n +1
> 0, n = 0,1, .. .,p −1.

 (3.16) 

Then the Markov chain has a stationary distribution π c( ) = .. .,πi c( ),. ..( ) , whose 
components are given by 

π i(c) =
exp −

z(i)
c

 
 

 
 

exp − z( j)
c

 
 

 
 

j∈S
∑

  for all i ∈S. (3.17) 

For the detailed proof, refer to Aarts and Korst (1989), Binder and Heermann (1992, p. 17) and 
Fishman (1996, pp. 384-388 & pp. 403-406).  The proof starts to show that the above Markov 
chain of SA is irreducible and aperiodic.  The irreducibility and aperiodicity is guaranteed by 
(3.16).  Thus, (3.16) can be simply replaced by "the given Markov chain is irreducible and 
aperiodic."  The implicit meaning of (3.16) is that a path of steps from i to j always exists 
without any periodicity greater than 1.  Then by the global balance equation in Appendix 
(Theorem A.4), the existence of the stationary distribution is guaranteed, and by showing that 
(3.17) satisfies the detailed balance equation in Appendix (Theorem A.5), (3.17) is verified to be 
the stationary distribution of the homogeneous Markov chain of SA. 
 
3.4.4  Convergence in probability of homogeneous SA with discrete state space 

Relation (3.8) implies that SA finds global optima as c goes to zero, which is proved 
asymptotically in Van Laarhiven (1988) and Aarts and Korst (1989) as follows. 
[Theorem 3.4: Convergence of stationary distribution of SA (discrete state space)] 

Define a distribution π* = (... ,πi
*, ...)  where 

π i
* =

χ
S*(i)
|S*|

, (3.18) 

π i(c)  converge in probability to π i
*  as c → 0. 

(proof) 

lim
c→0

πi (c) = lim
c→0

exp −
z(i)
c

 
 

 
 

exp − z(j)
c

 
 

 
 

j∈S
∑

= lim
c→0

exp z* − z(i)
c

 
 
  

 
 

exp
z* − z(j)

c
 
 
  

 
 

j∈S
∑

 

  

              = lim
c→0

χ
S*

(i)

exp
z* − z(j)

c
 
 
  

 
 

j∈S
∑

+ lim
c→0

χ
~S* (i) ⋅ exp z* − z(i)

c
 
 
  

 
 

exp
z* − z( j)

c
 
 
  

 
 

j∈S
∑

               =
χ

S* (i)

|S*|
+ 0   Q lim

c→0
exp

z* − z(i)
c

 
 
  

 
 =

1     if  z* = z(i)
  0     if  z* ≠ z(i)  

 
 
 

 

 
 

 

 
 

               = πi
*
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where z*  is the optimal z and ~ S*  is the complement of S* . 
[Theorem 3.5: Convergence in probability of homogeneous SA to global optima] 

By combining Theorem 3.3 and Theorem 3.4, 
lim
c→0

lim
n→∞

Pr Xn = i at c{ }= πi
* . (3.19) 

Notice that π*   in (3.18) is a uniform distribution having nonzero probability only on the 
optimum solution; i.e., SA finds a global optimum in probability.  This convergence proof is for 
a homogeneous SA, which contains two limits, c → 0  and n → ∞ .  Both limits require an 
infinite number of transitions, which is practically impossible.  Thus, SA with a finite number of 
transitions between coolings is devised, resulting in an inhomogeneous Markov chain. 
 
3.4.5  Convergence to optima of inhomogeneous SA with discrete state space 

In practice, at a given control parameter SA can use only a finite number of transitions, 
say L, between coolings.  Then, the whole process becomes one single inhomogeneous Markov 
chain {Xn} consisting of the sequence of the finite long homogeneous Markov chains, instead of 
the sequence of infinitely long homogeneous Markov chains, i.e., 

  

X n{ }=

1st  homogeneous Markov chain {X0,X1,...X L−1} with T1,

+2nd  homogeneous Markov chain {XL,...X2 L−1} with T2 ,

+3rd  homogeneous Markov chain {X2L ,.. .X3L−1} with T3 ,

M

 

 
 

 
 

 (3.20) 

Thus, the sequence of control parameters cn{ } is 

  

cn{ }= c0,c1, ... ,cL−1
L

1 2 4 4 3 4 4 ,  cL,cL+1,... ,c2L−1
L

1 2 4 4 3 4 4 ,  . ..
 
 
 

 
 
 

 

  

= T1,T1,.. .,T1

L
1 2 4 3 4 ,  T2 ,T2,.. .,T2

L
1 2 4 4 3 4 4 ,  . ..

 
 
 

 
 
 

= Tk{ } (3.21a) 

The piecewise sequence T k{ } must satisfy the following conditions: 

(a) Tk ≥ Tk+1   (∴   cn ≥ cn+1), (3.21b) 
(b) lim

k→∞
Tk = 0   (∴  lim

n→∞
cn = 0) . (3.21c) 

With certain conditions on T k{ } , the inhomogeneous Markov chain associated with SA 

converges in π*   by the following theorem (Aarts and Korst, 1989). 
[Theorem 3.6: Convergence of inhomogeneous Markov chain] 

A Markov chain associated with SA defined by (3.20) and (3.21) converges to the 
distribution π* = (π i

* )  in (3.19) if the following conditions are satisfied: 
(a) (3.16) of Theorem 3.3 holds, (3.22a) 

(b) Tk ≥
(w +1)∆
log(k + 2)

,  k=0,1,... (3.22b) 

where ∆ = max
i,j∈S

z( j) − z(i)| j ∈Si{ }, (3.22c) 

and w=MAX ⋅ min (the number of transitions required to reach an optimum from j∈ 
S): such a number w always exists by (3.22a). 
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Geman and Geman (1984) and Gidas (1985a; 1985b) reported similar necessary but not 
sufficient conditions.  Hajek (1988) derived necessary and sufficient conditions (Theorem 3.7) 
providing a sharper bound ∆  of (3.22).  Four more definitions (reachable, local minimum, depth 
and weak reversibility) from Hajek (1988) and the so-called p-series are needed and summarized 
in Appendix (A.8).  The depth means the smallest necessary amount of objective value 
worsening to escape from a local minimum. 
[Theorem 3.7: Necessary and sufficient conditions] 

Assume that a Markov chain associated with SA satisfies the following:  
(a) (3.16) of Theorem 3.3 holds (i.e. irreducible and aperiodic), 
(b) weak reversibility, 
(c) the sequence cn{ } , n=0,1, 2,...  is strictly positive numbers such that 

cn ≥ cn+1 ≥ cn +2 ≥  ...    and   lim
n→∞

cn = 0 . 

Then lim
n→∞

Pr X n ∈S*{ }= 1 if and only if exp −
d*

cn

 
 
  

 
 

n =1

∞

∑ = +∞ , (3.23) 

where d* is the deepest depth of all states which is local but not global.  The following 

cooling series (3.24) is a p-series to satisfy (3.23): here 0 < p =
d*

ω
≤1. 

cn =
ω

log(n + 2)
,   n = 0,  1,  2,.. .     where  ω ≥ d* . (3.24) 

Hence a canonical SA finds a global optimum in probability if and only if its cooling sequence 
satisfies (3.24).  The ω  given by Geman and Geman (1984) is substantially larger than d* .  
Geman and Hwang (1984) and Gidas (1985a; 1985b)'s results are similar. 
 
3.4.6  Simulated annealing over continuous variables 

Vanderbilt and Louie (1984) extended SA to the continuous variable optimization 
problem.  Bohachevsky, Johnson and Stein (1986), Bohachevsky, Johnson and Stein (1995) and 
Corana et al. (1987) applied a similar method to continuous optimization problems.  Dekkers and 
Aarts (1991) showed there exists a unique stationary probability distribution function of a 
homogeneous Markov chain associated with continuous SA as in Theorem 3.8 below. 
[Theorem 3.8: Stationary distribution of homogeneous SA with continuous variables] 

Let a function z x( ) = z x1,x2, .. .,xr( )  be defined over an r-dimensional continuous 
parameter space.  To minimize z, the SA algorithm is applied with the Metropolis criteria 
for a fixed control parameter.  Then homogeneous Markov chains for continuous 
optimizations appear.  When the process continues at long times, z x( )  is governed by the 
following continuous version of the Gibbs distribution similarly in a discrete case. 

p(x) =
exp

−z(x)
c

 
 

 
 

M(c)
 (3.25) 

where M(c) = exp
−z(x)

c
 
 

 
 d

r∫ x , and p x( ) ⋅ drx  is the probability that the process or the 

walk will be in the volume drx  on any given step. 
As c decrease to zero, p(x)  becomes continuously higher near the optima.  Hence the asymptotic 
convergence of SA is obtained.  As in the discrete case, SA in continuous optimization can be 
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explained with the concept of inhomogeneous Markov chains.  Belisle (1992) derived a 
condition under which SA converges in arbitrarily small neighborhoods of global optima 
regardless of the cooling rate in continuous optimization as in Theorem 3.9. 

[Theorem 3.9: Convergence of inhomogeneous SA with continuous variables] 
Let Xn , n = 0,1,2,...{ }  be the sequence of states induced by SA over a continuous 
domain.  Assume that the following four conditions are satisfied. 
(a) State space is a bounded closed subset of Rr . 
(b) The generation distribution G x( ) is absolutely continuous with density function g x( ), 

which is uniformly bounded from 0 over the domain S. 
(c) For every open subset in S, G x( ) is continuous in x. 
(d) For every choice of initial state X0, and initial parameter c0, the parameter sequence 

converges in probability to 0. 
Then the sequence of function values zn , n = 0,1,2, ...{ }  converges in probability to 
global optima z* .  That is, for ε > 0  and X* ∈S*, 
lim

n→∞
Pr Xn − X* > ε{ }= 0   (i.e., lim

n→∞
Pr zn − z* > ε{ }= 0 ). 

The concept of depth is not needed any more. Therefore, corresponding restriction on the cooling 
schedule as in (3.24) is redundant.  This difference is due to (b) of Theorem 3.9, which implies 
the whole state space is always accessible in one step.  In other words, the continuous SA can 
execute global reaches over S at every iteration, as opposed to the local reaches in the discrete 
SA. 

This is merit as well as demerit.  Without any information on depth, which is usually 
unknown, the convergence in probability is guaranteed.  However, (b) in Theorem 3.9 requires 
the generation process always be based on the whole state space, which may mean re-evaluating 
the very unlikely regions many times.  No restriction on the cooling schedule does not 
necessarily mean that faster cooling is better than slow cooling, as discussed by Belisle (1992).  
Actually in many cases slower cooling works better.  The theorem is consistent with Hajek's 
Theorem 3.7.  However, finding a proper cooling schedule is a challenging task. 
 
3.4.7  Vanderbilt and Louie 's continuous simulated annealing 

Vanderbilt and Louie (1984) was the first study of SA for continuous optimization 
problems, which adopted by the Frietz et al. (1992) to solve a nonconvex NDP.  This research 
utilizes the same algorithm for the ENSS with some modifications. 

Vanderbilt and Louie's method uses a geometric cooling schedule on continuous 
functions with random directions chosen from a hypercube.  A step scaling matrix is adjusted to 
reflect the local topology after a prespecified number of searches at each temperature.  
Unfortunately, the convergence result discussed in the previous section (Belisle's Theorem 3.9) 
is not satisfied by this algorithm.  The step transition probability distribution does not necessarily 
contain the whole feasible region S due to the use of the step scaling matrix.  However, test 
results on a set of continuous global optimization problems indicates the method is competitive 
with the best algorithms contemporaneously available.  Vanderbilt and Louie's test detected 
global optima in 80% of trials on average and always found at least, local optima.  The detailed 
mechanism is described next. 
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Consider a function z x( ) = z x1,x2, .. .,xr( )  defined over an r-dimensional continuous 
parameter space.  The current point x and the random step ∆x   decide the next point y as 
follows: 

y = x + ∆x  (3.26) 
∆x = Q ⋅ u  (3.27) 
u = u1,u2, ... ,ur( ) (3.28) 

where, each uniform distribution ui  is independent and identically distributed (iid) on the 
interval − 3, 3[ ] (i.e., with zero mean and unit variance), and the matrix Q  scales u.  The 
resulting u holds a probability density g u( ) which is constant inside a hypercube of volume 

2 3( )r
 and zero outside.  Q and the covariance matrix s = sij( ) of ∆x are related as follows: 

sij = dru g(u)∫  ∆xi ∆xj          (by  definition)  

   =
1

2 3( )r
du1 du2 ...

− 3

3
∫− 3

3
∫ dur Qikuk

k
∑
 

 
  

 
 

− 3

3
∫ ⋅ Qjmum

m
∑
 

 
  

 
  

   = QikQjk
k
∑                           (by  ui ’s  are  iid) (3.29) 

Thus, 
s = Q ⋅QT . (3.30) 

Using Q, s can be calculated in (3.30).  On the other hand, Q can be obtained from s via inverting 
procedures such as the Choleski decomposition for (3.30).  Q and u decide ∆x  with (3.27).  
Finally the ∆x  decides y with (3.26).  The method continues a set of searches at a control 
parameter c with s and then reduces c for the next search set.  Thus, the choice of s should be 
completed before starting the next set of searches, which means s cannot be directly calculated 
from (3.29).  Vanderbilt and Louie proposed the way of choosing s. 

First assume that SA carries out M steps at each c until a certain stopping rule is met, i.e., 
a sequence of homogeneous Markov chains with length M.  After the k-th set of M steps, the first 
and second moments of the walk segment, v = v1,v2 ,... ,vr( ) and w = wij( ) are calculated: 

vi
(k ) =

1
M

xi
(m;k)

m=1

M

∑  (3.31) 

wij
(k) =

1
M

xi
(m;k) − vi

(k)[ ]⋅ x j
(m;k ) − vj

(k )[ ]
m=1

M

∑  (3.32) 

where xi
(m;k ) is the value of xi  on the m-th step of the k-th set.  At sufficiently high c no steps 

will be rejected (i.e., free random walk) and, on average, the following would expected: 
wfree

(k ) = βMs(k ) (3.33) 

where the brackets indicate an average over the rM random variables xi
(m;k )  for the walks.  

Vanderbilt and Louie gave β =
1
6

 for the arithmetic average with no specified derivation--

according to the author's derivation,  



 54

 

β =
(M − 1)(M + 1)

6M2  (3.34) 

If M >>1 , β  is approximately close to 
1
6

.  Vanderbilt and Louie suggested the following 

prescription for choosing s for the next iteration: 

s(k +1) =
χ

βM
w(k)  (3.35) 

so that 
wfree

(k +1) = χw(k)  (3.36) 
The growth factor χ  is chosen >1 (typically 3) so that a free random walk on the (k+1)-th set 
would cover, on average, χ  times as much ground in each direction as on the k-th set 
iterations.  Now s(k +1) is invertible by (3.30) and Q(k+1)  is ready to use for the (k+1)-th set of 
searches.  Vanderbilt and Louie used a β , based on a geometric average since the walk size after 
many free sets is really a product rather than a sum of the growth factors.  Through one 
dimensional numerical calculation 0.11 is suggested for β .  Figure 3.7 shows the conceptual 
illustration of the method for a univariate nonconvex problem. 

By setting s initially small at high temperature, almost all M steps are accepted (k=1 in 
Figure 3.7).  Then using (3.31), (3.32) and (3.35) the next s is calculated and Q is solved by 
(3.30).  Now M steps continue with this new Q and the new M steps would cover the increased 
region for χ  (k=2 in Figure 3.7)  After several sets of M steps, the new points may hit the curve 
boundary imposed by z x( )  (k=6 in Figure 3.7).  At this point, a large number of steps begin to be 
rejected.  Now w and therefore s begin to reflect the shape of search region at that temperature 
and (3.36) no longer holds.  As the temperature is reduced, the walk shrinks, and so does s.  In 
other words, s automatically adapts itself to the local topology of z x( ) .  The whole procedure is 
shown in Figure 3.8. 
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Figure 3.7  Schematic illustration of random walk in SA (Vanderbilt and Louie, 1984) 
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STEP 0: Set m=0, k=1, and assume s(1), x(0;1) and the initial temperature c(1); 

Set  a constant β , a growth factor χ , and a cooling constant ρ . 
STEP 1: Inverting procedure to get Q(k)  by (3.30). 
STEP 2: Set m=m+1 and generate u(m;k ). 
STEP 3: Calculate ∆x(m;k) = Q(k) ⋅ u(m;k) . 
STEP 4: Calculate the new point  x (new) = x(m−1;k) + ∆x(m;k) . 
STEP 5: Evaluate the new point by the Metropolis criterion: 

If the new point is accepted, x(m;k ) = x(new); 
Otherwise, x(m;k ) = x(m−1;k). 

STEP 6: Return to STEP 2 until m=M. 
STEP 7: Calculate v(k ), w(k)  and s(k +1) unless the stopping criterion is met. 
STEP 8: Set k=k+1, m=0, and reduce the temperature c(k ) = ρc(k−1) ; 

And return to STEP 1. 
Figure 3.8  Vanderbilt and Louie's continuous simulated annealing 

 
Vanderbilt and Louie suggested the stopping criterion: 

z(k) - zmin
(k)

z(k ) < ε  (3.37) 

where z(k) is the average of z for the M steps of the k-th set, and zmin
(k)  is the best solution during 

the M steps of the k-th set.  For typical applications, ε =10−3  is suggested.  M should be large 
enough to guarantee reasonable random walk statistics.  At minimum, M>r is required to avoid w 
and therefore s is singular, which will cause failure in the inverting procedure in (3.30).  
Vanderbilt and Louie suggested M ≈ 15r  for r ≤ 8 and larger values of M for large-dimensional 
systems. 
 
3.5  SA APPLICATIONS TO TRANSPORTATION ENGINEERING 

Simulated Annealing has not been widely used in the transportation engineering field.  
Friesz et al. (1992) was the first application of SA to the equilibrium network design problem in 
transportation engineering.  The network design problem is to determine capacity enhancements 
which are in some sense optimal for an existing transportation network.  The equilibrium 
network design problem is the optimal network design problem when the network flow pattern is 
constrained to be in equilibrium. 

Friesz et al. (1992) utilized Vanderbilt and Louie's algorithm for the equilibrium network 
design problem which is formulated as a continuous mathematical program with variational 
inequality constraints and fixed demand.  The link performance function was a BPR-type. The 
subproblem for finding equilibrium flow is solved by the Bertsekas-Gafni projection algorithm 
with path information (Bertsekas and Gafni, 1982).  The matrix w of the method is diagonal 
because the Hessian of a BPR type link performance function in this equilibrium problem is 
diagonal, which makes the inversion process to calculate Q very simple. 

The method was used to solve two different networks.  One of these described an actual 
city, Sioux Falls in the midwestern United States.  The result is compared with the results by 
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Hook-Jeeves algorithm and the equilibrium decomposed algorithm.  SA found a very different 
solution to show a relatively better, on the order of 5%, objective value.  They concluded SA 
would rapidly become practical for ever-decreasing computational costs and for ever-increasing 
computer speed in spite of its computational demand. 

Friesz et al. (1993) employed SA for solving multiobjective versions of the equilibrium 
network design problem.  The Pareto optimal set is obtained using the weighting method 
together with SA.  Total user transportation costs, total construction costs, total vehicle miles 
traveled and total dwelling units were taken for objectives.  They concluded the usefulness of SA 
is maximized for large and important problems for which current methods are either too slow or 
require tremendous software development effort. 
 
3.6  OVERVIEW OF GENETIC ALGORITHMS 
 
3.6.1  Introduction 

The basic principles of a genetic algorithms (GAs) were first proposed by Holland (1975) 
who raised the question: "How does evolution produce increasingly fit organisms in 
environments which are highly uncertain for individual organisms? ..."  Holland generalized 
biological adaptive processes or evolution processes to the fields of science and engineering by 
genetic operations.  Since Holland's pioneering work, GAs have been refined and developed by 
researchers in various fields (Goldberg, 1989; Gen and Cheng, 1997; Davis, 1991). 

GA is not considered a mathematically guided algorithm while it is a robust search 
technique for various problems (Coley, 1996).  Solving combinatorial or nonconvex optimization 
problems is an appropriate GA area among others (De Jong, 1992).  The best solution obtained is 
evolved from generation to generation without stringent mathematical procedures such as the 
traditional gradient-type optimizing procedure.  In fact, GA is a stochastic, discrete event and a 
nonlinear process (Man, Tang and Kwong, 1996).  The survival of a strong individual (a 
solution) is governed by the rule that the fittest will survive. 

The obvious obstacle that can drive researchers away from using GA was the difficulty of 
speeding up the computational process as well as the intrinsic nature of randomness leading to a 
performance assurance problem.  Nevertheless, GA development has reached a stage of maturity 
thanks to abundant work in the 80's and 90's and low-cost but fast computer development (Man, 
Tang and Kwong, 1996). 

There is an endless supply of literature describing the GA use.  The sheer number of 
references quoted in the research creates problems regarding terminology, canonical GA, and 
applications in transportation engineering.  The literature regarding the GA convergence is 
presented. 
 
3.6.2  Terminology 

GAs are rooted in natural genetics and developed in computer science.  Thus, the 
terminology of GAs is a mixture of natural and artificial.  A chromosome contains the organism 
structural information, the complete set of chromosomes is called a genotype, and the resulting 
organism is called a phenotype.  Each chromosome, normally represented as a binary vector, 
comprises a number of individual structures called genes.  Each gene encodes a particular 
organism feature.  The gene position is called the locus.  At a particular locus, a gene may 
encode any of several different values of the particular characteristic it represents.  The different 
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values of a gene are called alleles.  The correspondence of GA terms and optimization terms is 
summarized in Table 3.5. 

 
Table 3.5  Terms of GA (Gen and Cheng, 1997) 

GA Meaning in optimization 
Chromosome (string, individual) Solution 
Genes Parts of solution 
Locus Position of gene 
Alleles Values of gene 
Genotype Encoded solution 
Phenotype Decoded solution 

 
3.7  CANONICAL GENETIC ALGORITHMS AND USEFULNESS  

OF GENETIC ALGORITHMS 
 
3.7.1  Canonical genetic algorithms 

A canonical GA starts with the binary representation of each solution.  Each chromosome 
Bj  is an individual solution and a population consists of N chromosomes.  The objective 
function value is related to its fitness.  Based on the fitness evaluation, evolutionary operations 
(selection) and genetic operations (crossover and mutation) are performed until prespecified 
criterion is met.  The selection mimics the process of Darwinian evolution to create populations 
from generation to generation.  The genetic operations simulate the process of heredity of genes 
to create new offspring. 

The canonical GA with fixed-length binary strings is the simplest GA, which may or may 
not be difficult to apply directly to many difficult-to-solve optimization problems.  Various 
noncanonical implementations have been created for particular problems.  Figure 3.9 is a sketch 
of the canonical GA.  Detailed explanations of each step are presented next. 

 
STEP 0: Representation and choosing initial population. 
STEP 1: Fitness evaluation. 
repeat STEP 2: Selection (reproduction). 
 STEP 3: Performing crossover. 
 STEP 4: Performing mutation. 
 STEP 5: Fitness evaluation. 
until some stopping criterion is met. 

Figure 3.9  Canonical GA 
 
3.7.1.1  Representation, initial population and fitness evaluation 

In implementing GAs, the first step is setting up the encoding method to represent 
variables and generating the initial population, followed by choosing the fitness evaluation 
method.  To encode decision variables into binary strings, the string length should be decided to 
meet the required precision.  For example, the domain of variable xi  is ci,di[ ] and the required 
precision is five places after the decimal point, which needs at least di − ci( )105  intervals in the 

domain (thus, at least di − ci( )105 +1[ ] different points must be encoded).  Then the required bits 
mi  for the variable are calculated by (3.38). 
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2mi −1 < di − ci( )105 +1 ≤ 2mi . (3.38a) 
i.e., 2mi −1 − 1 < di − ci( )105 ≤ 2m i −1 (3.38b) 

Mapping from a binary string to a real number for variable xi  is as simple as follows. 

xi = ci +
decimal value of bi

2mi −1
di − ci( ) (3.39) 

where bi  is the bit-mapped substring for xi .  Table 3.6 shows the GA optimization problem 
representation, where X j  represents a phenotype solution with r dimensions. 

A set of genotype chromosomes for the initial population are randomly generated with 
population size N.  They are converted to phenotypes by (3.39).  Each decoded chromosome is 
used for objective function evaluation.  For maximization the function value of X j  (say z Xj( )) 
or its monotone transformation (scaling) is the fitness of Bj .  Fitness in minimization can be 

obtained similarly by linear or any other monotone transformation of z X j( ). 
 

Table 3.6  Representation of chromosomes 
Terms Genotype Phenotype 
Chromosome Bj  
and 
Feasible solution 
X j  

  

Bj = b1b2b3...br( )

= K 010K101
bi (m i bits)

1 2 4 3 4 K
 

 
 

 

 
 

 

 

X j = x1,K,xr( )

= x1,K, xi
∈ c i ,di[ ]
{ ,K,xr

 

 
  

 

 
 

Length and  
Dimension Length of each Bj  is m = mi

i=1

r

∑  
Dimension of X is r 

Mapping the 
spaces 

       by (3.39)  

Population (size N) B = B1 B2 ... BN( ): total bits Nm . X = X1,.. .,XN{ }: X = N  
 
 
3.7.1.2  Selection 

In most practices, a roulette wheel approach is adopted as the selection procedure, which 
is the fitness-proportional selection.  Bj  has the following selection probability P j , 

P j =
z X j( )

Z
  for maximization; (3.40a) 

P j =
Z − z Xj( )

Z
 for minimization. (3.40b) 

where Z = z Xk( )
k=1

N

∑ .  Then a cumulative probability Q j  for Bj  is calculated as 

Q j = P k
k =1

j

∑ . (3.41) 

The selection process begins by spinning the roulette wheel N times.  Each time a single 
chromosome is selected for a new population as in Figure 3.10. 
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STEP 1: Generate a random number u from the range 0,1[ ]. 
STEP 2: If u ≤ Q1 , then select the first chromosome B1 ; 

Otherwise, select the k-th chromosome Bk  such that 
Q k−1 < u ≤ Qk . 

Figure 3.10  Selection procedure 
 
3.7.1.3  Crossover 

The crossover with one-cut-point method selects randomly one cut-point and exchanges 
the right parts of two parents to generate offspring.  The probability of crossover P C should be 
decided before starting the crossover.  Figure 3.11 shows an illustration of crossover and the 
procedure. 

 
Example of crossover 
 

  

B1 = 1011010110111
↓}
101

 

 
 

 

 
 = v ,

↓}
w

 

 
 

 

 
 

B2 = 0010010100110001( ) = V, W( )

 

 
 

  
⇒

′ B 1 = 1011010110110001( )= v,W( )
′ B 2 = 0010010100111101( )= V,w( )

 
 
 

 

 
STEP 1: Begin; k=0. 
STEP 2: Generate a random number u from the range 0,1[ ]; 

If u ≤ PC , select Bk  as one parent for crossover; 
Set k=k+1 

STEP 3: Do crossover whenever two parents are selected. 
STEP 4: Go to STEP 2 if k < N . 

Figure 3.11  Crossover example and procedure 
 
3.7.1.4  Mutation 

Mutation alters one or more genes with a probability equal to the mutation rate PM .  For 
each bit, generate a random number u ∈ 0,1[ ] and flip the bit if u ≤ PM .  Figure 3.12 shows an 
example.  If P M  is too small, many genes that would be useful will be rarely examined; but if it 
is too big, the offspring will lose their resemblance to the parents because of much random 
perturbation, and the GA will lose the ability to learn from the search history. 
 

Example of mutation 

  

B1 = 1011010110111
↓}

101
 

 
 

 

 
 ⇒ ′ B 1 = 101101011011 0

↓}
101

 

 
 

 

 
  

Figure 3.12  Illustration of mutation  
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3.7.2  Advantages and disadvantages of GA 
There are several major advantages of GA (Man, Tang, and Kwong, 1996; Gen and 

Cheng, 1997; Michalewicz, 1994; Rawlins, 1991). 
(1) GAs are easy to use because of no complicated mathematical features regardless of 

optimization problems defined on discrete, continuous or mixed search spaces.  GA 
also can be used for nondifferentiable or NP-complete problems; 

(2) Problem constraints can be embedded into chromosome coding; 
(3) GA is independent of the error surface.  And the ergodicity of evolution operators 

makes GAs effective at performing a global search; 
(4) Multiobjective problems can be solvable by GAs without major adjustment; 
(5) GA has an intrinsic parallelism architecture, which can save the computation time 

involved.  Simply, GA codes can be designed such that each or several chromosomes 
are evaluated by each processor.  Furthermore, GA can be easily interfaced to 
existing simulation models. 

Of course, there are some aspects to prevent GAs from being effective. 
(1) Some objective functions may be very difficult to optimize by GA.  Such functions 

are called GA deceptive functions (Goldberg and Segrest, 1987); 
(2) When GA loses population diversity, a premature convergence to a suboptimal 

solution can occur (Goldberg and Segrest, 1987).  A small population size may incur 
this problem more often.  A number of techniques have been proposed to limit this 
possibility and maintain population diversity; 

(3) Similar to other artificial intelligence (AI) techniques and heuristics, GAs may not be 
suited for analysis that would provide guaranteed response times.  The variance of the 
response time for a GA system can be much larger than conventional methods, which 
can limit the use of GA in certain real-time or on-line problems. 

 
3.8  CONVERGENCE ANALYSIS OF GA 

Compared to other applications, the convergence properties of GAs have not been 
rigorously investigated.  Rudolph (1994), by means of homogeneous finite Markov chain 
analysis, proved that a canonical GA with mutation, crossover and proportional reproduction will 
never converge to the global optimum regardless of the initialization and genetic operators but 
will converge with a minor modification.  Homogeneous means a transition probability (say from 
a state i to j) is independent from time t.  The convergence discussion is summarized next. 

The canonical GA can be represented as follows: 
(1) The state is characterized by the genes of each population (B in section 3.7).  Each 

population is composed of N individuals (chromosomes) and each chromosome (Bj  
in section 3.7) needs m bits to encode a solution (hence, N ⋅ m  bits for B); 

(2) Each element of the whole state space SGA can be denoted as an integer number; 

(3) The cardinality of the state space SGA  is 2m HN =
2m + N −1

N

 

 
  

 
  because the total 

number of possible different binary strings represented with m bits is  2m . 
During evolution, each state of the canonical GA is only dependent on the previous state.  This 
Markovian property leads to the use of Markov chains in the study of GA convergence.  The 
transition matrix P of the canonical GA can be naturally decomposed into a product of stochastic 
matrices P = C ⋅M ⋅ S  where C, M and S describe the intermediate transitions caused by 
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crossover, mutation and selection, respectively.  Definitions are presented first and several 
theorems from Rudolph (1994) follow. 

[Definition 3.3: Matrix classification and Hamming distance] 
A squire matrix A (n × n ) is said to be 
(a) nonnegative (A ≥ 0 ), if aij ≥ 0  for all i, j ∈ 1,2,.. .,n{ }; 
(b) positive (A > 0), if aij > 0  for all i, j ∈ 1,2,.. .,n{ }. 
A nonnegative matrix A (n × n ) is said to be 
(c) primitive, if there exists a positive integer k such that A k  is positive; 

(d) stochastic if aij ∈ 0,1[ ] and aij
j=1

n

∑ = 1 for all i ∈ 1,2,..., n{ }. 

A stochastic matrix A (n × n ) is said to be 
(e) stable, if it has identical rows; 
(f) column-allowable, if it has at least one positive entry in each column. 
The Hamming distance for given two binary strings is defined as the number of bit 
positions that do not coincide bitwise values (zero or one) in each bit position for the two 
strings (Suzuki, 1995). 

[Theorem 3.10: Primitive matrix operation] 
Let C, M and S be stochastic matrices, where M is positive and S is column-allowable.  
Then the product C ⋅ M ⋅ S is positive. 

[Theorem 3.11: Convergence of primitive matrix] 
Let P be a primitive stochastic matrix.  Then lim

k→∞
P k  converges to a positive stable 

stochastic matrix P ∞ .  Thus, p∞ = p0 ⋅ P∞  has nonzero entries and is unique regardless of 
the initial distribution p0 . 

[Theorem 3.12: Canonical GA] 
The transition matrix of the canonical GA, P = C ⋅M ⋅ S  with crossover probability 
P C ∈ 0,1[ ] , mutation probability P M ∈ 0,1[ ]  and proportional selection as in (3.40) is 
primitive. 
(proof) 
The crossover operation can be regarded as a random function whose domain and range 
are SGA; i.e., each state of SGA is mapped probabilistically to another state.  Therefore C 
is stochastic.  The same holds for M and S.  Probability of mutation from state i to state j 
is PM( )H ij 1− PM( )N⋅m−Hij > 0  for all i, j ∈SGA , where H ij  denotes the Hamming 
distance between the binary representation of state i and j.  Thus M is positive.  S is 
column allowable because each state can be selected.   
Now, P = C ⋅M ⋅ S is positive by Theorem 3.10 and at any step k, P is primitive. 

By Theorem 3.11 and Theorem 3.12, the canonical GA is an ergodic Markov chain, so that there 
exists a unique limiting distribution for the states of the chain with nonzero probability to be in 
any state at any time regardless of the initial distribution (see Theorem A.4 in Appendix).  This 
means that the algorithm initialization can be done arbitrarily because the limit distribution 
remains the same.  Finally Rudolph derived Theorem 3.13. 
 
[Theorem 3.13: No convergence of the canonical GA] 
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Let zk
max i( )  be a sequence of random variables representing the best fitness within a 

population represented by state i at step k and let i ∈SGA  be any state with zk
max i( )< z* .  

Then 
lim
k→∞

Pr zk
max i( ) = z*( )≤1 − pi

∞ < 1, 

where z*  is the global optimum and pi
∞  is the GA limiting probability in state i. 

Thus the canonical GA does not guarantee convergence to the global optimum.  However 
Rudolph pointed out that there is a positive probability of finding a global solution as in Theorem 
3.13 and the event finding the global solution will occur with probability one.  On the other hand, 
there is a minimal nonzero probability of loosing the global solution at each generation.  This 
event will occur with probability one, too.  Conclusively, the global solution will be lost and 
found infinitely often and convergence cannot be guaranteed. 

In real world application, the best solution found over time can always be maintained.  
Rudolph suggested a modified canonical GA by maintaining the best solution at each step 
(population size grows to N +1 but at each step only N chromosomes are generated) and proved 
that the modified GA converges to the global optimum in probability.  This is slightly different 
from the so-called elitist strategy with which the best solution is not only maintained but also 
used to generate new chromosomes.  In the literature, the algorithm is also called the modified 
elitist algorithm. 

By evaluating the eigenvalues of the Markov chain transition matrix, the convergence 
rate of the GA is computed in terms of a mutation probability P M  (Suzuki, 1995).  Suzuki used 
the above modified algorithm but set the population size N and generated N-1 chromosomes 
reserving the best chromosome.  Suzuki showed the probability that the population includes the 

individual with the highest fitness value is lower-bounded by 1 − o ρ* k 
 

 
 , ρ* <1, where k is the 

number of generation changes and ρ*  is a specified transition matrix eigenvalue.  Suzuki 
discussed the choice of P M  so as to minimize ρ* . 

Although convergence to the global optimum as time approaches infinity should be the 
minimal requirement for a stochastic optimization algorithm, knowledge of this property is not of 
practical interest because the solutions of a finite search space can be enumerated in finite time.  
A more practical question regards the time complexity of the algorithm to achieve the global 
optimum (Rudolph, 1994). 

 
3.9  GA APPLICATIONS TO TRANSPORTATION ENGINEERING 

GA applications can be found in scheduling and sequencing, control, robotics, pattern 
and/or speech recognition, reliability design, vehicle routing and scheduling, group technology, 
facility layout and location, transportation, and many others.  GAs have been combined with 
neural networks and/or fuzzy logic in supportive or collaborative integration. 

Martinelli and Teng (1995) applied a GA algorithm for the train formulation problem 
(TFP), defined as: assign the traffic demand, in terms of cars, to available trains in a network 
environment so as to minimize the cost incurred in the whole production process.  The TFP has 
been formulated as a 0-1 integer program, which requires excessive computation time depending 
on the total numbers of links, demands and trains.  The GA model was applied for three different 
objective function complexity levels and showed high performance in time and solution quality. 
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Chan, Fwa and Tan (1994a; 1994b) analyzed the road-maintenance planning problem at 
the network level using a GA.  As the numbers of planning horizon and possible pavement defect 
types increases, the total combinations of strategies explodes enormously.  To overcome this 
explosion, the GA approach was selected. 

Chakroborty, Deb and Subrahmanyam (1995) applied GA to urban transit network 
scheduling.  Minimizing overall transfer time and waiting time was the objective function and 
the formulation resulted in a mixed integer nonlinear programming problem.  The coding aspect 
of GAs inherently takes care of most of the constraints associated with the scheduling problem.  
Test results demonstrated that GAs are able to find optimal schedules with reasonable 
computational resources. 

Foy, Benekohal and Goldberg (1993) applied a GA algorithm for signal timing design.  A 
simulation program is used to evaluate proposed signal-timing strategies (chromosomes).  The 
average travel time per vehicle (hence, total travel time in the system) is the network 
performance index with four signalized intersections under two phase operations.  The phase 
sequence and green time ratio are decision variables.  The GA to control traffic signals was 
called the Traffic GA and the procedure to combine the GA and simulation is given in Figure 13.  
The experiment found that the GA produced fairly good solutions within a reasonable 
computation time.  They argued that both off-line and on-line GA application may promote 
smooth traffic flow. 
 

STEP 0: Initialize traffic simulation using current traffic conditions. 
STEP 1: Generate GA population to represent various signal strategies. 
STEP 2:  Convert chromosomes to a signal timing. 
STEP 3:  Run simulations using the timings of STEP 2. 
STEP 4:  Calculate fitness of the timings (average travel time). 
STEP 5:  Generate a new population if need more GA run and go to STEP 
2; 

Otherwise, go to STEP 6. 
STEP 6:  Select the best signal timing and send it to the real signal. 
Figure 3.13  Traffic GA procedure in Foy, Benekohal and Goldberg (1993) 

 
Hadi and Wallace (1993) combined GA and TRANSYT-7F.  This hybrid GA selected, as 

the performance index, PROS--a measure of progression that considers both through bands and 
short-term progression opportunities within the system.  They devised two GA models; 

(1) Method 1--each alternative solution within a GA generation represents a phase 
sequence and a cycle length.  Offsets and splits are calculated using the TRANSYT-
7F hill-climbing procedure and the resulting PROS are the fitness of the solution. 

(2) Method 2--this includes the GA offset optimization in addition to phase sequence and 
cycle length. 

Three real networks with about 12 intersections each were tested by the hybrid GA.  The results 
suggested that both implementations have potential for optimizing signal phasing and timing 
compared with PASSER II solutions.  Method 1 produced more consistent results with longer 
execution time.  A sensitivity analysis was performed to examine the effect of crossover 
probability on Method 2 performance.  The result confirmed that proper genetic operators and 
parameters might be very important to prevent premature convergence. 
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3.10  CHAPTER 3 SUMMARY 
Two stochastic global optimization methods, simulated annealing and a genetic algorithm 

have been reviewed, focusing on (1) their origins and mechanisms; (2) their probabilistic 
convergence nature; and (3) previous applications to the transportation engineering arena.  
Because of the controlled randomness involved in both methods, locally trapped solutions can be 
avoided but only through high computational cost. 
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CHAPTER 4  METHODOLOGY 
 
4.1 OVERVIEW AND NOTATION 
 

This chapter describes the global, local and iterative search methodology for the 
combined control and assignment problem.  First, the performance function and control policy 
chosen in this study are explained.  Second, the nonconvexity of the problem under consideration 
is discussed.  Then, details of the four codes developed in this study are described.  These codes 
are named after each search algorithm used: 

 
• SENSS: Simulated annealing for ENSS; 
• GENSS: Genetic algorithm for ENSS; 
• LOCAL: Local search for ENSS; 
• IOA: Iterative Optimization and Assignment for ENSS. 
 

The additional notation for this chapter is summarized in Table 4.1. 
 
 
 
 

Table 4.1  Additional notation for Chapter 4 
 

Sj  a set of stages associated with intersection j; 
  

Sj = S1
j,S2

j ,K, S
Sj
j 

 
 

 
 
 

 

where Sj  is total number of phases of intersection j 

Sk
j  k-th stage of intersection j 

S total number of phases in the network; S = S j

j=1

N
∑  

G j a set of stage green times (Gs
j ) at intersection j; 

G j = Gs
j( )= G1

j, G2
j ,. .., G

Sj
j 

 
 

 

 
 ; G = Gj( )= G1,G2, .., GN( ) 

Λj  a set of stage green time ratios (Λ s
j ) at intersection j; 

Λj = Λs
j( )= Λ1

j , Λ 2
j ,... , Λ

Sj
j 

 
 

 

 
 ; Λ = Λj( )= Λ1, Λ2 , .., ΛN( ) 

Lj a set of the links ending at node j (intersection j);   L = L1 ∪ L2∪L∪LN  

a set of the links receiving green at stage s of intersection j; 
  
L1

j ∪ L2
j ∪L∪ L

Sj
j = ∪

i=1

Sj

Li
j = Lj ; 

L j and L ′ j   j ≠ ′ j ( ) are mutually exclusive but Li
j  and L ′ i 

j  i ≠ ′ i ( ) are not  
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4.2  CONTROL POLICY AND PERFORMANCE FUNCTION 
 
4.2.1 Control policy 
 

Total travel time (or total system time) minimization is the chosen control policy.  
Webster's equisaturation concept (Webster, 1958) is more a rule-of-thumb which determines 
approximately optimum signal green splits.  Smith's P o   (Smith, 1979a), using only local traffic 
information, possess capacity maximizing properties (Smith, 1980b) but has not been supported 
by traffic engineers yet.  Therefore, the most widely accepted policy in the signal optimization 
arena, total travel time minimization, was selected. 
 
4.2.2 Performance function 
 

This section describes (1) the BPR and the modified BPR curves, (2) Webster's curve and 
(3) Combined Webster's curve and an oversaturation model for the assignment procedure. 

 
In this study, the travel time performance function is described by two parts: delays at 

intersections and running time on nonintersection segments.  In urban streets the magnitude of 
intersection delay is substantially larger than running time.  Webster's delay curve and the 
constant running time (or the BPR curve) is the main travel time model.  The modified BPR 
curve is also selected for its simplicity and to permit comparison with Webster's curve.  
Webster's curve is adapted for the oversaturation regime, which will be explained later in detail. 
 
4.2.2.1 BPR and modified BPR curve 
 

The BPR curve by the U.S. Bureau of Public Roads is a simple polynomial function that 
is often used in practice.  The equation is given by 

wbpr = t0 1+ α
x
c

 
 

 
 

β 

 
  

 
  (4.1) 

 
where t 0  is the free-flow travel time, c is the link capacity, and α  and β  are model parameters.  
Typical α  and β  values are 0.15 and 4.0, respectively.  The BPR function has no theoretical 
backing by any traffic flow theory but it is extremely convenient in the traffic assignment 
because its polynomial form is easily differentiable.  Sheffi and Powell (1983) substituted s ⋅ λ  
for c in  signal-controlled links of their simple example network: 
 

w bpr = t0 1+ α
x

s ⋅ λ
 
 

 
 

β 

 
  

 
  (4.2) 

 
In contrast with Webster's curve, the BPR curve is not asymptotic to any capacity value because 
of its polynomial form, and hence it has been widely used in traditional assignment.  However, it 
is well know that the BPR curve has a severe drawback in describing complex flow interaction 
mechanisms and may lead to wrong evaluation results. 
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This study utilizes (4.1) when the running time is estimated by the BPR curve, and (4.2) 
when the travel time including intersection delay is estimated solely by the BPR curve. 
 
4.2.2.2  Webster's curve 

 
The Webster formulation (1958) has been frequently quoted and used regarding 

intersection delay.  It consists of two terms, w1 and w2 : 
w = w1 + w2

=
CL ⋅ s 1− λ( )2

2 s − x( )
+ x

2s ⋅ λ s ⋅ λ − x( )
 (4.3) 

 
The first term w1 is known as the uniform delay term in the literature.  It is derived through 
deterministic queuing theory assuming that vehicles arrive uniformly at a constant rate and 
vehicles queued during each red phase are fully discharged in the following green phase as in 
Figure 4.1.  The triangular area denotes uniform delay.  Vehicle arrival patterns, however, are not 
uniform and are more likely random.  Not every queue developed during a red phase is cleared in 
the following green phase (called cycle failure) even though the volume to capacity ratio for the 
entire study period is less then one.  In Figure 4.2, the dashed line having the slope s ⋅ λ  divides 
total delay into two components: uniform delay below the dashed line and overflow delay above.  
Note that the overflow delay appears and disappears occasionally during the investigating period.   
To obtain the average overflow delay, use 
total overflow delay

total vehicles
=

area between A t( ) and dashed line
A E( )− A CL( )  (4.4) 

 
In practice, it is not always possible to count A t( ) and D t( ) .  Thus a steady-state queueing 
model is frequently used instead of (4.4).  Webster's second term considers this assuming a 
Poisson distributed arrival pattern, and departure headways between consecutive vehicles are 
uniform.  The second term can be derived using a so-called M/D/1 queueing model with constant 
service time 1

s ⋅ λ
.  The curve asymptotically increases when demand approaches capacity as is 

the case with any steady-state queuing system.  Refer to Figure 4.3. 
 
Based on a simulation study, Webster added a correctional third term: 

w =
CL ⋅s 1 − λ( )2

2 s − x( ) +
x

2s ⋅λ s ⋅λ − x( )− 0.65 CL
x2

 
 

 
 

1/3 x
s ⋅ λ

 
 

 
 

2+5λ
 (4.5) 

 
Since the value of the correction term is generally in the range 5 to 15% of the total delay,  for 
most practical purposes, Webster suggested use of a 0.9 factor with the first two terms: 

w = 0.9
CL ⋅ s 1− λ( )2

2 s − x( ) +
x

2s ⋅ λ s ⋅ λ − x( )
 
 
 

 
 
 

 (4.6) 

 
This research utilizes (4.3) for its simplicity.  The equation (4.6) could be adopted by multiplying 
by 0.9 as Webster suggested. 
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Figure 4.1 Signalized intersection delay with no overflow when vcr < 1.0 
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Figure 4.2 Signalized intersection delay with overflow when vcr < 1.0 

(Source: Hurdle (1985); reprinted with minor amendments) 
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Figure 4.3  Webster' curve 
 
4.2.2.3 Deterministic oversaturation delay model 
 

When demand exceeds capacity for only a finite time, say T, the average delay per 
vehicle consists of two parts, as shown in Figure 4.2: uniform delay and overflow delay.  Here, 

uniform delay is half the red interval, 
CL ⋅ 1 − λ( )

2
.  To obtain overflow delay for oversaturated 

conditions, a simple deterministic model shown in Figure 4.4 is useful.  The deterministic nature 
of the model is supported by the fact that randomness does not affect delay when demand 
exceeds capacity.  In Figure 4.4b, before time 0, demand is small enough that the overflow delay 
is negligible; during the period from time 0 to T, demand exceeds capacity; after T, demand is 
lower than capacity and at τ  overflow delay disappears.  The departure curve in 4.4b should be 
saw-toothed as seen in Figure 4. 2.  The area above the straight line with slope s ⋅ λ   represents 
overflow delay like the area above the dashed line in Figure 4. 2.  This delay does not include the 
uniform delay component. 
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Figure 4.4  Signalized intersection delay when vcr > 1.0 
(Source: Hurdle (1985); reprinted with minor amendments) 
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To derive the overflow during the period time 0 to T, apply (4.4) as, 

w2 =
total overflow delay

total vehicles

=

1
2

T x ⋅ T − s ⋅ λ ⋅ T( )
s ⋅λ ⋅ T  

=
1
2

T
x

s ⋅ λ
−1 

 
 
              (4.7)

 
 
Similarly, for the period time T to τ , 

 
w2

′ =

1
2

τ − T( ) s ⋅ λ τ − T( )− ′ x τ − T( )[ ]
s ⋅ λ ⋅ τ − T( )  

 
=

1
2

τ − T( ) 1 −
′ x 

s ⋅ λ
 
 

 
  (4.8) 

 
Here, the total number of arriving vehicles from 0 to τ  is the total number of discharged vehicles 
from 0 to τ .  Therefore, 
 
x ⋅ T + ′ x τ − T( ) = s ⋅λ ⋅ τ  

→ τ =
x − ′ x ( )⋅T
s ⋅λ − ′ x 

 (4.9) 

 
By putting (4.9) into (4.8), 

w2
′ =

1
2

T
x

s ⋅ λ
−1 

 
 
  (4.10) 

 
Notice that (4.10) is not a function of τ  but is the same as (4.7).  The derived overflow delay is 
directly proportional to T, i.e., time-dependent upon the duration of oversaturation (T is assumed 
15 minutes in this research, which is a typical value in literature, unless otherwise stated).  
Average delay for the period from 0 to τ  is the sum of the uniform and overflow delays: 
 

wod =
CL ⋅ 1 − λ( )

2
+

T
2

x
s ⋅ λ

− 1 
 

 
  (4.11) 

 
4.2.2.4  Webster's curve, Frank-Wolfe algorithm and kink curve 
 

Webster's delay function is incompatible with the F-W algorithm when flow exceeds 
capacity.  The F-W algorithm contains a series of all-or-nothing assignments, which may cause 
flows on some links to be more than their capacity during the iterations.  Thus, link costs must be 
defined throughout the whole flow region to use the algorithm.  If Webster's curve is used for 
vcr <1.0  and (4.11) for vcr >1.0 , the resulting curve is not continuously differentiable and not 
monotonically increasing, which violates the conditions (2.3), loses the UE uniqueness and may 
cause an illogical assignment.  The following adaptation makes Webster's delay continuously 
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differentiable.  A similar idea is implemented by Van Vuren and Van Vliet (1992) but not 
presented in details. 

 
The core of the idea is to combine deterministic queuing and Webster's curve at some 

flow level where the two curves show the same slope as in Figure 4.5.  The kink flow level (say, 
ˆ x ) should be less than capacity.  For flow levels above ˆ x , the tangent curve replaces Webster's 
curve, which ensures the existence of a cost definition throughout the whole flow region and also 
ensures a continuous first order derivative of the performance curve.  The assignment can 
generate flows exceeding capacity, but the links with bigger T's have higher costs and less 
probability of being in the minimum time path where flow will be assigned.  Now two methods 
for calculating ˆ x  are presented. 
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Figure 4.5  The idea of kink curve 
(Source: Van Vuren and Van Vliet (1992); reprinted with minor amendments) 
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4.2.2.4.1 Method A 
 

This case assumes that at the kink point ˆ x ,w ˆ x ( )( ), 
∂w
∂x

=
∂wod

∂x
.  The derivative of 

Webster's curve equals the slope of the deterministic oversaturation curve.  To derive ˆ x , 
∂w
∂x

=
∂wod

∂x
 

→
CL ⋅s 1 − λ( )2

2 s − x( )2 +
1

2 s ⋅ λ − x( )2 =
T

2s ⋅ λ
 

→
T

s ⋅λ
s − x( )2 s ⋅ λ − x( )2 − CL ⋅ s 1− λ( )2 s ⋅λ − x( )2 − s − x( )2 = 0  

x4 + C3 ⋅ x3 + C2 ⋅ x2 + C1 ⋅ x1 + C0 = 0  (4.12) 
 
where C0  through C3  are constants.  Since (4.12) is quartic, although the general solutions of a 
quartic equation exist, the numerical calculation of ˆ x  is more convenient because of the complex 
general solution form.  Once ˆ x  is obtained, derive w kink , 
 

w kink =
∂wod

∂x∫ ⋅ dx + C

= x ⋅ T
2s ⋅ λ

+ C
 

 
By the boundary condition w ˆ x ( )= wkink ˆ x ( ) as in Figure 4.6, 

C = w ˆ x ( )− ˆ x ⋅
T

2s ⋅λ
 (4.13) 

and, 
w kink = x − ˆ x ( ) T

2s ⋅ λ
+ w ˆ x ( ). (4.14) 

 
 
4.2.2.4.2 Method B 
 

Compared to Method A above, ˆ x  can be derived in a simpler way if the slope of 
Webster's curve is mainly decided by the overflow delay at the ˆ x  level, i.e., if (4.15) holds 
∂w1
∂x x = ˆ x 

<<
∂w2
∂x x= ˆ x 

 (4.15) 

This assumption will be tested later.  Now, by (4.15), 
∂w
∂x

=
∂wod

∂x
→

∂w2
∂x

=
∂wod

∂x
 

→
1

2 s ⋅ λ − x( )2 =
T

2s ⋅ λ
 (4.16) 

(4.16) is a simple quadratic equation with respect to x.  Thus,  
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x = s ⋅ λ ±
s ⋅λ
T

 (4.17) 

Since ˆ x  less than s ⋅ λ  is our solution, 

ˆ x = s ⋅ λ −
s ⋅λ
T

. (4.18) 

Now, the explicit form of w kink  can be derived: 

w kink =
∂wod
∂x∫ ⋅ dx + C = x ⋅

T
2s ⋅ λ

+ C  

and 
C = w ˆ x ( )− ˆ x ⋅

T
2s ⋅λ

by w ˆ x ( )= wkink ˆ x ( )( ) (4.19) 

w kink = x − ˆ x ( ) T
2s ⋅ λ

+ w ˆ x ( ). (4.20) 

 
As can be noticed, the two methods have the same form of w kink  (see (4.14) and (4.20) and the 
only difference is the how to obtain the kink flow ˆ x . 
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Figure 4.6 Kink Curve and Kink Point 
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4.2.2.4.3 Numerical comparison of Methods A and B 
 

Methods A and B are compared numerically.  First four independent factors affecting ˆ x  
are chosen: the oversaturation period duration (T), saturation flow rate (s), cycle length (CL) and 
green time ratio (λ ).  Two T levels are chosen while three levels are chosen for the others as can 
be seen in Table 4.2.  The full fractional experiment contains 54 2 × 3× 3 × 3( ) cases.  To reduce 
effort, a fractional factorial experiment is performed using an orthogonal array.  An orthogonal 
array is a fractional factorial matrix which assures a balanced comparison of levels of any factor 
or factor interaction (Park, 1996).  For instance, an equal number of tests under T0  and T1  will 
be orthogonal.  The orthogonal array assures that the experiment can be reliably performed with 
the reduced number of cases (Ross, 1988).  Eighteen fractional factorial experiments out of 54 
are selected as in Figure 4.7.  Each case is denoted by the levels of each factor such as 
TaCLbλcsd . 

For comparison, ˆ x A and ˆ x B are calculated using the two methods.  The difference and 

the relative difference of ˆ x A and ˆ x B, (i.e., ˆ x A − ˆ x B  and φ =
ˆ x A − ˆ x B ×100
1
2

ˆ x A + ˆ x B( )
) are calculated also 

with the following two measures, εA  and εB : 

εA =

∂w1
∂x x = ˆ x A

∂w2
∂x x= ˆ x A

×100  and εB =

∂w1
∂x x = ˆ x B

∂w 2
∂x x= ˆ x B

×100 . 

 

These two represent the relative amount of 
∂w1
∂x

 to 
∂w2
∂x

 at the kink point of each method. 

 
Table 4.3 shows εA  ranges from 0.3% to 6.6% with the average 2.8% and εB  does from 

0.5% to 6.2% with the average 2.7%.  These percentages have very minimal effects on the kink 

points judging by ˆ x A − ˆ x B  and φ  .  In other words, whether 
∂w1
∂x

 is included in ˆ x  or not, makes 

little difference.  Thus, this study selected Method B for calculation convenience.  The vcr's of ˆ x  
, as can be imagined, are located on the very congested level with the average 0.94. 

 
Table 4.2  Factors and levels assigned 

Factor (unit) Level 
T (min) 15 T0( ), 30 T1( ) 
s (vph) 1800 s0( ), 3600 s1( ), 5400 s2( ) 
CL (sec) 60 CL0( ), 90 CL1( ), 120 CL2( ) 
λ  0.1 λ0( ), 0.5 λ1( ), 0.9 λ2( ) 
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   CL0    CL1    CL2   
  λ 0  λ1 λ2  λ 0  λ1 λ2  λ 0  λ1 λ2  
 s0  ×     ×     ×  
T0  s1   ×     ×  ×    
 s2    ×  ×     ×   
 s0  ×     ×     ×  
T1  s1   ×     ×  ×    
 s2    ×  ×     ×   

Figure 4.7  Orthogonal matrix (array) of the eighteen selected cases 
 
 
 
Table 4.3  Comparisons of Method A and B 

Case ˆ x A vcrA( ) ˆ x B vcrB( ) ˆ x A − ˆ x B φ  
(%) 

εA  
(%) 

εB  
(%) 

1  T0CL0λ 0s0  153.1 (.85) 153.2 (.85) 0.1 0.1 0.6 0.6 
2  T0CL0λ1s1 1713.8 (.95) 1715.1 (.95) 1.3 0.1 3.1 3.0 
3  T0CL0λ2s2  4717.9 (.97) 4720.6 (.97) 2.7 0.1 3.9 3.8 
4  T0CL1λ0s2  493.3 (.91) 493.5 (.91) 0.2 0.0 1.0 1.0 
5  T0CL1λ1s0  838.6 (.93) 840.0 (.93) 1.4 0.2 4.6 4.4 
6  T0CL1λ2s1 3123.1 (.96) 3126.2 (.96) 3.0 0.1 5.4 5.2 
7  T0CL2λ0s1  321.8 (.89) 322.1 (.89) 0.2 0.1 1.3 1.3 
8  T0CL2λ1s2  2592.7 (.96) 2596.1 (.96) 3.4 0.1 6.6 6.2 
9  T0CL2λ2s0  1537.1 (.95) 1539.5 (.95) 2.4 0.2 6.0 5.7 
10  T1CL0λ0s0 161.0 (.89) 161.0 (.89) 0.0 0.0 0.3 0.3 
11  T1CL0λ1s1  1739.5 (.97) 1740.0 (.97) 0.5 0.0 1.6 1.6 
12  T1CL0λ2s2 4760.3 (.98) 4761.4 (.98) 1.1 0.0 2.2 2.1 
13  T1CL1λ0s2  507.1 (.94) 507.1 (.94) 0.1 0.0 0.5 0.5 
14  T1CL1λ1s0  857.1 (.95) 857.6 (.95) 0.5 0.1 2.3 2.3 
15  T1CL1λ2s1  3158.3 (.97) 3159.5 (.98) 1.2 0.0 3.1 3.0 
16  T1CL2λ0s1 333.1 (.93) 333.2 (.93) 0.1 0.0 0.7 0.7 
17  T1CL2λ1s2  2625.3 (.97) 2626.5 (.97) 1.2 0.0 3.3 3.2 
18  T1CL2λ2s0 1562.1 (.96) 1563.1 (.96) 1.0 0.1 3.6 3.5 
Average (.94) (0.94) 1.1 0.07 2.8 2.7 
Max (.98) (0.98) 3.4 0.2 6.6 6.2 
Min (.85) (0.85) 0 0.0 0.3 0.5 
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4.2.2.5 Derivatives of the Webster and BPR curves 
 

For the gradient calculation, the explicit derivatives of the Webster and BPR curves are 
needed.  Here, the complete expressions are listed with their signs. 

 
• For the modified BPR curve: 

w bpr = t0 1+ α
x

s ⋅ λ
 
 

 
 

β 

 
  

 
  (4.21a) 

∂wbpr

∂x
=

t0 ⋅ α ⋅ β ⋅ xβ−1

s ⋅ λ( )β ≥ 0 for x ≥ 0 (4.21b) 

∂wbpr

∂λ
= −

t0 ⋅ α ⋅β ⋅ xβ

sβ ⋅λβ+1 ≤ 0 for x ≥ 0 (4.21c) 

∂2wbpr

∂λ2 =
t0 ⋅α ⋅β β + 1( )⋅ xβ

sβ ⋅ λβ+2 ≥ 0 for x ≥ 0  (4.21d) 

• For the Webster curve, w = w1 + w2 : 
w = w1 + w2

=
CL ⋅ s 1− λ( )2

2 s − x( )
+ x

2s ⋅ λ s ⋅ λ − x( )
 (4.22a) 

∂w1
∂x

=
CL ⋅ s 1− λ( )2

2 s − x( )2 > 0 for 0 ≤ x < s  (4.22b) 

∂w1
∂λ

= −
CL ⋅s 1− λ( )

s − x( ) < 0 for 0 ≤ x < s  (4.22c) 

∂2w1
∂λ2 =

CL ⋅s
s − x( ) > 0 for 0 ≤ x < s  (4.22d) 

∂w2
∂x

=
1

2 s ⋅ λ − x( )2 > 0 for 0 ≤ x < s ⋅ λ  (4.22e) 

∂w2
∂λ

= −
1
2

s
s ⋅ λ − x( )2 −

1
s ⋅ λ2

 

 
 

 

 
 ≤ 0 for 0 ≤ x < s ⋅ λ  (4.22f) 

∂2w2
∂λ2 =

1
2

2s2

s ⋅ λ − x( )3 −
2

s ⋅λ3

 

 
 

 

 
 ≥ 0 for 0 ≤ x < s ⋅ λ  (4.22g) 

 
• For the oversaturation curve, 

wod =
CL ⋅ 1 − λ( )

2
+

T
2

x
s ⋅ λ

− 1 
 

 
  (4.23a) 

∂wod
∂x

=
T

2s ⋅λ
> 0 for x > ˆ x  (4.23a) 

∂wod
∂λ

= −
CL
2

−
T ⋅ x

2s ⋅ λ2 < 0 for x > 0  (4.23a) 
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∂2wod
∂λ2 =

T ⋅x
s ⋅λ3 > 0 for x > 0  (4.23a) 

 
• For the kink curve, 

w kink =
T

2s ⋅ λ
x − ˆ x ( )+ w ˆ x ( ) (4.24a) 

∂wkink
∂x

=
T

2s ⋅ λ
> 0 for x > ˆ x  (4.24b) 

∂wkink
∂λ

= −
T x − ˆ x ( )
2s ⋅ λ2 +

∂w ˆ x ( )
∂λ

< 0 for x > ˆ x  (4.24c) 

∂2wkink
∂λ2 =

T x − ˆ x ( )
s ⋅ λ3 +

∂2w ˆ x ( )
∂λ2 > 0 for x > ˆ x  (4.24d) 

ˆ x = s ⋅ λ −
s ⋅λ
T

 (4.24e) 

 
 
4.3 MULTIPHASES, OVERLAPPING MOVEMENTS AND CHAIN RULE 
 

When an intersection j is the junction of exactly two one-way-links or traffic streams, say 
a and b, it is denoted by Lj = a,b{ }.  If two signal green phases exist, say s and t, then Sj = s, t{ }.  
Either link or stream has right-of-way during only one phase.  For example, link a receives green 
time during phase s and link b does during t.  Then link green time ratio λa =

ga
CL

 is equal to 

phase green time ratio Λs
j =

Gs
j

CL
: 

λa = Λs
j and λb = Λ t

j( ) (4.25) 
 
Thus any function F = F1 λa,λb( ), i.e., the total travel time represented by link green time ratio 
λ  is directly related to F 2 Λs

j ,Λ t
j( ) represented by stage green time ratio Λ .  The relation (4.25) 

applies to more than two phase signal operation as long as no stream receives green during more 
than one stage. 
 

If any stream moves during more than one stage (overlapping movements), the following 
(4.26) is needed to relate λ  and Λ . 
λa = Λs

j

phase s serving link a
at int er section j

∑ = Λs
j ⋅ωa,s

j

s∈Sj
∑  (4.26) 

where ωas
j  is an indicator such that; 

ωa,s
j =

1 if link a runs in stage s at junction j
0               otherwise
 
 
 

 (4.27) 

Thus, derivative λa  with respect to Λs
j  is, 
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∂λa
∂Λs

j =
1 if ωas

j = 1 (i.e., phase s serving link a)
0 if ωas

j = 0 (i.e., phase s not serving link a).

 
 
 

 (4.28) 

 
 

For any function F = F λ( )  , ∇F with respect to Λ , i.e., 
 

∂F λ( )
∂Λ

=
∂F
∂Λs

,
∂F
∂Λ t

,K
 
 
  

 
 , can be 

obtained by the chain rule as follows: 
 

  

∂F
∂Λs

j =
∂F
∂λa

⋅
∂λ a

∂Λs
j +

∂F
∂λb

⋅
∂λ b

∂Λs
j +

∂F
∂λc

⋅
∂λ c

∂Λs
j +K

=
∂F
∂λi

Q by (4.28)
link i receives green

during phase s

∑
 (4.29a) 

  

∂F
∂Λt

j =
∂F
∂λa

⋅
∂λa

∂Λt
j +

∂F
∂λ b

⋅
∂λb

∂Λt
j +

∂F
∂λc

⋅
∂λc

∂Λt
j +K

=
∂F
∂λi

Q by (4.28)
link i receives green

during phase t

∑
 (4.29b) 

  

M

 
 
Relation (4.29) will be needed in several places in this research.  The main reason to use this is 
that λ  is used in calculating network performance but Λ  must be used to change the prevailing 
control setting. 
 
4.4 NONCONVEXITY 
 

This section discusses the nonconvexity of the problem.  First, the SO problem where no 
UE constraint is involved is analyzed before a discussion of ENSS. 
 
4.4.1 SO problem and nonconvexity 
 

If the UE constraint is relaxed in ENSS, then the following SO problem appears: 
obj: z = t x,λ( )⋅x = t a xa,λa( )⋅ xa

a
∑  (4.30a) 

s.t.: λmin ≤ λ ≤ λmax  (4.30b) 
 x ≥ 0 and λ ≥ 0  (4.30c) 
 
Here z  is the total travel time (TTT) for the given network.  In the following, numerical counter 
examples will be given to prove that the SO is not necessarily convex. 
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From Van Vuren and Van Vliet (1992), the network in Figure 4.8 is adopted.  There is 
one intersection with two phases and two paths from zone A to zone B. 

 
 
 

bypassOD = 2000

λ1

λ 2

x1

x2

s = 4000vph
dist = 0.983mile
speed = 50mph
t 0 = 70.8sec

s = 2000vph
dist = 0.583mile
speed = 35mph
t 0 = 60.0sec

1

A

2
4

3

Bcycle length = 60sec

λmin = 0.01

λmax = 0.99

 
 
 

Figure 4.8  A simple network from Van Vuren and Van Vliet 
 
Path 1-4-3 is shorter than path 1-2-3 but its link speed is low.  The speed of the nonintersection 
path elements is assumed constant.  Thus path travel time is the sum of the constant link travel 
time plus intersection delay.  Four variables exist: x1 , x2 , λ1 and λ 2 .  For a fixed OD, one flow 
variable and one green time are independent and the others are dependent; assume x1  and λ1 are 
independent and for simplicity denote them by x  and λ . 
 

First two surface graphs to represent the objective space of z x,λ( ) are given in Figure 4.9 
and 4.10 for Webster's curve and the BPR curve, respectively.  Both curves are similar to an 
overturned saddle, which is nonconvex.  To clarify the nonconvexity, a numerical counter 
example is calculated.  Denote a feasible solution by y: y = x,λ( ) . 

 
For Webster's curve, two feasible solutions y1  and y2  are arbitrarily chosen: 

y1 = 1270, 0.63( ): z y1( )= 79.3 veh ⋅ hr / hr  
y2 = 1526, 0.76( ): z y2( )= 81.4 veh ⋅ hr / hr . 
 
Now a linear combination y3 = 0.55 ⋅ y1 + 0.45 ⋅ y2 = 1385,0.69( )  and z y3( )= 104.0 are 
calculated.  To be convex, z y3( ) must lie below the line connecting y1  and y2 .  However, 
0.55 ⋅ z y1( )+ 0.45 ⋅ z y2( )= 80.2 . 
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and hence, 
z y3( )> 0.55 ⋅ z y1( )+ 0.45 ⋅ z y2( ). 
Thus, z x,λ( ) is not convex. 

For the BPR curve, again a counter example is found: 
y1 = 440, 0.22( ): z y1( )= 38.63  & y2 = 1040, 0.52( ): z y2( )= 39.05 
and 
y3 = 0.80 ⋅ y1 + 0.20 ⋅y2 = 560,0.28( ); z y3( )= 38.72  
0.80 ⋅ z y1( )+ 0.20 ⋅ z y2( )= 38.71. 
Therefore, 
z y3( )> 0.80 ⋅ z y1( )+ 0.20 ⋅ z y2( ). 
 

As seen in Figure 4.10, the objective space of the BPR curve is flatter than that of 
Webster's since the BPR curve is not increasing rapidly as vcr approaches 1.0.  Therefore, the 
above numerical counter example of the BPR curve is not so conspicuously tangible. 
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Figure 4.9 Nonconvex objective space of SO:  
Webster’s curve for the Figure 4.8 network; OD = 2000 
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Figure 4.10 Nonconvex objective space of SO:  
the BPR curve for the Figure 4.8 network; OD = 2000 
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4.4.2 ENSS problem and nonconvexity 
 

Now, return to the original ENSS by adding the UE constraint: 
 
obj: z = t x,λ( )⋅ x = ta xa,λ a( )⋅ xa

a
∑  (4.31a) 

subject to: 
λmin ≤ λ ≤ λmax  (4.31b) 
x ~ UE  (4.31c) 
x ≥ 0 and λ ≥ 0  (4.31d) 
The green time constraint is linear but the UE constraint can be represented by a set of nonlinear 
formulae.  Thus it is conjectured that the feasible domain set might be nonconvex in general.  In 
addition, SO is not convex and adding more constraint to SO may maintain the nonconvex 
nature.  This state, however, is not sufficient to prove the nonconvexity of the problem.  Thus, 
two different ways are discussed here: (1) showing that the domain is not a convex set; and (2) 
showing that the objective space is nonconvex. 
 
4.4.2.1 ENSS and nonconvexity: investigating domain sets 
 

For the example network in Figure 4.8, two feasible solutions of ENSS with Webster's 
curve, y1  and y2 , are arbitrarily chosen as follows: 

 
y1 = 774.5,0.35( )  
y2 = 1278,0.53( ) 

Then a linear combination y3 =
1
2

y1 +
1
2

y2 = 1026.3,0.44( ) must be feasible if the domain is 

convex.  According to path cost calculation, y3  does not satisfy the UE condition: the path costs 
of the two paths (c1  and c2 ) are different.  When λ = 0.44, x  must be 998.1 to be UE flow (y4 ).  
This result is summarized in Table 4.4.  Table 4.5 is another counter example for the BPR curve.  

Again y3 =
1
2

y1 +
1
2

y2  is not UE flow and the domain is not a convex set. 

 
Table 4.4  Counter example for the nonconvexity of ENSS with Webster's curve for the 
network in Figure 4.8 
Solution y = x,λ( )a 

vph 
z  
hr 

c = c1,c2( ) 
sec 

UE? 
c1 = c2 ?( ) 

Feasible? 

y1  774.5, 0.35( ) 55.8 98.6,98.6( ) Yes Yes 
y2  1278,0.53( )  49.1 88.3,88.3( ) Yes Yes 

y3 =
1
2

y1 +
1
2

y2  1026.3,0.44( )  50.8 93.3,89.6( ) No No 

y4 : λ1 = 0.44  998.1, 0. 44( ) 51.7 93.0,93.0( ) Yes Yes 
           ax is flow on path 1-2-3 and λ  is the green time ratio for that path. 
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Table 4.5  Counter example for the nonconvexity of ENSS: the BPR curve for the 
network in Figure 4.8 
Solution y = x,λ( )  

vph 
z  
hr 

c = c1,c2( ) 
sec 

UE? 
c1 = c2 ?( ) 

Feasible? 

y1  1893.7,0.95( ) 39.7 71.5, 71.5( )  Yes Yes 
y2  11,0.05( ) 39.3 70.8,70.8( ) Yes Yes 

y3 =
1
2

y1 +
1
2

y2  952.4,0.5( ) 39.5 71.3,70.8( ) No No 

y4 : λ1 = 0.5 941,0.5( ) 39.6 71.3,71.3( ) Yes Yes 
 
4.4.2.2 ENSS and nonconvexity: investigating objective spaces 
 

First the ENSS is transformed to include the UE constraint in the objective function as 
shown in Sheffi and Powell (1983).  The operator M ⋅[ ] is defined as a mapping from the vector 
of the link times 

  
t xλ( )= K, t xi,λ i( )K( ) to a vector of UE flow x* , i.e.,  

  
x* λ( ) = K, xi

* λ( )K( )= M t x λ( )[ ].  Then, ENSS can be expressed as 

obj: z = ta xa
* λ( ),λa( )⋅ xa

* λ( )
a
∑  (4.32a) 

subject to: 
λmin ≤ λ ≤ λmax  (4.32b) 
x ≥ 0 and λ ≥ 0  (4.32c) 
 
The UE condition in the ENSS is imbedded in the traffic assignment procedure, M t x λ( )[ ].  For 
simplicity, x*  is denoted by x  where no confusion occurs.  If and only if the Hessian is positive 
semidefinite, the objective z is convex.  Now, to determine the element of the Hessian of z, 

calculating 
∂z

∂λ k
 is the first step: 

 
∂z λ( )
∂λk

=
∂xa λ( )
∂λ k

⋅ ta xa λ( ),λa( )+ xa λ( )⋅
∂ta xa,λ a( )

∂xa
⋅
∂xa λ( )

∂λ k
+

∂ta xa,λ a( )
∂λ k

 

  
 

  
 
 
 

 
 
 a

∑ . 

 

The term 
∂xa λ( )

∂λk
 is the partial derivative of the equilibrium flow on link a with respect to the 

green time of link k.  Because deriving 
∂z

∂λ k
 analytically is almost impossible, identifying the 

nonconvexity by the Hessian of the objective function cannot proceed further. 
 

Now recall the network in Figure 4.8.  For the formulation of (4.32), x is decided by λ , 
which is the sole decision variable.  For different λ  values, the UE flow and the total travel time 
(TTT=z) are calculated and shown in Figure 4.11. 
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The total travel time curve consists of three different curve segments, resulting in a 
nonconvex curve.  When λ  is less than about 0.05, all OD flow will be assigned on the shorter 
path 1-4-2.  When 0.05 < λ ≤ 0.68, flow will be assigned on the two paths.  As λ  is beyond 
0.68, all OD flow will be assigned on path 1-2-3 (bypass).  Thus, there are three different flow 
patterns depending on which path(s) is used.  This counter example proves that the ENSS is not 
necessarily convex.  Figure 4.12 is the same type of graph for the BPR curve.  For the BPR case, 
two flow patterns are found: when λ  is less than about 0.05, path 1-4-3 is solely used and as λ  
becomes bigger, two paths serve the OD flow until the maximum λ   is reached.  Again, the 
curve is not convex. 

 
For OD=1000, the same type of graphs are presented in Figure 4.13 and 4.14.  Again, 

their shapes are not convex. 
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Figure 4.11  Nonconvex objective function of ENSS:  
Webster’s curve for Figure 4.8 network; OD = 2000 
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Figure 4.12  Nonconvex objective function of ENSS:  

BPR curve for the Figure 4.8 network; OD=2000 
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Figure 4.13  Nonconvex objective function of ENSS:  
Webster’s curve for the Figure 4.8 network; OD=1000 
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Figure 4.14  Nonconvex objective function of ENSS: 
BPR curve for the Figure 4.8 network; OD=1000 
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For an additional network given in Figure 4.15, the same work has been done.  The 

network contains two intersections under two phase operation respectively, and hence two stages 
are independent.  The flow from zone A to zone B has two paths but the flow from zone C to D 
has only one path. 

 
For Webster's curve, two surface graphs of the objective space are given in Figure 4.16 

and 4.17 according to two different OD patterns.  To clarify the nonconvexity of the objective 
function z, a numerical counter example is calculated.  Denote y is a feasible solution: 
y = λ1, λ2( ).  Arbitrarily, two feasible solutions y1  and y2  are chosen as follows when the OD 
from zone A is 1800 and from zone C is 1200: 

 
y1 = 0. 47, 0.25( ): z y1( )= 48.2 veh ⋅ hr / hr  
y2 = 0.01, 0.45( ): z y2( )= 51.5 veh ⋅ hr / hr  
 

Then calculate a linear combination y3 =
1
2

⋅ y1 +
1
2

⋅ y2 = 0.24,0.35( )  and z y3( )= 52.4 .  

Because 
1
2

⋅ z y1( )+
1
2

⋅z y2( )= 49.9, z y3( )>
1
2

⋅z y1( )+
1
2

⋅ z y2( ). 

 
Therefore, z is not convex by this counter example.  When the OD from zone A is 1800 and from 
zone C is 900, another counter example can be found as follows: 
 
y1 = 0.57, 0.19( ): z y1( ) = 49.0  
y2 = 0.01, 0.45( ): z y2( )= 47.9  
and 

y3 =
1
2

⋅ y1 +
1
2

⋅ y2 = 0.29,0.32( ) ; z y3( )= 51.8 

1
2

⋅ z y1( )+
1
2

⋅z y2( )= 48.5 . 

Hence, 

z y3( )>
1
2

⋅z y1( )+
1
2

⋅ z y2( ). 

 
For the BPR curve, two surface graphs for the above two different OD patterns are given in 
Figure 4.18 and 4.19, respectively.  Similar but relatively flat shaped graphs are obtained. 
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Figure 4.15  An example network with two intersections 
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Figure 4.16  Nonconvex objective space of ENSS: Webster’s 
curve for the Figure 4.15 network; OD=1800 from zone A and 1200 from zone C 



 96

 

GREEN1GREEN3

TTT300

250

200

150

100

 50

  0

-50
1

 .8
 .6

 .4
 .2

0

1
 .8

 .6
 .4

 .2
0

 
 

Figure 4.17  Nonconvex objective space of ENSS: Webster’s 
curve for the Figure 4.15 network; OD=1800 from zone A and 900 from zone C 
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Figure 4.18  Nonconvex objective space of ENSS: the BPR curve 
for the Figure 4.15 network; OD=1800 from zone A and 1200 from zone C 
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Figure 4.19  Nonconvex objective space of ENSS: the BPR curve 
for the Figure 4.15 network; OD=1800 from zone A and 900 from zone C 
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4.5 SIMULATED ANNEALING FOR ENSS:  SENSS   
 
4.5.1 Overview 
 

Simulated annealing to solve the ENSS problem is presented.  The developed code is 
called SENSS, which has two main iterations, the outer and inner iterations.  The inner 
iteration is a search procedure with the Metorpolis criterion and the outer is to decide the 
extent of the next inner iterations using information from the previous inner iterations.  
The usefulness of SA to the ENSS problem is discussed first, and the representation and 
initialization of solutions follow.  Then the above two iterations are explained. 
 

4.5.2 Value of SA for ENSS 
 

SA offers two important features to the ENSS problem.  The ENSS problem is 
nonconvex and local searches may impair the solution quality.  SA is a good candidate to solve 
the nonconvex problem with many local solutions.  The second usefulness of SA is the easy 
applicability to ENSS.  SA does not use derivative information and avoids the complex 
procedure of the descent direction and step size determination.  Generally the high computational 
burden, which is common in stochastic global searches, is the cost associated with these benefits. 
 
4.5.3  Simulated annealing for ENSS 
 
4.5.3.1 Representation and initialization 
 

First the signal phases are categorized as independent and dependent.  If one assumes that 
intersection j has three green phases, fractions of available green are Λ1

j , Λ2
j and Λ3

j .  Because of 

the constraint Λ i
j

i=1

3

∑ = 1.0, only two of them can be independently decided and one is dependent.  

This rule applies to all intersections.  Thus the number of independent phases N IP = S − N( ) and 
the number of dependent phases N DP = N .  For example, if in the above intersection j, first two 
stage green time ratios, Λ1

j and Λ2
j , are assumed independent and then the third Λ3

j  is 
dependent, calculated by 1.0 − Λ1

j + Λ2
j( ). 

 
To start SA, first assume a total of N IP  independent phases among a total of S phases.  

Green time ratios can be assigned randomly or with rules.  Theoretically, SA does not depend 
upon initial solutions because of its global nature but practically finding a global solution cannot 
be guaranteed within finite computation time.  The growth factor χ >1.0  (refer to (3.34) in 
Chapter 3) and the initial temperature c 1( ) must be decided before SA starts.  With c 1( ), a total of 
N IN  random searches are performed.  Then by the cooling schedule, c 1( ) is reduced to c 2( ) .  For 
convenience this random search is called the inner iteration, and the cooling and scaling matrix 
calculation for the next search process is called the outer iteration. 
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4.5.3.2 Inner iteration 
 

The inner iteration (a total of N IN  searches) starts by finding random steps at the current 
point.  For example, let the current point be the m-th inner iteration of k-th outer iteration.  Then, 
the next point is decided by, 
Λ m;k( ) = Λ m−1;k( ) + ∆Λ m;k( ) (4.31) 
∆Λ m;k( ) = Q k( ) ⋅ u (4.32) 
u = u1,u2,u3,... ,uNIP( ) (4.33) 
where each ui  is an independent and identically distributed uniform distribution on the interval 
− 3, 3[ ] with zero mean and unit variance.  The lower triangular matrix Q k( ) scales u to 

generate ∆Λ m;k( ) = .. .,∆Λ i
m;k( ),. ..( ) as follows. 

 

∆Λ i
m;k( ) = Qij

k( ) ⋅ uj
j=1

i

∑  (4.34) 

 
When k=1, Q   must be assumed.  Assuming no information about Q , two different ways are 
implemented in SENSS: (1) set Q  a diagonal matrix with the same elements; (2) set Q  a lower 
triangular matrix with the same elements.  One guideline for Q  is that it should have small 
elements in order to accept most generated points at the initial SA stage. 
 

Notice that initially Λ m;k( ) contains green fraction values only for the independent 
phases.  Thus, the calculation of green time ratios of the dependent phases is needed.  Besides, it 
is not always expected that the newly generated Λ m;k( ) satisfies the green time constraint, 
Λ i

min ≤ Λ i
m;k( ) ≤ Λ i

max . (4.35) 
 
Thus, more steps are needed to maintain green time feasibility as follows.  For simplicity, 
superscripts m;k( ) are omitted and Λ j new( )

  is the new Λ j  for intersection j: 

Λ j new( )
= Λ1

j new( )
,Λ2

j new( )
, ... ,Λ S j

j new( ) 
 
  

 
 (4.36) 

 

Assume that the last phase Λ
Sj
j new( )

 is dependent and others are independent.  For independent 

phase i, Λ i
j new( )

 is generated by 

Λ i
j new( )

= Λ i
j old( )

+ ∆Λi
j . (4.37) 

 

If Λ i
jmin

≤ Λ i
j new( )

≤ Λ i
jmax

, then Λ i
j new( )

 is feasible and acceptable.  The dependent phase green 
time is decided by 

Λ
Sj
j new( )

=1.0 − ΛIN
j new( )

 (4.38) 
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where 

ΛIN
j new( )

= Λ i
j new( )

all independent
phases i

∑ . (4.39) 

 

Λ
Sj
j new( )

 also must satisfy (4.35).  Thus, only a set of phase green times satisfying (4.40) is 

feasible, otherwise regeneration of the whole set is necessary. 

Λ i
jmin

≤ Λ i
j new( )

≤ Λ i
jmax

for i =1, 2,.. ., Sj −1

Λ
Sj
jmin

≤ Λ
Sj

j new( )
≤ Λ

Sj
jmax

for Λ
Sj
j new( )

by (4.38)

 
 
 

  
 (4.40) 

 
This method clearly has shortcomings: (1) lots of regeneration procedures may be involved when 

Q contains many large elements; and (2) Λ i
j new( )

 tends to exclude a boundary value, either Λ i
jmin

 

or Λ i
jmax

 even though boundary values are very important in optimization.  Thus, a strategic 
approach to improve efficiency and intensify the boundary search is devised.  The basic idea is 

setting Λ i
j new( )

= Λ i
jmin

or Λ i
jmax

 if Λ i
j new( )

 is just outside either boundary by a small amount, say δ   
This approach reduces the regeneration effort and searches more boundary points, 
simultaneously.  Figure 4.20 represents this idea, however, (4.40) still must be satisfied and the 
regeneration will be still required. 
 

0.0 1.0Λ i
jmin

δ

Λ i
jmax

δ
feasible region

If Λ i
j new( )

is in this area

Set Λ i
j new( )

= Λ i
jmin

If Λ i
j new( )

is in this area

Set Λ i
j new( )

= Λ i
jmax

Λ i
jmax

+ δΛ i
jmin

− δ  
 

Figure 4.20  Search with boundary intensifying  
 

After generating new green splits, solve UE and calculate the total system travel time 
z Λ m;k( )( ).  Then calculate ∆z = z Λ m;k( )( )− z Λ m;k −1( )( ) and apply the Metropolis algorithm to 

decide whether Λ m;k( ) will be accepted or not, 
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If ∆z < 0, accept Λ m;k( ).
Otherwise, generate a random number u ∈ 0,1[ ],

accept Λ m;k( ) if u < exp −
∆z
c k( )

 
 

 
 
,

or reject Λ m;k( ) if u ≥ exp − ∆z
c k( )

 
 

 
 
.

 

 
 

 
 

 

 

 
 

 

 
 

 

 
If Λ m;k( ) is rejected, then keep Λ m;k( ) = Λ m;k −1( ).  Now, another ∆Λ , i.e. ∆Λ m;k+1( )  is generated 
by (4.34).  This inner iteration continues until k = NIN . 
 
4.5.3.3 Outer iteration 
 

The outer iteration consists of cooling for generating a new c and Cholesky 
decomposition for a new Q. 
 
4.5.3.3.1 Cooling schedule 
 

Both the initial temperature and the temperature reduction procedure are important 
cooling characteristics.  The cooling schedule is directly related to the SA performance.  The 
initial temperature should be high enough to accept most new points, and temperature lowering 
should be slow enough to avoid quenching, simultaneously maintaining computational 
efficiency.  The following three cooling schedules are implemented. 

 
 • Geometric cooling: 

c k( ) = ρ⋅ c k−1( ), 0 < ρ < 1 (4.41) 
 

 • Adaptive cooling with a square root function: 

Calculate ρ  by ρ =
ˆ z k−1( ) − ˆ z k −2( )

ˆ z k−2( ) , where ˆ z k −1( ) is the minimum z of the (k-1)-th outer iteration.  

If ρ  is negative, improvement has been achieved and the following adaptive cooling schedule is 
used.  If the improvement is big (i.e., ρ  is big), temperature should be reduced less permitting 
exploration of the current search domain.  If ρ  is small, the temperature reduction should be 
larger permitting a larger jump.  On the other hand, if ρ  is positive, then no improved point was 
found so regular geometric cooling is used.  This procedure is shown by (4.42). 

c k( ) = ρ ⋅ c k −1( ) if ρ < 0
c k( ) = ρ⋅ c k−1( ) if ρ ≥ 0.

 
 
 

 (4.42) 

 
 • Adaptive cooling with an exponential function: 

Calculate ρ  again and apply the idea of (4.42) with an exponential function: 

c k( ) = b ρ −1( ) ⋅c k−1( ) if ρ < 0
c k( ) = ρ ⋅ c k−1( ) if ρ ≥ 0.

 
 
 

 (4.43) 
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where b is the positive base. 
Figure 4.21 shows the shape of the two adaptive functions.  Their use provides a more intensive 
search of the neighborhood where a big improvement has been found (i.e., ρ ≅ 1.0).  To do so 
c k( ) should be close to c k −1( ).  On the other hand, when the improvement is small ( ρ ≅ 0.0), 
then c k( ) should be smaller.  Both functions satisfy this idea but the exponential function is 
better for this purpose since it stresses this tendency more than the square root function. 
 

ρ

if ρ < 0

1.0

c k( )

c k −1( )

 
 

ρ

if ρ < 0

1.0

c k −1( )

c k( )

c k −1( )

b

 
 

Figure 4.21  Adaptive cooling schedule  
 
4.5.3.3.2 Cholesky decomposition 
 

After a set of inner iterations, a new covariance matrix s must be calculated as explained 
in Chapter 3.  To do so, the first and second moments of the searches, v = v1,v2 ,... ,vN IP( ) and 

w = wij( ), are calculated first: 
 

v i
(k ) =

1
N IN

Λ i
(m;k)

m=1

NIN

∑  

wij
(k) =

1
NIN

Λ i
(m;k) − vi

(k)[ ]⋅ Λ j
(m;k) − vj

(k)[ ]
m=1

NIN

∑  
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Then, the new s, s k +1( ) is determined by, 

s k +1( ) =
χ

β⋅ NIN
w k( ) . (4.44) 

 
To get Q k+1( ) , an inverting procedure to solve s k +1( ) = Q k+1( ) ⋅ Q k +1( ) must be performed. 
 

Covariance matrices are symmetric, not necessarily positive definite but positive 
semidefinite.  However, because of u the ∆Λ m,k( ) generation procedure intrinsically involves 
randomness.  Therefore it is natural to expect s k( ) is positive definite.  Any positive definite 
matrix A can be factored as, 

 
A = B⋅ BT  (4.45) 
where B is a lower triangular matrix having positive values on its diagonal (Bronson, 1989).  
This decomposition can be efficiently done by a special factorization, called the Cholesky 
decomposition (for simplicity, superscripts are omitted in Figure 4.22). 
 

It is known that the Cholesky decomposition is extremely stable numerically (Press et. 
al., 1992).  In theory, a failure of the Cholestky decomposition simply indicates that the matrix 
s k( ) is not positive definite.  According to the author's experience, however, sometimes failure is 
encountered.  This can be detected by checking the sign of s jj − qjqj  in STEP 2 in Figure 4.22.  
As s jj − qjqj → 0 , numerically s jj − qjqj ≤ 0  can happen.  Two sources may cause this: (1) 
accumulated numerical error due to limited machine precision and roundoff as iterations 
continue; and (2) frequent user-specified green time settings which may be required to maintain 
green time feasibility (e.g., the boundary settings in Figure 4.20).  When either one happens, the 
covariance becomes smaller and can cause the decomposition failure.  Whenever this is detected, 
a special treatment is needed. 
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STEP 0: Initialization: 
Set all elements of Q (NIP × NIP ) above the main diagonal equal to zero; 
Let Q11 = s11 ; 

Calculate Qj1 =
s j1

Q11
for j = 2, 3,..., NIP ; 

Set j=2. 
Define qi i = j, j+1,.. .,NIP( ) to be a column vector of dimension j-1 whose components are, 
respectively, the first j-1 elements in i-th row of Q.  These elements are already computed:  

  

qi =
Qi1

M

Qi,j−1

 

 

 
 

 

 

 
 

. 

STEP 2: Compute the diagonal element: Qjj = s jj − q j ⋅ qj . 
If j = NIP , go to STEP 4; 
Otherwise, compute the j-th column of Q below the main diagonal: 

Qij =
1

Qjj
sij − qi ⋅ qj( ) for i = j+1,...,NIP. 

STEP 4: If j = NIP , stop; 
Otherwise, j = j+1 and return to STEP 1  

 
Figure 4.22  Inversion procedure by Cholesky decomposition 

 
If decomposition failure is detected when the outer iteration is k, the user specified initial 

Q , Q 1( )  can be used for Q k( ), or Q k−1( )  can be used again.  The former has a potential problem 
as k becomes large: the implicit search information reflected in Q k( ) will be lost totally.  The 
latter is free from this potential problem but may cause another decomposition failure in a short 
time.  This research employed the former idea with some modification to reduce the problem 
likelihood.  First, let N CDF

k( )  denote the total Cholesky decomposition failures up to the k-th outer 
iteration including the k-th iteration failure.  Then set Q k( ) by 

 

Q k( ) =
1

1 + NCDF
k( ) Q 1( ). (4.45) 

Relationship (4.45) will damp Q 1( )  continuously to reflect the fact that the covariances become 
smaller as iterations continue. 
 
4.5.3.4 SENSS algorithm and stopping criteria 
 

Figure 4.23 represents the SENSS algorithm.  Vanderbilt and Louie suggested the 
stopping criterion (3.37), which is used for SENSS: 
z(k) - zmin

(k)

z(k ) < ε  (3.37) 
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where z(k)  and zmin
(k)  are the average and the best solution of the N IN  steps at the k-th iteration, 

and typically ε =10−3 .  N IN  should be large enough to guarantee reasonable statistics and at 
minimum, N IN > NIP  is required.  Vanderbilt and Louie suggested, N IN ≥ 15 ⋅ NIP . 
 
4.5.4 Streamlined SA 
 

As explained with Figure 3.7 in Chapter 3, SA automatically adapts itself to the local 
topology as outer iteration continues.  Thus, it is expected that Λ m;k( ) ≅ Λ m;k −1( ).  Thus, 
whenever performing a UE assignment, use the final UE flow of m;k −1( ) as the initial flow of 
m;k( ).  Then the required iterations for UE flow become less as m;k( ) grows.  The test for 

justifying this will be given in Chapter 5. 
 
4.5.5 Convergence and factors for experiments 
 

As discussed in Chapter 3, stochastic convergence of SENSS cannot be established by the 
current theory and it may diverge or oscillate.  Several factors can affect the result including the 
inner and outer iteration numbers, cooling method, growth factor size, and the green time 
feasibility maintaining method.  The numerical results regarding these factors will be presented 
in Chapter 5. 

 
STEP 0: Initialization 
Set the inner and maximum outer iteration number: NIN NOUT; 
Assume c(1), Q(1) , χ , Λ(0;0); 
Set a cooling schedule, and set k=1 and m=0. 
↓  STEP 1: Set m=m+1. 
↓  STEP 2: Generate u(m;k). 
↓  STEP 3: Calculate ∆Λ(m;k) = Q(k) ⋅ u(m;k) . 
↓  STEP 4: Obtain the new feasible point: 
 Λ(new) = Λ(m−1;k) + ∆Λ(m;k) . 
inner STEP 5: Solve UE flow with Λ(new). 
↓  STEP 6: Evaluate the new point by the Metropolis criterion 
↓  If the new point is accepted, Λ(m;k ) = Λ(new); 
↓  Otherwise, Λ(m;k) = Λ(m−1;k). 
↓  STEP 7: Return to STEP 1 until m = NIN. 
↓  STEP 8: Stop if stopping criteria are satisfied; 
↓  Otherwise, go to STEP 9. 
↓  STEP 9: Calculate v(k ), w(k)  and s(k+1). 
outer STEP 10: Inverting procedure to compute Q(k+1) . 
↓  STEP 11: Cooling to obtain c(k+1) . 
↓  STEP 12: Set k=k+1 and return to STEP 1.  

 
Figure 4.23  SENSS algorithm 
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4.6  GENETIC ALGORITHM FOR  ENSS: GENSS 
 
4.6.1 Overview 
 

GAs are easily adaptable to many optimization problems.  GENSS is the developed GA 
code to solve the ENSS problem.  Stage green time ratios are decided by GA and are used in 
solving UE.  The UE flow patterns are evaluated by a selected measure of effectiveness, here the 
total travel time.  The measure of effectiveness is an input variable for calculating fitness of each 
green time ratio set.  For total travel time minimization, the fitness should decrease as the total 
travel time increases.  Then the three genetic operations, selection, crossover and mutation, are 
performed until some stopping criterion is satisfied. 

 
During the genetic operations, randomness is involved.  From an adaptive system point of 

view, the pure random search is extremely inefficient because it makes no use of the available 
feedback information to reduce the initial uncertainty surrounding the problem (De Jong, 1975).  
However, GA attempts to exploit global information about a problem to generate better-
performing solutions by adapting the evolutionary process of nature. 
 
4.6.2 Maintaining control feasibility by GENSS for ENSS 
 

If intersection j has 3 stages, and Λ1
j , Λ2

j and Λ3
j  are the green time ratios of the stages, a 

binary coded substring b j = b1
j,b2

j , b3
j( ) is the gene to denote Λ1

j , Λ2
j and Λ3

j .  After decoding b j, 

r j = r1
j,r2

j ,r3
j( ) is obtained.  Then, simply Λ i

j  can be defined as 

Λ i
j =

ri
j

rk
j

k=1

3

∑
i =1, 2 3 (4.46) 

Notice 0 ≤ Λ i
j ≤ 1.0.  Without difficulty maintaining constraints, GA fits ENSS.  Another 

important point for GA is the nonconvexity of problems under consideration is not problematic 
in implementation.  Therefore, GA can be a good candidate tool to overcome the local search 
limitation in ENSS. 
 
4.6.3  Implementing genetic algorithm for ENSS 
 
4.6.3.1 Representation and initial population 
 

First, decision variables must be encoded into binary strings.  For GENSS, the domain of 

variable Λs
j  is an interval 0,1( ) or Λs

j min
, Λs

j max 
 

 
 .  Regarding the required precision, two places 

after the decimal point are enough since the least significant amount for green time is practically 
one second for CL = 30 ~ 120 sec.  The required bits for a stage s at intersection j, ms

j  is given 
by (4.47) as (3.38a) in Chapter 3. 
2ms

j −1 < 101 ≤ 2ms
j
 (4.47) 
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If all intersections have the same precision, which is natural, then simply ms
j  can be denoted by 

m.  For (4.47), m=7.  To represent all phases of an intersection j, the total bits required are 
m ⋅ Sj .  The total network stages are S  and hence m ⋅S bits are needed to represent a solution Λ  
(a set of control variables for the entire network).  When the population size is N pop , a 
chromosome for the entire population needs m ⋅S ⋅ N pop  bits. 
 

The initial population is randomly generated to cover a wide domain range.  It can be 
generated in either genotype or phenotype.  This research chose the genotype initialization for 
convenience.  Table 4.6 shows the structure of the population by type. 

 
Table 4.6  Representation of chromosomes 

Terms Genotype Phenotype 
Green time of stage i at 
intersection j  

bi
j = 010K101

(m bits)
1 2 4 3 4 Λ i

j ∈ Λ i
j min

,Λ i
j max 

 
 
  

Intersection j 
b j = b1

jb2
j b3

j ...b S j
j 

 
  

 
 

 
Λ j = Λ1

j , Λ2
j ,K, Λ S j

j 
 
  

 
 

Chromosome k: a solution Bk = b1b2...bN( )  
Λ = Λ1,K, ΛN( ) 

Population: N pop  B = B1B2...B
Npop( ) N pop  different Λ' s  

 
 
 
4.6.3.2 Decoding 
 

Decoding is a mapping from a binary string to a real number.  For GENSS, decoding is a 
process to obtain Λ .  Because of the constraints imposed on Λ , i.e., Λs

j min
≤ Λs

j ≤ Λs
j max

, the 
decoding should be taken care of to maintain the feasibility of Λ . 

 
For phase i of intersection j, decode a string bi

j to the real number r i
j .  Then, get the sum 

of all r i
j  for i ∈S j : r j = r i

j

i =1

S j

∑ .  Then calculate Λ i
j  by Λ i

j =
r i

j

r j  unless r j = 0 .  If r j = 0 , which is 

very unlikely, all r i
j  of intersection j are zero.  This is called the failure of GA and assigning 

(arbitrary) new green splits is required to proceed.  Naturally, assigning green equally to all 
stages for that intersection is an appropriate recovery decision. 

 

For some cases, 
r i

j

r j  can be less than the minimum green time ratio Λ i
j min

.  If that case 

happens, impose Λ i
j = Λ i

j min
.  On the other hand, 

r i
j

r j  can be greater than the maximum green 

time ratio Λ i
j max

.  Then, set Λ i
j = Λ i

j max
.  This is similar to the boundary intensifying of SENSS 
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in Figure 4.20.  After decoding for all stages of an intersection, calculate the sum: R j = Λ i
j

i=1

Sj

∑ ,  

and perform the following: 
 

• If R j = 1, then Λ j are feasible; 
• If R j >1, R j − 1 amount must be reduced.  Reduce the biggest Λ i

j  by this amount; 
• If R j <1, 1 − Rj  amount must be increased.  Increase the smallest Λ i

j  by this amount. 
 

The decoding procedure is summarized as Figure 4.24. 
 

. 

For intersection j, calculate ri
j  and r j = ri

j

i =1

S j

∑ . 

If r j = 0 , Λi
j =

1
Sj for i ∈Sj , go to STEP 5; Otherwise go to STEP 3. 

Calculate Λi
j : 

Λi
j =

r i
j

r j Λi
j min

≤
ri

j

r j ≤ Λi
j max 

 
 
 , Λi

j max r i
j

r j > Λi
j max 

 
 
 , Λi

j min ri
j

r j < Λi
j min 

 
 
  

Calculate R j = Λi
j

i=1

Sj

∑ ,  

Checking the feasibility: 
if Rj = 1.0, go to STEP6
if Rj >1.0, decrease max

i∈Sj
Λi

j by Rj −1.0

if Rj < 1.0, increase min
i∈Sj

Λi
j by 1.0 − R j

 

 
 

 
 

 

STEP 6:  Set j=j+1 and return to STEP 1 unless j > N   
 

Figure 4.24.  Green time decoding 
 
 
4.6.3.3 Fitness evaluation 
 

After converting the chromosome's genotype to its phenotype, the UE has to be solved.  
Total travel time for each signal setting is a fitness measure.  The fitness is inversely proportional 
to the total travel time.  Without knowing any, the following two fundamental fitness functions 
are selected.  The total travel time byBk  is denoted by z xUE Bk( ),Bk( ) or z Bk( ), and the fitness 

of Bk  is denoted by f Bk( ) or f k . 



 110

 • Linear: f k = f Bk( )=
zmax − z Bk( )

zmax − z Br( )[ ]
r=1

Npop

∑
 (4.48) 

 • Reciprocal: f k = f Bk( )=

1
z Bk( )

1
z Br( )r=1

Npop

∑
. (4.49) 

 

Notice that both f k 's are monotonic and fr
r=1

N pop

∑ =1.  Thus each fitness f k  can be regarded as its 

selection probability. 
 
4.6.3.4 Selection 
 

The roulette wheel approach is adopted as explained in 3.7.1.2.  First calculate the 
cumulative probability F k  for each chromosome Bk : 

 

F k = fr
r=1

k

∑ k =1, 2,.. .,Npop  (4.50) 

In addition let F 0 = 0.0.  Next generate a random number u from the range 0,1( ).  Select the k-th 
chromosome Bk  such that F k−1 < u ≤ F k .  This is repeated N pop  times.  Then the new 
population is obtained.  Notice that each chromosome can be selected more than once. 
 
4.6.3.5 Crossover and mutation 
 

The one-cut-point cross method is used, which selects two chromosomes and cuts them at 
a randomly decided place and exchanges the right parts of two parents to generate offspring.  
The probability of crossover P C is a main factor of GA.  There are many different ways to 
perform crossover, e.g., multi-cut-point cross method. 

 
Mutation alters each gene (bit) of the chromosome.  If a gene is selected for mutation, its 

value is flipped: if it is 1 then it is changed to 0 and vice versa.  If the probability of mutation, 
P M  is 0.01, then 1% of total bit of population (m ⋅S ⋅ Npop ) is expected to be flipped.  Mutation 
helps the genetic search to jump to different neighborhoods.  Thus, P M  is usually set less than 
10% in either a fixed or a variable rate. 
 
4.6.4 GENSS and factors for experiments 
 

Figure 4.25 shows the GA for ENSS (GENSS).  Stopping criterion has two parts: 
• the maximum generation N gen  is prespecified; 
• improvement of the best objective or average objective value: 
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z B* n( ) 
 

 
 − z B* n −1( ) 

 
 
 

1
2

z B* n( ) 
 

 
 + z B* n−1( ) 

 
 
 

 
 

 
 

< ε    or  
z n( ) − z n−1( )

1
2

z n( ) + z n −1( )[ ]
< ε  

where B* n( )
 is the current best solution till iteration n, ε  is a small positive number and z n( )  is 

the average of the objective values of the n-th population. 
 
Clearly, all of P C, P M  N pop , N gen  and fitness evaluation method affect the GENSS 
performance.  The numerical results regarding this is shown in Chapter 5. 
 
 

STEP 0: Initialization: Ngen = 1; 
     Set up the representation of solutions and decide PC, PM and Npop ; 
     Set B* = −∞  and the generation counter n = 0 ; 
     Generate a total of N pop  initial chromosomes, B n( ). 
     STEP 1: Perform decoding with maintaining feasibility to obtain Λi

j . 
STEP 2: Solve UE with the decoded solutions and calculate the fitness f k . 
STEP 3 Update the best solution, B* . 
STEP 4: Check stopping criterion.  If it is met, stop and otherwise go to the next. 
STEP 5: Generate the next population by Selection, Crossover and Mutation. 
STEP 6: Set Ngen = Ngen +1 and go to STEP 1  

 
Figure 4.25  GENSS algorithm 

 
4.6.5 Consideration of convergence 
 

To consider convergence, GENSS is designed to maintain the current best candidate B* 
during iteration.  Rudolph (1994) proved the stochastic convergence when B* is maintained and 
updated continuously.  Rudolph, however, assumed that B* does not take part in the selection, 
crossover or mutation process.  Thus, when a total of Npop chromosomes are generated, the actual 
population size becomes Npop + 1 since B* occupies one cardinality.  Generally if B* is involved 
in the genetic process, it is believed that superior genes might be more frequently included in the 
offspring.  GENSS is coded to treat this as a user specified option where GENSS I is the code for 
which B* is not included in the operation.  GENSS II generally outperforms GENSS I at least in 
the initial stages. 

 
As explained in section 3.8, the canonical GA, which does not maintain B* and hence 

does not use B* in the genetic process, does not statistically converge to the global optimum.  De 
Jong’s (1975) elitist maintains B* and uses it in the genetic process without fixing the 
cardinality:  If B* is chosen in the selection process, then Npop chromosomes will be involved for 
the next generation, and if not, include B* to the selected candidate and perform genetic process 
so that the cardinality becomes Npop + 1.  Suzuki (1995) modified the De Jong’s elitist method 
such that the cardinality is Npop and B* occupies one of Npop.  Therefore, Npop – 1 chromosomes 
are the next candidates.  GENSS I is the same as Suzuki’s method:  just increases the cardinality 
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by one.  Thus GENSS I and GENSS II converge theoretically.  Table 4.7 distinguishes the 
differences of the mentioned algorithms.  With many other difficult problems in optimization 
area, GA poses a tradeoff between a general solution to the problem and performance.  Thus, to 
improve performance, the computational burden increases.  However, GA is proved to be a 
considerably better alternative than a random search (De Jong, 1975). 
 
 

Table 4.7  Several GAs 
Treating B*  CGA: 

GENSS 
De Jong: 
elitist strategy

Suzuki: 
modified 

Rudolph's: 
GENSS I 

GENSS II 

maintain B* ? no yes yes yes yes 

use B*  in genetic 
process? 

no yes yes no yes 

 
population size 

N pop  not fixeda 
Npop  or 
Npop +1 

N pop
b Npop +1c N pop +1d 

converge? no ? yes yes yes 
  

aIf B*  is included in the next candidate by "selection", pop-size=N pop ; if not, N pop +1. 

b B*  takes one cardinality and N pop −1 are generated.  Thus pop-size is fixed. 

c B*  does not take part in genetic process but takes one cardinality. 
dB*  is maintained and used in the genetic process. 

 
 
4.7  LOCAL SEARCH FOR  ENSS: LOCAL 
 
4.7.1 Overview 
 

In many problems it is either difficult or impossible to get a closed form expression for 
the components of the gradient.  In such cases the simple expedient of changing one coordinate 
by a small amount and observing the corresponding change in the function will give an estimate 
of the corresponding partial derivative as follows, 

 
∂f
∂x

≅
f x + ∆,⋅( )− f x,⋅( )

∆
 (4.51) 

Where f is a real valued function in a vector space. 
 

The weakness of this process is that if ∆  is small, then f x + ∆, ⋅( ) − f x, ⋅( )  is also small 
and the estimate of the derivative is subject to roundoff noise; whereas if ∆  is large, then it no 
longer measures the local gradient component.  The simple method is sometimes used and is 
often moderately effective but requires exorbitant computational cost to evaluate the function 
repeatedly according to the change in each coordinate at each step. 

 
Basically there are three different expressions for the numerical differentiation. 
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• Forward finite-difference expression with error of order ∆ : 

∂f
∂x

≅
f x + ∆,⋅( )− f x,⋅( )

∆
 

• Backward finite-difference expression with error of order ∆ : 
∂f
∂x

≅
f x, ⋅( )− f x − ∆,⋅( )

∆
 

• Central finite-difference expression with error of order ∆2 : 
∂f
∂x

≅
f x + ∆,⋅( )− f x − ∆, ⋅( )

2∆
 

 
The central finite-difference expression involves two sides of the current point x and function f 
and is desired (James, Smith and Wolford, 1993).  The central finite-difference method requires 
more computational burden in general.  The backward and central expressions can yield 
unfeasible values due to possible negative values of x − ∆  (in this study, Λ − ∆ ).  Therefore this 
study utilized the forward method. 
 
4.7.2 Gradient estimation 
 

For performing a local search, computing the gradient of the objective function must be 
considered first.  Total travel time z λ( )  may possess noncontinuous derivatives at a finite 
number of points because small changes in the green time split may cause a change in the 
number of paths used between some OD pairs (Sheffi and Powell, 1983).  Therefore the gradient 
required for the local search must be interpreted as a finite difference over the point of derivative 
discontinuity.  Typical terms of the gradient of z λ( ) are given by 

 
z λ( ) = xa λ( )

a
∑ ⋅t a xa λ( ),λa( ) 

→
∂z λ( )
∂λ k

=
∂xa λ( )

∂λk
⋅ ta xa λ( ),λ a( )+ xa λ( )⋅

∂ta xa ,λa( )
∂xa

⋅
∂xa λ( )

∂λk
+

∂ta xa,λa( )
∂λk

 

  
 

  
 
 
 

 
 
 a

∑ . 

 
Since ta ⋅,⋅( ) is a function of the green split on link a only, this can be simplified to 
∂z λ( )
∂λk

= ta xa λ( ),λa( )+ xa λ( )∂ta xa ,λa( )
∂xa

 

  
 

  
∂xa λ( )

∂λk

 
 
 

 
 
 a

∑ + xk λ( )⋅
∂tk xk ,λ k( )

∂λ k
  (4.52) 

 

The term 
∂xa λ( )

∂λk
 is the partial derivative of the equilibrium flow on a link with respect to the 

green split on another.  Because it is not possible to derive the term analytically, (4.52) is very 
difficult to use directly, while the other terms can be explicitly derived as long as t k ⋅,⋅( ) is 
differentiable with respect to x  and λ .  Thus, this study introduced an approximate method for 
estimating this term as follows, 

  

∂xa λ( )
∂λk

≅
xa K,λk + ∆ k,K( )− xa K,λ k,K( )

∆k
 (4.53) 
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Relation (4.53) numerically approximates 
∂xa λ( )

∂λk
 by the relative equilibrium flow change on 

link a to the green split change on link k.  In (4.52) one more noticeable term is 
∂tk ⋅, ⋅( )

∂λk
 where 

t k ⋅,⋅( ) is expressed by Webster's formula.  Linear approximation for an oversaturated range, 
∂tk ⋅, ⋅( )

∂λk
 could affect 

∂z λ( )
∂λk

 severely and give very different values according to where the 

current λ  is located.  Here two different methods can be devised: 
 

 • Derive and use the analytical form of 
∂tk ⋅, ⋅( )

∂λk
; (4.54a) 

• Use the approximate method: 
∂tk ⋅, ⋅( )

∂λk
≅

tk ⋅, λk + ∆( )− t k ⋅,λk( )
∆

. (4.54b) 

 
The above expressions use both analytical and numerical terms.  Thus it is also natural to use a 
full version of numerical estimation for the derivatives as, 

∂z
∂λ k

≅
z ... ,λk + ∆,. ..( )− z . .., λk ,. ..( )

∆
. (4.55) 

(4.55) avoids bothersome differentiations of some complex delay functions. 
 

Sheffi and Powell (1983) suggested, although not tested in their work, a simplified 
gradient approximation for a large network by assuming that 

ta ⋅,⋅( )+ xa ⋅
∂ta ⋅, ⋅( )
∂xa

 
 
  

 
 ⋅

∂xa ⋅( )
∂λ ka≠k

∑ << tk ⋅, ⋅( )+ xk ⋅
∂tk ⋅, ⋅( )

∂xk

 
 
  

 
 ⋅

∂xk ⋅( )
∂λ k

. (4.56) 

 

This is a strong conjecture which may be accurate because of two reasons: (1) 
∂xk ⋅( )
∂λk

>>
∂xa ⋅( )
∂λ k

 

for a ≠ k , since the network structure may tend to absorb changes; and (2) the terms in the sum 
in the left-hand side of (4.56) may be of undetermined signs and may, therefore, cancel each 

other.  Based on this idea, Sheffi and Powell suggested a simplified procedure to estimate 
∂z

∂λ k
 

as follows, 
 
• Perturb λ  so all the splits have been increased by ∆ : 
λ' = λa + ∆, λb + ∆, λ c + ∆, .. .( ) . 
• Perform one new equilibrium assignment with λ' . 
• Compute partial derivatives assuming (4.56) holds as, 
∂z

∂λ k
≅

∂zk λ( )
∂λ k

= t k .,.( )+ xk λ( )∂tk ., .( )
∂xk

 

  
 

  
∂xk λ( )

∂λk
+ xk λ( )∂t k .,.( )

∂λ k
 (4.57) 
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where 
∂xk λ( )

∂λ k
=

xk λ'( )− xk λ( )
∆

, and 
∂tk .,.( )

∂λ k
 is either in the analytical or the numerical form as 

in (4.54).  Additionally 
∂z

∂λ k
 can be numerically estimated as, 

∂z
∂λ k

≅
∂zk λ( )

∂λ k
=

zk λ'( )− zk λ( )
∆

. (4.58) 

 
This procedure would therefore greatly reduce the computational burden for large networks.  
Naturally, however, such a procedure may not be guaranteed to converge to any minimum (it 
could even oscillate).  Sheffi and Powell hypothesized in large networks the results may be close 
to the true local minimum.  The experiment to justify this argument has not yet been reported in 
the literature. 
 

In summary, three different local searches are suggested: analytical, finite difference and 
simplified.  Hereafter, they are called aLOCAL, nLOCAL and sLOCAL, respectively.  In 

addition, 
∂tk .,.( )

∂λ k
 is evaluated in two ways: analytically or numerically.  Therefore, three 

different codes and two evaluation techniques constitute six combinations as in Table 4.8. 
 

Table 4.8  Local searches 
Item Analytical: aLOCAL Numerical: nLOCAL Simplified: sLOCAL 
 
 
 

∂z
∂λ k

 

 
 
 

t a + xa
∂t a
∂xa

 

 
 

 

 
 

∂xa
∂λ k

 
 
 

 
 
 a

∑ + xk
∂t k
∂λk

 

 
 
 
z .. ., λk + ∆ ,...( )− z ..., λk ,...( )

∆
 
 

t k + xk
∂t k
∂xk

 

 
 

 

 
 

∂xk
∂λ k

+ xk ⋅
∂t k
∂λk

 

or   
zk λ'( )− z k λ( )

∆
 

 
∂xk
∂λ k

 
  

xa K, λk + ∆,K( )− xa K, λk ,K( )
∆

 
not needed xk λ'( )− xk λ( )

∆
 

 
∂tk
∂λ k

 

analytical  or 
t k ⋅, λk + ∆( )− t k ⋅, λk( )

∆
 

 
not needed 

analytical  or 
t k ⋅, λk + ∆( )− t k ⋅, λk( )

∆
 

Total 
UEa 

S S 1 

Total 
types 

2 1 3 

         aS is the number of phases in the network  
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4.7.3 Descent direction determination 
 

Notice that when λ  and Λ  are not identical for complex phase operating signals, the 
chain rule in section 4.3 is applied.  In section 4.7.2, λ  is used since "links" are considered.  In 
this section, Λ  is used since "phase green times" are dealt with.  In the codes, the chain rule is 
used whenever λ  is related to Λ  and vice versa. 

 
Sheffi and Powell's local search is a simple feasible descent procedure where at each 

iteration the algorithm advances along a descent direction.  At the n-th iteration, the algorithm 
advances along a descent direction d(n)  as 

 
Λ(n +1) = Λ(n ) + α(n) ⋅d(n ) (4.59) 
where α(n)  is a scalar which gives the (optimal) step size in the direction of d(n) .  The direction 
of steepest descent is that of the negative gradient.  In the presence of constraints, however, 
moving along the steepest descent direction may lead to infeasible points.  In our case, the 
descent direction must satisfy the always binding equality constraints Λs

j

s∈Sj
∑ = 1 ∀ j ∈ N to 

maintain feasibility. 
 

For feasibility Sheffi and Powell suggested a modification of the gradient direction at 
each point.  This modification is based on the well known "Gradient Projection Algorithm" 
(Luenberger, 1984; Bazaraa and Shetty, 1979).  This method generates an improving feasible 
direction for a problem by projecting the gradient of the objective function on the tangent 
subspace of the binding constraints.  Sheffi and Powell suggested the simplest way to obtain a 
feasible descent direction by modifying the gradient itself: computing the average of the gradient 
terms associated with Sj  and subtracting this average from all these terms as follows, 

 
Λs

j (n+1)
= Λs

j (n)
+ α(n) ⋅ ds

j(n )
 (4.60) 

ds
j(n)

= −
∂z

∂Λs
j − A j(n) 

 
  

 
  (4.61) 

where A j(n )
=

1
Sj

∂z
∂Λs

j
s∈Sj
∑ .  Then feasibility is maintained because for ∀ j ∈ N, 

 

ds
j(n )

s∈Sj
∑ = −

∂z
∂Λs

j − A j(n) 

 
  

 
 

s∈Sj
∑  

 

= −
∂z

∂Λs
j

s∈Sj
∑ + Aj(n)

s∈Sj
∑ = 0. (4.62) 

 
And by (4.60) and (4.62), 
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Λs
j (n+1)

s∈Sj
∑ = Λs

j (n)

s∈Sj
∑ =1 . (4.63) 

 
Sheffi and Powell did not show that d(n)  is a descent direction.  Here the proof is given after 
stating Theorem 4.1. 
 
[Theorem 4.1 ] (Bazaraa and Shetty, 1979, p 124) 

 
Suppose that f is differentiable at x.  If there is a vector d such that ∇f ⋅ d < 0, then there exists a 
δ > 0  such that f x( ) > f x + µd( ) for each µ ∈ 0,δ( ) , so that d is a descent direction of f at x. 
To show d(n) (≠ 0 ) is a descent direction, it is sufficient to show ∇z(n) ⋅d(n) < 0 .  For 
convenience, the superscript "(n)", denoting the iteration n, is omitted. 
 

  

∇z =
∂z

∂Λs
j

 

 
  

 
 =

∂z
∂Λ1

1 ,
∂z

∂Λ2
1 ,K,

∂z
∂Λ1

2 ,
∂z

∂Λ2
2 ,K, K,

∂z
∂Λ1

N ,
∂z

∂Λ2
N ,K

 
 
  

 
  

 

  
d = ds

j( )= d1
1,d2

1 ,K, d1
2 ,d2

2,K, K, d1
N ,d2

N ,K( ) 
where N is the total number of intersections.  Now consider a part of ∇z ⋅ d associated with 
intersection j and denote it by ∇zj ⋅ dj .  Then, 

  

∇zj ⋅ dj =
∂z

∂Λ1
j ,

∂z
∂Λ2

j ,K,
∂z

∂Λ
Sj

j

 

 

 
 

 

 
 
 ⋅ −

∂z
∂Λ1

j + A j,−
∂z

∂Λ2
j + Aj ,K,−

∂z
∂Λ

Sj
j + A j

 

 

 
 

 

 
 
  

  

= −
1
Sj

∂z
∂Λm

j −
∂z

∂Λn
j

 

 
  

 
 

n =m+1

Sj

∑
m=1

Sj −1

∑
2

Q by A.9 in Appendix 

< 0. (4.64) 
Thus, 

∇z ⋅ d = −
1
S j

∂z
∂Λm

j −
∂z

∂Λn
j

 

 
  

 
 

n=m+1

Sj

∑
m=1

Sj −1

∑
2

j=1

N

∑ < 0. (4.65) 

 
4.7.4 Determination of step size 
 

Once a descent direction is determined, a step size, α n( ), representing how much to move 
along the descent direction, must be decided.  Choosing an optimal step size is a one-
dimensional minimization problem as follows, 
min

α
z Λ n( ) + αd n( )( ) (4.66a) 

subject to 0 ≤ α ≤ α max . (4.66b) 
The value of αmax  is determined so that any new solution  Λ n +1( ) is feasible.  Thus, αmax  must 
be calculated first.  For a phase s at intersection n, 
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Λs
j min

≤ Λs
j n( )

+αds
j n( )

≤ Λs
j max

 (4.67) 
 
where Λs

j min
 and Λs

j max
 are the minimum and maximum allowable green splits, respectively.  

When ds
j n( )

> 0 , the possible maximum α  for the phase, say αs
j  is determined by Λs

j max
 as, 

αs
j =

Λs
j max

− Λs
j n( )

ds
j n( ) . (4.68) 

On the other hand, if ds
j n( )

< 0 , then, Λs
j min

 is associated with αs
j  as, 

αs
j =

Λs
j min

− Λs
j n( )

ds
j n( ) . (4.69) 

When ds
j n( )

= 0, then that phase is not related to deciding αmax  and if all ds
j n( )

= 0 over the 
network, Λ n( )  is a local solution.  Once αs

j  is calculated for phases over the network, αmax  is 
determined by the minimum all over the entire network as, 
αmax = min

s,j
αs

j{ }. (4.70) 

 
After αmax  is determined , (4.66) can be solved by any standard one-dimensional search method 
such as the golden section or bisection algorithm.  These methods require repeated evaluation of 
the objective function along the descent direction.  Each of these evaluations involves an 
equilibrium assignment to find xUE Λ n( ) + αd n( )( ).  Thus, the computational requirements of the 

one-dimensional search are significant.  This research implemented the golden section algorithm, 
which does not require the first derivative of z, and is outlined in Figure 4.26. 
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Input r = 0.6180333
n = 0

a = α max

b = αmin

αL = b −a( ) 1 − r( )+ a
αR = b − a( )r + a

n = n +1

z αL( )≤ z αR( )
?

a = α Lb = αR

αR = αL αL = αR

αL = b −a( ) 1 − r( )+ a αR = b − a( )r + a

α* = 1
2 b + a( )

stop

Yes No

Yes Yes

No No

z α( ),
αmax , αmin = 0

converge or
max iteration

?

converge or
max iteration

?

 
 

Figure 4.26  Flowchart of the golden section algorithm 
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4.7.5 Local search algorithm and experimental factors 
 

LOCAL is summarized in Figure 4.27.  Basically, three stopping rules are used in this 
work: (1) it is clear that if d = 0 , a local solution is obtained; (2) when the specified maximum 
number of local searches is reached; (3) the rate of change of green splits is minimal.  Normally 
green phases Λs

j  can be implemented in whole seconds and hence the iteration should terminate 
if none of the green splits is being changed by more than 1

CL .  When Λ ≠ λ , as explained in 
section 4.3, the chain rule between Λ  and λ  is required in calculating the gradient.  Initial 
solutions affect final solutions of all types of local searches.  Furthermore, the increment ∆Λ s

j  is 
an important factor. 
 

STEP 0: Initialization: obtain feasible splits, Λs
j 0( )  

 
  
 

 and set n=0. 

STEP 1: Update: calculate ta
n( ){ } for given Λs

j n( )  
 

  
 
 and perform UE assignment. 

STEP 2: Gradient calculation: calculate ∂z
∂λa

n( )  and ∂z

∂Λ s
j n( )   by the chain rule. 

STEP 3: Descent direction determination: ∀ junction j , compute A j(n)
=

1
Sj

∂z
∂Λ s

j
s∈Sj
∑  

and for each phase, ds
j( n)

= −
∂z

∂Λs
j − Aj(n) 

 
  

 

 
  . 

STEP 4: Determination of maximum step size: 

• if ds
j n( )

> 0 , set αs
j =

Λs
j max

− Λs
j n( )

ds
j n( ) , and if ds

j n( )
< 0 , set αs

j =
Λs

j min
− Λs

j n( )

ds
j n( ) ; 

• set αmax = min
s, j

αs
j{ }. 

STEP 5: Step size determination and split updating: 
• find α* that solve min

α
z Λ n( ) + αd n( )( ) subject to 0 ≤ α ≤ α max; 

• set Λ n +1( ) = Λ n( ) + α*d n( ). 
STEP 6: Stopping test: 
• If n = nmax  or d n( ) = 0 , then stop; 
• If max

s, j
Λs

j n+1( )
− Λs

j n( ) 
 
 

 
 
 

≤ ε =
1

CL
 (or max

s, j
Gs

j n +1( )
− Gs

j n( ) 
 
 

 
 
 

≤ 1.0sec ), stop; 

• Otherwise set n = n+1 and go to STEP 1.  
 

Figure 4.27  Local search 
 
 
4.8  ITERATIVE OPTIMIZATION-ASSIGNMENT PROCEDURE FOR ENSS: IOA 
 
4.8.1 Overview 
 

As explained in Chapter 2, the iterative optimization-assignment (IOA) is a heuristic 
approach for ENSS, which finds mutually consistent points instead of a local or global optima.  
Sheffi and Powell (1983) called this a naive approach.  The domain space x,λ( ) or X,Λ( )  
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constitutes vectors of flow and green splits.  By fixing either one, IOA decomposes the problem 
into two subspaces, x,λ fix( ) and xfix ,λ( ), and solves them alternatively.  Subspace x,λ fix( ) 
relates to the traffic assignment and xfix ,λ( )  to signal optimization. 

 
The concept of pressure and its chain rule are discussed first and the approximation of 

pressure when vcr approaches 1.0 follows.  Then an algorithm for IOA through pressure 
balancing is explained with a streamlined version. 

 
4.8.2 Pressure and chain rule 
 

Smith and co-workers have theoretically studied the IOA approach (Smith, 1979a, 1979b, 
1981a, 1981b, 1981c, 1982; Smith et. al., 1987; Smith and Van Vuren, 1993). To find the 
mutually consistent point, a new concept pressure was introduced, which is perceived by the 
signal setter as explained in section 2.6.  Pressure is different depending on what policy is 
chosen.  When signal phases associated with an intersection have different degrees of pressures, 
the phase green splits must be adjusted to balance their pressures.  Generally, pressure increases 
with flow and decreases with the green time ratio. 

 
To derive the explicit form of pressure with total travel time minimization policy, four 

different cases are illustrated as follows, 
 

• Case 1: only one link receives green during each phase, no link receives green at more than one 
phase and only one junction with two phases exists in the network;  
N = 1, L = 2, L1 = a,b{ }, S1 = S1

1,S2
1{ }, 

ωn,s
1

s∈S1
∑ = 1 for n ∈L , Ls

1 =1 for s ∈S1 . 

• Case 2: some phases give green to more than one link but each link runs over only one phase, and 
only one intersection with two phases exists in the network; 
N = 1, L ≥ 2 , L1 = a,b, .. .{ }, S1 = S1

1,S2
1{ }, 

ωn,s
1

s∈S1
∑ = 1 for n ∈L , Ls

1 ≥ 1 for s ∈S1. 

• Case 3: some phases give green to more than one link, and/or some links run over more than one 
phase, and only one junction with more than two phases exists (here say three); 
N = 1, L ≥ 2 , L1 = a,b, .. .{ }, S1 = S1

1,S2
1 ,S3

1{ }, 

ωn,s
1

s∈S1
∑ ≥ 1 for n ∈L , Ls

1 ≥ 1 for s ∈S1 

• Case 4: the same as Case 3 but the network contains more than one intersection; 
N ≥ 1, Lj ≥ 2 , Sj ≥ 2 j = 1,2,..., N 

ωn,s
j

s∈S1
∑ ≥ 1 for n ∈L , Ls

j ≥ 1 for s ∈Sj . 

For each case, the chain rule is involved between link pressure pa  and phase pressure Ps
j .  This 

chain rule is necessary since phase green time can be adjusted but the individual green time 



 122

cannot be solely adjusted unless only one link can receive green at each phase.  In other words, 
balancing phase pressure is required to obtain the mutually consistent point and it can be done by 
re-distributing green to phases, not to individual links.  Figure 4.28 contains the examples of the 
four cases.  Now, the derivation of pressure is presented starting with the case 1.  Here notice 
that flow is fixed. 
 
4.8.2.1 Case 1 
 
The control optimization problem can be formulated as (4.71). 
 
min z = xa ⋅ta

a
∑ xa,λa( ) (4.71a) 

s.t. Λs
1 = 1

s
∑  (4.71b) 

 Λ1
1 and Λ2

1 ≥ 0  (4.71c) 
Figure 4.28a is an example of this case.  Assume that optimal Λs

1  are nonnegative and then relax 
(4.71c).  Notice that Λ1

1 = λa  and Λ2
1 = λ b . 
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(a) Case 1 

Phase S2
1Phase S1

1

a b

Λ1
1 = λa Λ2

1 = λ b  
 
(b) Case 2 

Phase S2
1Phase S1

1

a

cb

Λ1
1 = λa = λb Λ2

1 = λc  
 
(c) Case 3 

Phase S2
1Phase S1

1

a

d
c

Phase S3
1

e

b

Λ3
1 = λb = λ eΛ2

1 = λdΛ1
1 = λa = λc  

 
 
(d) Case 4 

m
Phase Ss

j

  Λs
j = λm = λ n =K

n

...
  L  L ...   L

Phase S ′ s 
′ j 

m'

n'

  Λ ′ s 
′ j = λ ′ m = λ ′ n =K

 
 

Figure 4.28  Four different cases of phase plan 
 



 124

Now the Lagrangian L  for (4.20) is 

L = z + µ Λs
1 −1

s
∑
 

 
  

 
 

= xata + xbt b + µ Λ1
1 + Λ2

1 −1( )
 

where µ  is a dual variable, also knows as a Lagrangian multiplier.  At the solution point µ  
indicates sensitivity of the value of z at its minimum to the constraint.  If the right hand side of 
the constraint is relaxed (in this case, increased) by some small amount ∆ , the minimum value of 
z will decrease by µ ⋅ ∆ .  Now, the first-order necessary condition is 

  

∂L
∂Λ1

1 = ∂z
∂λa

∂λa
∂Λ1

1 + ∂z
∂λ b

∂λb
∂Λ1

1 + µ = xa ⋅ ∂ta
∂λa

∂λa
∂Λ1

1 + µ

= xa ⋅
∂ta
∂λa

+ µ Q
∂λa
∂Λ1

1 =1
 
 
  

 
 = 0.

 

Thus, 

−xa
∂ta
∂λa

= µ .  Similarly, −xb
∂tb
∂λ b

= µ . 

Therefore at the optimal point, 

−xa
∂ta
∂λa

= −xb
∂t b
∂λb

. (4.72) 

 
Equation (4.72) is the typical solution condition in the classical optimization saying the weighted 

(here by x) slopes (
∂t
∂λ

) should be the same at the optimal condition.  Thus, at a solution but not 

an optimal one, −xa
∂ta
∂λa

 will be bigger or smaller than −xb
∂tb
∂λ b

.  If one assumes that −xa
∂ta
∂λa

 

is bigger, balancing −xa
∂ta
∂λa

 and −xb
∂tb
∂λ b

, requires swapping green from stage 2 to stage 1 

since 
∂t
∂λ

<
∂t

∂ ′ λ 
if λ < ′ λ  (see Figure 4.29).  Reviewing (4.72), the pressure of problem (4.71) 

can be defined −xa
∂ta
∂λa

= pa = P1
1  and −xb

∂tb
∂λ b

= pb = P2
1  naturally. 
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∂t
∂λ

<
∂t
∂ ′ λ 

′ λ λ
λ

monotonically decreasing 
convex function

t xfixed ,λ( )

 
 

Figure 4.29  Link performance function and green time ratio 
 
 
4.8.2.2 Case 2 
 

Figure 4.28b is an example of this case.  Here, Λ1
1 = λa = λb  and Λ2

1 = λc .  Now, 
z = xa ⋅ ta + xb ⋅ tb + xc ⋅ tc  and L = z + µ Λ1

1 + Λ2
1 −1( ). 

 
At the optimal point, 
 
∂L
∂Λ1

1 = ∂z
∂λa

∂λa
∂Λ1

1 + ∂z
∂λ b

∂λb
∂Λ1

1 + ∂z
∂λc

∂λc
∂Λ1

1 + µ

= xa
∂ta
∂λa

+ xb
∂tb
∂λ b

+ µ = 0.
 

 
Hence, 

−xa
∂ta
∂λa

− xb
∂tb
∂λb

= µ .  Similarly, by 
∂L

∂Λ2
1 , −xc

∂tc
∂λc

= µ . 

At the optimal point, −xa
∂ta
∂λa

− xb
∂tb
∂λb

= −xc
∂tc
∂λc

.  Thus, pressure can be defined as, 

for links pa = −xa
∂ta
∂λa

 pb = −xb
∂tb
∂λ b

 and pc = −xc
∂t c
∂λc

; 

for stages P1
1 = pa + pb  and P 2

1 = pc. 
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4.8.2.3 Case 3 
 

Figure 4.28c is an example of this case.  Links a and b have signal green during stages 1 
and 3, respectively but they are actually the same link.  Here, Λ1

1 = λa = λc  Λ2
1 = λd  and 

Λ3
1 = λb = λ e .  Now, 

 
z = xa + xb( )tab xa + xb,λ ab( )+ xc ⋅ tc + xd ⋅ td + xe ⋅ te  
where Λ1

1 + Λ3
1 = λab , Λ1

1 = λ c, Λ2
1 = λd , Λ3

1 = λ e and tab  is simply an aggregate delay function 
representing link a and b. 
 

Since L = z + µ Λ1
1 + Λ2

1 + Λ3
1 −1( ), at the optimal point, 

∂L
∂Λ1

1 = ∂z
∂λab

∂λab
∂Λ1

1 + ∂z
∂λ c

∂λ c
∂Λ1

1 + ∂z
∂λd

∂λd
∂Λ1

1 + ∂z
∂λe

∂λe
∂Λ1

1 + µ

= xa + xb( ) ∂tab
∂λab

+ xc
∂t c
∂λc

+ µ

= 0.

 

Hence, 

− xa + xb( ) ∂tab
∂λab

− xc
∂tc
∂λc

= µ . 

 

Similarly, by 
∂L

∂Λ2
1 , − xd

∂td
∂λd

= µ ; by 
∂L

∂Λ3
1 , − xa + xb( ) ∂tab

∂λab
− xe

∂te
∂λe

= µ . 

Therefore, pressure can be defined as, 

for links pab = − xa + xb( )∂tab
∂λab

 pc = −xc
∂t c
∂λc

, pd = −xd
∂td
∂λ d

 and pe = −xe
∂te
∂λe

; 

for stages P1
1 = pab + pc , P 2

1 = pd  and P 3
1 = pab + pe . 

 
4.8.2.4 Case 4 
 
By observing Cases 1, 2 and 3, the pressure of the general network can be derived. 

z = xa ⋅t xa,λ a( )
a=1

L

∑ . 

L = z + µ j Λs
j −1( )

s∈Sj
∑

j=1

N

∑ . (4.73) 

To solve (4.73), 
∂L

∂Λs
j = xa

∂ta
∂λ aa∈Ls

j
∑ + µ j = 0 

−xa
∂ta
∂λaa∈Ls

j
∑ = µ j for all j. (4.74) 
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Finally the chain rule between link pressure and phase pressure is obtained as 
 

pa = −xa
∂ta
∂λa

for link a  (4.75) 

Ps
j = pa

a∈Ls
j

∑ = pa
link a receives green

at stage s of int er sec tion j

∑ . (4.76) 

 
4.8.3 Green time constraints and relaxation 
 

In a UE context, users are assumed to seek a less costly route, which results in no flow on 
more costly routes.  Similarly, if a policy of signal setting is satisfied, a less pressurized phase 
receives no intersection green time.  To satisfy this condition, all nonzero phase pressures at 
every junction should be the same. 

 
For pedestrian crossing, a minimum green time ratio for each stage is imposed and hence 

each phase maximum is limited so as to provide minimum green to the other phases.  For 
example, at junction j, P1 and P 2  denote the pressure of phases 1 and 2, respectively and Λ1 and 
Λ2  are green splits. When P1 < P 2 , to obtain equal pressures, some green from phase 1 should 
be swapped to phase 2, which reduces P2  and increases P1.  If Λ1 = Λ1

min , however, any swap of 
green time from phase 1 produces Λ1 less than Λ1

min , i.e., infeasible signal setting.  This could 
happen if phase 1 serves very little traffic and hence has very low pressure even at Λ1

min .  To 
overcome this situation, this paper relaxed the condition on pressure at mutually consistent points 
by regarding the phases under such a special circumstance as balanced phases if the swapping 
cannot proceed for this reason.  This relaxation happens infrequently only in the complex 
network partially.   

 
In addition, since xa,λa( )= 0,0( )  has no useful meaning, it should be excluded.  Putting 

Λs
min  excludes that point naturally. 

 
4.8.4  Derivation of pressure and approximation 
 
4.8.4.1 Derivation of pressure 
 

Pressure for total travel time minimization can be obtained for the three curves: the BPR, 
Webster's and the kink curve.  The unit of pressure is dependent on the policy.  For minimizing 

total travel time, pressure is unitless because x  and 
∂w
∂λ

 cancel out each other. 

 
•  For the BPR curve 

pbpr =
t0 ⋅α ⋅β ⋅xβ+1

sβ ⋅ λβ+1 ; (4.77) 
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•  For Webster's curve 

pweb = x
CL ⋅ s 1− λ( )

s − x( ) +
x
2

s
s ⋅ λ − x( )2 −

1
s ⋅ λ2

 

 
 

 

 
 ; (4.78) 

•  For the kink curve 

pkink = x ⋅
T x − ˆ x ( )
2s ⋅ λ2 + x ⋅

T
2s ⋅λ

⋅
∂ˆ x 
∂λ

− x
∂w ˆ x ( )

∂λ
. (4.79) 

 
4.8.4.2 Pressure of the BPR curve 
 

Figure 4.30 shows the typical shape of p for the BPR curve with respect to λ .  Figure 
4.30(a) contains two cases with different flow levels: 1200 vph and 800 vph.  Here s=2000 vph, 
t 0 =30 sec, α=0.15 and β=4.0 are assumed.  Pressure with the higher volume is bigger than that 
with the lower volume.  Figure 4.30(b) shows an exaggerated graph of pressure.  λ  is defined to 
be λ  that solves x = s ⋅ λ , (i.e., vcr=1.0).  When λ  is too small and the stream is oversaturated, 
then pressure is very high.  As λ  increases, the stream becomes undersaturated and pressure is 
reduced.  Around λ , pressure dramatically changes.  This pattern of pressure is useful for 
redistributing green between stages because it tends to avoid oversaturation.  The following 
(4.80) shows pressure is a decreasing function with respect to λ  and (4.81) indicates pressure is 
convex with respect to λ . 

 
∂pbpr

∂λ
= −

t0 ⋅α ⋅β β +1( )⋅ xβ+1

sβ ⋅ λβ+2 ≤ 0. (4.80) 

∂2pbpr

∂λ2 =
t0 ⋅ α ⋅ β β +1( ) β + 2( )⋅ xβ+1

sβ ⋅λβ+3 ≥ 0 . (4.81) 
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(a) an example of pressure 
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Figure 4.30  Typical shape of link pressure for the BPR curve  
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4.8.4.3 Pressure of Webster's curve 
 

For Webster's curve, the same example is given in Figure 4.31.  Since Webster's curve 
cannot be defined for vcr >1.0 , pressure is valid only for the undersaturated regime.  Like the 
BPR curve, pweb  is a decreasing convex function with respect to λ  according to (4.82) and 
(4.83).  As λ  becomes smaller and approaches λ  (i.e., vcr →1.0 ), pweb   increases in a manner 
similar to that in which delay grows as volume approaches capacity. 

 
 
∂pweb

∂λ
= −x

CL ⋅ s
s − x( ) −

x
2

2s2

s ⋅ λ − x( )3 −
2

s ⋅λ3

 

 
 

 

 
 ≤ 0 for for 0 ≤ x < s ⋅ λ . (4.82) 

∂2pweb
∂λ2 =

x
2

6s3

s ⋅ λ − x( )4 −
6

s ⋅ λ4

 

 
 

 

 
 ≥ 0 for 0 ≤ x < s ⋅λ . (4.83) 

To define pressure when vcr >1.0 , an approximation is required. 
 
 
4.8.4.4 Pressure of the kink curve and approximation 
 

The pressure for the kink curve can be derived as 

pkink = x ⋅
T x − ˆ x ( )
2s ⋅ λ2 + x ⋅

T
2s ⋅λ

⋅
dˆ x 
dλ

− x
dw ˆ x ,λ( )

dλ
. (4.84) 

This is pretty complex because  
dw ˆ x ,λ( )

dλ
=

∂w ˆ x ,λ( )
∂ˆ x 

⋅
dˆ x 
dλ

+
∂w ˆ x ,λ( )

∂λ
and 

dˆ x 
dλ

= s −
1
2

s
T ⋅λ

. 

In addition, when x = ˆ x , 

pkink − pweb = x ⋅
T

2s ⋅λ
⋅
dˆ x 
dλ

≠ 0 . 

This gap came from the approximate use of the kink curve.  Figure 4.32 represents the shape of 
pkink  when T=900. 
 

Van Vuren and Van Vliet (1992) used an extra constraint regarding this gap: When λ  
needs to be swapped from the less pressurized stage to the more pressurized stage, the resulting 
λ  of the less pressurized stage should be greater than λ .  In other words, λ  of the less 
pressurized stage can be reduced at most λ  so that undersaturation is guaranteed.  Unfortunately, 
because pressure cannot be defined at the point vcr = 1.0, they set the feasible boundary of λ  as 
that which is associated with vcr = 0.999 . 
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(a) an example of pressure 
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Figure 4.31  Typical shape of pressure for Webster’s curve  
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(a) an example of pressure 
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Figure 4.32  Pressure of kink curve 
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  This research uses a slightly different idea, which does not need an additional constraint 
like Van Vuren and Van Vliet.  A polynomial pressure form for the oversaturated range is 
developed.  Then, pweb is defined through the entire vcr range.  In addition, the characteristic that 
pweb increases asymptotically as vcr→1.0 can exclude oversaturated or nearly oversaturated 
signal settings in the pressure balancing.  This is similar to the penalty function in optimization 
and the role of the T in the kink delay.  This idea can be implemented as follows, 
  

 First define x̂ as follows that solves 999.0=
⋅ λs
x .  Notice that xx ˆ≠ .  Then if xx ≥ , use 

(4.85), which is the combination of pweb for x̂  and pbpr for (x- x̂ ).  This makes the pressure of 
Webster’s curve continuous around x̂ . 
 

 Pkink = Pkink (x,λ)= -(x- x̂ ) ( ) ( )λλ
λ

,, xpx
w

web
bpr +

∂
∂

⋅ .  (4.85) 

 
This approximation guarantees the use of the original Webster’s pressure up to vcr = 0.999 
without involving any approximation and works as a penalty function for vcr > 0.999.  Figure 
4.33 shows the shape of (4.85).  The curve is very steep in the oversaturated regime but 
maintains continuity between the two regimes. 
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Figure 4.33 Approximation of pressure for Webster's curve 
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4.8.5  Derivation of pressure and approximation 
 
 For a given UE flow, green time optimization is to be solved with the pressure notion.  
Less pressurized stages provide green to more pressurized stages until the related phases show 
the same pressure level.  This is similar to swapping flow from higher cost routes to cheaper cost 
routes to cheaper cost routes in traffic assignment.  The algorithm employed in this study is 
suggested by Dafermos and Sparrow (1969) and adopted Van Vuren and Van Vliet (1992).  
Finding higher and cheaper cost routes requires route enumeration, which is very difficult in the 
large network.  Finding higher and lower pressurized stages, however, is easy because the 
number of phases at each intersection is at most less than six.  The convergence criterion can be 
established using green time change between two swap iterations, say, m and m+1: 
 

• ε≤−+ )()1( m
s

m
s GG ,  for each stage s where ε = 0.1 ~ 0.5 sec. 

 
Or, directly using 
 

• 
( )

ε≤
−

−

min

min

max

max

2
1 jj

jj

PP

PP
     ∀  j  ∈  N where ε = 0.01 ~ 0.001 

 
where 

maxjP  and minjP are pressures of the maximum and minimum pressurized stages of 
intersection j, respectively.  For swapping the green time, the golden section search is employed.  
Figure 4.34 is the summary for this procedure.  
 

 
 

Figure 4.34  Green time swapping 
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4.8.6 IOA algorithm and its streamlined version 
 
Figure 4.35 describes the entire IOA algorithm.  Because of the full F-W algorithm 

associated with UE assignments, whenever signal control variables are updated by swapping, 
IOA converges slowly (Smith and Van Vuren, 1993).  Van Vuren and Van Vuliet (1992) 
suggested a streamlined IOA and Smith and Van Vuren (1993) proved the convergence.  The 
suggested streamlined IOA performs only one F-W algorithm in the assignment.  This restriction 
reduces the UE computation time.  However, naturally it may increase the overall iterations 
between STEP 1 and 2.  This is similar to the streamlined diagonalization algorithm version for 
the asymmetric interaction in Sheffi (1985).  The overall iteration increase is offset by 
computation gain from not calculating precise equilibrium in the early stages of the algorithm.  
This is implemented in the code IOA. 

 
Furthermore another streamlined version of IOA is suggested and implemented by 

limiting the pressure swapping iteration to only one for each flow pattern in STEP 2, no matter 
whether the flow is obtained by the full F-W algorithm or the streamlined one.  This is suggested 
since the initial iterations, the precise pressure balancing can incur many golden search iterations 
but the resulting balanced pressure may change easily after flow is updated.  Thus, the crude 
iteration of the initial iterations may save calculation time. 

 
 

 
 

Figure 4.35 IOA algorithm 
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4.9 CHAPTER 4 SUMMARY 
 

Development of four codes, SENSS, GENSS, LOCAL and IOA based on simulated 
annealing, a genetic algorithm, a local search and the iterative approach, respectively, have been 
presented.  Total system travel time minimization was selected as the control policy and user 
equilibrium is the route assignment rule.  The green time ratio was the selected control variable 
link performance was described by the BPR and Webster curves.  For the user equilibrium 
assignment, Webster’s curve was linearly projected to the over saturation regime.  In the codes, 
the chain rule permitted including multiphase signal schemes and the streams to move during 
more than one stage.  The problem noncovexity was investigated on several simple example 
networks.  SENSS and GENSS were implemented to maintain the feasibility of the newly 
generated control variables.  LOCAL constitutes three different versions with six variations 
depending on how to calculate the gradient.  The pressure concept was used in control 
optimization of IOA. 
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CHAPTER 5  CHARACTERISTICS OF THE FOUR  
COMBINED PROBLEM ALGORITHMS 

 
To explore their characteristics, the four developed codes are tested in the four example 

networks.  To individually treat intersection traffic streams, a detailed network representation is 
used.  Preliminary results in this chapter help to gain insight into algorithm characteristics as well 
as to ensure correct implementation before comprehensive analysis for the influence of network 
sizes and congestion level.  Characteristics of each code including convergence pattern will be 
presented.  The main link performance model is Webster's curve and most analysis is performed 
with it although for comparison the modified BPR curve is implemented. 
 
5.1  NETWORK REPRESENTATION AND PERFORMANCE MODEL 

To explicitly model directional intersection movements, the conventional network 
representation, in which intersections are coded as nodes, cannot be used.  Intersections are 
coded as a set of links, representing all possible movements from the upstream approaches as 
shown in Figure 5.1.  Meneguzzer (1995) used this representation.  In the figure, links related to 
turning movements are called "intersection links" (see "a") and the others (see "b") are called 
"nonintersection links." 

Network performance is modeled with two curves as in Table 5.1.  For Method 1, the 
user may choose to model nonintersection links as having either constant speed or variable speed 
with volume using the BPR curve.  For simplicity, the former is used in Chapters 5 and 6.  
Method 2 represents intersection and nonintersection links in one equation using the modified 
BPR curve. 

 
 

a:  intersection link 
b:  nonintersection link

a b

 
Figure 5.1  Detailed intersection representation 
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Table 5.1  Link performance model 
Methods Intersection links Nonintersection links 
Method 1 Webster's model Constant or BPR curve 
Method 2 Modified BPR curve  

 
 
5.2  EXAMPLE NETWORKS 

The following four example networks considering three different network sizes (small, 
medium and large) were selected as in Figure 5.2, 5.3 5.4 and 5.5, denoted by "VV", "2x1", 
"MED" and "AST", respectively.  VV and 2x1 network are small size networks.  For simplicity, 
the figures use the conventional network representation except for VV.  Table 5.2 contains more 
information on these network characteristics.  Figure 5.5 is a network located in Austin, Texas 
consisting of 21 zone centroids, 27 signalized intersections, 83 total phases, 267 intersection 
links and 323 total links. 
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Figure 5.2  A simple network from Van Vuren and Van Vliet (1992)  
(denoted by "VV" and same as the network in Figure 4.8) 
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Figure 5.3  An example network with two intersections 

(denoted by "2x1" and same as the network in Figure 4.15) 
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Figure 5.4  A medium size network (denoted by "MED") 
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Figure 5.5  A subnetwork from the city of 
Austin, Texas, USA (denoted by "AST") 
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Table 5.2  Example network characteristics 
Items       \          Network VV 2x1 MED AST 
signalized intersections 1 2 11 27 
total phase number 2 4 40 83 
total zone number 2 4 10 21 
total intersection links 
total nonintersection links 
total link number 

2 
2 
4 

4 
7 

11 

108 
50 

158 

267 
56 

323 
 
 
 

5.3  SO AND MULTIPLE UE SOLUTIONS OF VV NETWORK 
In this section, for the VV and 2x1 networks, optimal signal settings and flow minimizing 

total network travel time (TTT) are determined with/without the UE constraint (i.e., SO flow).  
Due to the simplicity of the two networks, multiple UE flow patterns as well as the SO flow 
pattern can be calculated.  The nature (characterized by extreme behavior) of the interaction 
between flow and the delay minimization control policy is discussed by investigating the SO and 
UE patterns. 

 
5.3.1  SO of VV network 

For the VV network, Figures 5.6, 5.7, 5.8 and 5.9 show optimal green times, flows and 
associated average and total travel times.  Here flow is not restricted to UE and is SO.  As can be 
seen in the figures, at low demand, all flow and green time are assigned to the shorter direct path 
and no flow is on the bypass up to an OD flow of 1831 vph.  Above that demand level, a 
complete swap of green time and flow to the bypass takes place, i.e., λ1 = 0.99,x1 =1831( ).  At 
that point, path travel time on the bypass is 71.2 sec which equals the travel time with full green 
and flow on the shorter path, i.e., λ1 = 0.01,x1 = 0( ). 

Notice that this full flow assignment to one path makes the SO pattern also the UE.  Van 
Vuren and Van Vliet (1992) present the same discussion with a different intersection delay curve 
(called the sheared delay).  Their flipping demand level was 1858 vph. 

Average travel time increases steadily and then sharply in two places as shown in Figure 
5.8.  The first major change is the flipping point characterized by flow approaching the capacity 
of the shorter path and random delay increasing.  The second change starts where the flow level 
approaches the bypass capacity because of the same reason.  This extreme behavior is quite 
unlikely in reality because a minimum nonzero green setting is required for all intersection 
approaches and all users cannot be provided perfect information. 
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Figure 5.6  System optimal control green time allocation to wide bypass route 
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Figure 5.7  System optimal control flow allocation to wide bypass route 
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Figure  5.8 Average travel time of system optimal control  
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Figure 5.9 Total travel time of system optimal control  

 
5.3.2   Multiple UE flow patterns and the VV network 

As mentioned above, the SO flow pattern obtained here is also a UE.  Now, for a certain 
level of OD flow, one might wonder what other UE patterns could be found.  To identify them, 
two different OD levels are examined; OD=500 which is small enough to be fully assigned to 
either path and OD=3500 which is large enough to potentially generate nonextreme flow patterns 
(Notice that the capacity of the shorter path cannot exceed 2000 vph).  The results are shown in 
Figures 5.10 to 5.12 for OD=500 and 5.13 to 5.15 for OD=3500. 

For OD=500, three green time and associated flow strata exist as follows: 
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• λ1 = λ min ~ 0.57 : in this range, assigning all flow to the shorter path makes UE.  Any 
unilateral path switching to the bypass will experience more travel time than staying on 
the shorter path. 

• λ1 = 0.57 ~ 0.69: in this range, the two extreme flow patterns cannot be UE since any 
path switching flow from the extreme pattern will experience lower travel time and 
hence switching will continue until travel times on both paths are equal.  This 
nonextreme flow pattern cannot be observed if λ1 is out of this range. 

• λ1 = 0.69 ~ λmax  in this range, no UE flow with nonextreme flow patterns exists.  
Assigning all flow to the bypass is a UE flow and any unilateral path switching again 
results in longer individual travel time. 

Any combination of flow and green time on the line in Figure 5.10 represents a UE flow pattern 
and is one feasible solution of the equilibrium network signal setting problem under 
consideration.  Figures 5.11 and 5.12 represent the associated UE flow total travel times with 
respect to green time ratio and percentage flow on the bypass, respectively.  These figures 
confirm the extreme nature of the delay minimizing policy. 

With the 3500 vph demand on the VV network, the same analysis has been done and is 
shown in Figures 5.13, 5.14 and 5.15.  Notably, most UE flow patterns with λ1 ≤ 0.78 show 
oversaturated operation.  In these Figures, the optimum combination of UE flow and green 
assigns all flow to the bypass with maximum λ1. 

The 2x1 network in Figure 5.3 was devised to test the machine code.  For OD's from A to 
B, the bypass (A →1 → B) has larger travel time and a smaller saturation rate than the shorter 
(A → 2 → B) path.  Thus, one can guess that at low demand levels, more traffic from A should 
be assigned to the shorter path together with some amount of λ3  to reduce the total travel time.  
Intersection 1 will provide minimal green to λ1 ensuring more green to λ 2  and this interaction 
will decide optimum flow-control combinations.  At high demand levels, one more interaction 
must be considered.  As more traffic is assigned to the bypass, more λ3  (i.e., less λ 4 ) may 
worsen travel time from C and D.  Thus, some traffic must be assigned to the bypass resulting in 
a bigger λ1 and a smaller λ 2 .  Thus, finding the optimal combination of green time and flow is 
not trivial and an analytical solution is very hard to find when the network includes more than 
two intersections. 
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Figure 5.10  VV network UE flow and green time, OD=500 
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Figure 5.11  VV network UE flow TTT and green time, OD=500 
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Figure 5.12  VV network UE flow TTT and percentage bypass flow, OD=500 
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Figure 5.13  VV network UE flow and green time, OD=3500 
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Figure 5.14  VV network UE flow TTT and green time, OD=3500 
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Figure 5.15  VV network UE flow TTT and percentage bypass flow, OD=3500 
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5.4  INITIAL CONTROL SETTING AND DEMAND LEVEL 
To confirm implementation correctness as well as to show the algorithm characteristics, 

all codes have been independently applied to the example networks.  Except for the simplest 
network (VV), analytical local and global solutions cannot be obtained.  Thus, bench mark tests 
have been performed with respect to solution quality measured by total travel time, convergence 
pattern and computational burden.   

Initial control settings and different demand levels are important factors to be examined 
and hence the five levels shown in Table 5.3 were selected.  The weighted vcr (wvcr) means a 
network level vcr weighted by link flow as follows: 

wvcr = xa ⋅ vcra
a
∑ xa

a
∑  (5.1) 

 
Table 5.3  Chosen initial control settings and OD levels 

Initial 
control 
setting, λ o  

type 1 each phase green time for each intersection is proportional 
to the number of phases. 

 type 2 λ o  is fixed as follows: if 2 phase operation, set (.25, .75); 
if 3 phase, set (.25, .25, .5); if 4 phase, set (.2, .2, .2, .4). 

 type 3 each independent phase green time is randomly assigned. 
OD level 1 lowest level, weighted vcr ≈0.1 in the example networks 
 2 lower level, weighted vcr ≈0.3 in the example networks 
 3 medium level, weighted vcr ≈0.5 in the example networks 
 4 higher level, weighted vcr ≈0.7 in the example networks 
 5 highest level, weighted vcr ≈0.9 in the example networks 

 
5.5  PRELIMINARY TEST FOR SENSS CHARACTERISTICS 
 
5.5.1  SENSS parameters and stopping criteria 

Within the time resources available, investigating all interactions of SENSS parameters 
and features is impossible since it is a combinatorial problem itself.  Thus, base values shown in 
Table 5.4 are chosen from the literature and reasonable judgment is used as a pretest.  The initial 
temperature must be chosen to be high enough to accept most newly generated points at the 
initial search stage.  Although larger NIN finds better solutions with fewer outer iterations, it 
may not be always desirable in computational aspect.  Unilateral changes of NIN cannot reduce 
the computational burden.  One practical point is NIN  should be large enough to allow the 
Choleski decomposition to be successful.  Since the search focuses on a small part of the solution 
space during later iterations, the possibility of decomposition failure grows because the 
covariance matrix cannot be guaranteed positive definite (numerically). 

 
Table 5.4  Base SENSS parameter values 

initial 
temperature 

inner iterations 
per each outer 
iteration 

growth 
factor, χ

β  Q 
matrix 

δ  for boundary 
intensifying 



 151

9.9999 ×109  NIN = 15NIP 
VV=15   2x1=30 
MED=435 AST=840 

2.0 .11 diagona
l setting 

0.2 

 
Figures 5.16, 5.17 and 5.18 indicate the relationship among total travel times of generated 

points, Metropolis algorithm and the cooling schedule for the AST network.  The following total 
travel time labels are used: 

• TTT1: average total travel time (TTT) of all inner iteration points in the associated outer 
iteration; 

• TTT2: minimum TTT among all inner iteration points in the associated outer iteration; 
• TTT3: smallest TTT found since the beginning of whole search until the associated 

outer iteration, i.e., best solution from the starting. 
Thus, the relation TTT1 ≥ TTT2 ≥ TTT3 is always true, and TTT3 is continually decreasing. 

The initial solution, λ o = type 1, is a fairly good point but the search drifts until the 20th 
outer iteration as shown in Figure 5.16.  TTT1 and TTT2 oscillate slightly but as iteration goes 
above the 20th, TTT1, TTT2 and TTT3 decrease.  The relative difference between TTT1 and 
TTT2 becomes smaller, which means SENSS intensively searches a certain small part of the 
solution space. 

Figure 5.17 shows the results of the Metropolis Algorithm.  Initially most newly 
generated points are accepted and the search widely explores the solution space.  As iteration 
continues, i.e., the temperature becomes lower, however, the rejection rate increases.  This trend 
confirms the initial temperature is properly chosen although this initial setting is found by trial 
and error.  One more cooling schedule question is how to reduce the temperature.  Simple 
geometric cooling can be inefficient if the temperature is mistakenly too high for the problem 
under consideration.  However, without solving the problem, one cannot know whether an initial 
temperature is too high or not.  Thus, this study adopted adaptive cooling, specifically an 
exponential type, as explained in Chapter 5.  Figure 5.18 represents the chosen adaptive cooling 
mechanism for the AST network.  Cooling is rapid at the initial stages since the temperature is 
high enough to accept most generated points, but at the final stages, cooling becomes slower as 
the rejection rate increases.  This adaptive mechanism reduces potential problems due to a poor 
initial temperature choice (too high or too low) without tedious pretests to find the proper 
temperature setting. 
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Figure 5.16  Three different TTT measures of SENSS in the AST network (Webster's 

curve, λ o = type 1, OD=3, N IN = 840 and c 0( ) = 9.9999 ×109 ) 
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Figure 5.17  Metropolis algorithm results in the AST network 

(Webster's curve, λ o = type 1, OD=3, N IN = 840 and c 0( ) = 9.9999 ×109 ) 
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Figure 5.18  Adaptive cooling in the AST network (Webster's 

curve, λ o = type 1, OD=3, N IN = 840 and c 0( ) = 9.9999 ×109 ) 
 
 
The phenomenon that TTT1 and TTT2 become nearly equal indicates the search does not 

improve the solution any longer, which can be used as a stopping criterion: 
• Stopping criterion (equation (3.37)): 

z k( ) − z min
k( )

z k( ) ≤ ε   where z k( )  and z min
k( )  are the average and the best solution of the k-th 

set of inner iterations, and typically ε = 0.01 ~ 0.001. 
• Additional stopping criteria are a prespecified maximum number of outer iterations and 

the case of no acceptance movement during an outer iteration. 
The Choleski decomposition failed once (21st outer iteration) in this AST network example test.  
The boundary intensified search (Figure 4.20) to maintain green time feasibility is found 
effective for the large network as shown in Table 5.5 by investigating φ  defined as follows: 

φ =
N1
N 2

 (5.2) 

where N1 is the average number of trials to generate a feasible new point without 
boundary intensified searching; 

 N2  is the average number of trials to generate a feasible new point with 
boundary intensified searching. 

 
Table 5.5  Relative performance of the boundary 

intensified search (λ o =type 1, OD=3) 
VV 2x1 MED AST 

φ = 1.7 φ = 2.3 φ = 5.9 φ = 35.5 
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5.5.2  Fast cooling schedule 
Now to show why fast cooling is not proper, three different initial temperatures are tested 

(Figures 5.19, 5.20 and 5.21).  The lower initial temperature results in relatively worse total 
travel time because of stopping at an earlier outer iteration than the higher initial temperature 
case.  In other words, low temperature keeps the acceptance probability small and may reject 
newly generated points without sufficient investigation.  As can be seen in the figures, the higher 
initial temperature case includes more drifts than the others because at the initial stages it accepts 
worse points with bigger probability.  This is important to provide ergodicity to SENSS to 
explore the whole solution space. 
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Figure 5.19  Impact of initial temperature on the solution quality on the MED network by 

showing TTT1 (λ o = type 2, OD=3, N IN = 435 and c 0( ) = 9.9999 ×109 ) 
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Figure 5.20  Impact of initial temperature on the solution quality on the MED network by 

showing TTT2 (λ o = type 2, OD=3, N IN = 435 and c 0( ) = 9.9999 ×109 ) 
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Figure 5.21  Impact of initial temperature on the solution quality on the MED network by 

showing TTT3 (λ o = type 2, OD=3, N IN = 435 and c 0( ) = 9.9999 ×109 ) 
 
5.5.3  SENSS search trend 

To counter the problem nonconvexity, SENSS should search as many neighborhoods as 
possible during the initial stages and focus on certain promising parts of the solution spaces as 
iteration goes.  For the VV and 2x1 networks, green time ratios generated by SENSS are 
illustrated in Figures 5.22 and 5.23, respectively.  As can be seen, SENSS randomly drifts across 
the whole solution space during the initial stages and reduces the randomness to search a smaller 
part of the solution space as iteration continues. 
 
5.5.4  Streamlining SENSS 

Another interesting part of SENSS is the streamlined version as explained in section 
4.5.4.  The streamlined version utilizes the previous (latest) UE flow as an initial flow for the 
next UE to evaluate the newly generated points, since as iteration continues the two consecutive 
points are closer and their UE would be similar or at least can be solved within a few UE 
iterations.  The performance is shown in Table 5.6 by the average UE iteration number: one all-
or-nothing assignment and a line search for step size deciding.  As noticed, dramatic reduction of 
the computational burden is obtained with the streamlined version of SENSS as the network size 
grows.  The streamlined version applied for the MED and AST networks requires the same 
number of iterations as the nonstreamlined (regular) version during the first several iterations but 
needs only one or two iterations to solve the UE problem after a few initial iterations.  Figure 
5.24 illustrates this computational burden reduction for the MED network.  Through all 
iterations, the regular version requires about 30 repetitions.  On the other hand, the streamlined 
version continuously reduces the number of required repetitions.  Hence the streamlined is a very 
effective method and applied in the study. 
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Figure 5.22  SENSS search trend on the VV network with Webster's curve 
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Figure 5.23  SENSS search trend on the 2x1 network with Webster's curve 

 
Table 5.6  Performance of the streamlined version of SENSS by the average number of UE 

iterations required (λ o = type 1, OD=3 and c 0( ) = 9.9999 ×109 ) 
Network Streamlined Regular 
VV 1.7 3.0 
2x1 1.5 3.0 
MED 2.0 31.6 
AST 1.7 28.7 

 



 157

 

inner iteratons

0
5

10
15
20
25
30
35
40
45
50

0 200 400 600 800 1000

regular

streamlined

 
(a) first 2 outer iterations, one outer iteration=435 inner iterations, 
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(b) average repetitions for each outer iteration 

 
Figure 5.24  Streamlined and regular versions of SENSS 

(MED network, λ o = type 2, OD=3 and c 0( ) = 9.9999 ×109 ) 
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5.6 PRELIMINARY TEST FOR GENSS CHARACTERISTICS 
 
5.6.1 GENSS base parameter, stopping criteria and search trends 

Similar to section 5.5, the following total travel time terms are used: 
• TTT1: average TTT (total travel time) of a population, 
• TTT2: minimum TTT of a population, 
• TTT3: smallest TTT found since the beginning of the problem until the associated 
generation. 

Thus, the relation TTT1 ≥ TTT2 ≥ TTT3 is always true, and TTT3 is always decreasing. 
Regarding termination, GENSS stops if either of the following is satisfied during the k-th 

generation: 
• the difference in population minimum (zmin

(k) ) and average (zavg
(k) ) is minimal; 

zavg
(k) − zmin

(k)

zavg
(k) ≤ ε , where ε = 0.01. (5.3) 

• the maximum generation is performed. 
Since the MED network is a manageable size, it is used for GENSS characteristics 

exploration.  For different combinations of crossover and mutation rates, GENSS is performed 
on the MED network with OD=3, N gen = 100 and N pop =100.  The best network total travel time 
found for each combination (TTT3) is given in Table 5.7.  As can be seen, when the mutation 
rate and crossover rate are zero or 0.15, GENSS stops before the maximum allowed generation.  
This is caused by the new gene generation restriction.  High mutation rates such as 0.10 or 0.20 
show worse results because of excessive randomness.  In the literature, many applications 
suggested less than 0.05 for the mutation rate. 

A zero crossover rate limits the use of better genes for offspring and therefore surviving 
better genes cannot be widely spread out.  This is an adverse situation; however, a high crossover 
rate is not desirable either since it can increase the undesirable randomness.  Again, in the 
literature, a range of 0.1 ~ 0.4  is frequently used for the crossover rate.  An extreme case, 
PM =PC=0, is naturally the worst case.  It uses only the selection process and new genes cannot 
be created after the first generation.  Thus, the best solution from the first generation will never 
be improved and this simply becomes a random search with N pop  search points. 

 
 

Table 5.7  Best TTT (TTT3) of different crossover and mutation rate 
combinations (the MED network, OD=3, N gen = 100, N pop =100) 

mutation \ crossover PC=0.0 PC=0.15 PC=0.30 PC=0.45 
PM =0.0 341.2a 310.5b 302.0 288.6 
PM =0.01 281.7 278.6 274.0 280.2 
PM =0.10 295.5 295.7 279.6 292.1 
PM =0.20 292.5 297.5 298.5 299.3 

astopped at generation 18 by the second criterion. 
bstopped at generation 57 by the second criterion. 
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Without further experiments, PM =0.01 and PC=0.30 are selected as base values.  Table 
5.8 contains the other base case parameter values. 
 

Table 5.8  Base GENSS parameter values 
maximum 
generation, 

N gen  

population 
size, 
N pop  

crossover 
probability, 

PC 

mutation 
probability, 

PM  

demand 
level 

 
100 

 

50 for VV 
50 for 2x1 

100 for MED 
200 for AST 

 
0.3 

 
0.01 

 
OD=3 

 
 

Figures 5.25 and 5.26 represent total travel time drift and searching trends in the VV 
network.  In the initial state, randomness governs the search and hence TTT1 and TTT2 are 
drifting.  As generation continues, the better genes are prevailing and the search focuses on a part 
of the solution space where all TTT's are similar.  The same trend is observed in the 2x1 network 
as shown in Figures 6.27 and 6.28.  Figures 6.29 and 6.30 present the TTT drift in the MED and 
AST networks, respectively.  TTT2 approaches TTT3 with minor drift while TTT1 differs from 
the others since the diversity of population genes is still strong at the 100th generation. 
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Figure 5.25  GENSS base case results in the VV network with Webster's curve 
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Figure 5.26  GENSS base case search trends in the VV network 

(Webster's curve, initial green=0.554, best green=0.990) 
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Figure 5.27  GENSS base case results in the 2x1 network with Webster's curve 
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Top: first 500 search points, i.e., first 10 generations since Npop = 50  
Bottom: last 500 search points, i.e., last 10 generations 
 
Figure 5.28  GENSS base case search trend in the 2x1 network 

(Webster's curve, initial green=(0.583, 0.615), best green=(0.017, 0.602)) 
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Figure 5.29  GENSS base case results on the MED network with Webster's curve 
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Figure 5.30  GENSS base case results on the AST network with Webster's curve 
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5.6.2  Fitness curve and elitist treatment 
As shown in Table 4.7, whether the elitist, B*, is included in the genetic operation for 

offspring generation is an important convergence analysis factor. In any case, B* can be traced 
through the procedure.  In real implementation, including B* may be better for the next 
generation at least in the initial stages since it contains relatively better genes.  Like simulated 
annealing, however, if initially found genes are continually used for off-spring generation, then 
the ability to explore the solution space fully can be limited and hence eventual results could be 
worse.  Two schemes for B* treatment are compared with two fitness evaluation curves, linear 
and reciprocal types in (4.48) and (4.49).  Thus, four possible combinations exist.  The result in 
Table 5.9 shows that the relative differences are not large but the linear type fitness curve 
including B* and the reciprocal fitness curve excluding B* are relatively better.  The latter 
combination is used through the research. 

 
Table 5.9  Effectiveness of fitness curves and elitist treatment on TTT3 

(5 repetitions per each cell, MED, OD=3, PC=.3, PM =.01, N pop =435, N gen = 100) 
combination excluding B* (GENSS I) including B* (GENSS II) 
linear type 289 272 
reciprocal type 273 287 

 
 
5.6.3  GENSS mutation rate, PM  

Four mutation rates with crossover probability PC=0.30 are tested.  PM =0.01 and 0.10 
show relatively better performance in TTT1, TTT2 and TTT3, judged by Figure 5.31, 5.32 and 
5.33.  In Figures 5.31, TTT1 with PM =0.1 or 0.2 shows significant drift, but  PM =0.0 or 0.01 
does not.  The process with PM =0.0 might be trapped in poor solution space as indicated by the 
trend showing continually high TTT1 values.  Figure 5.32 confirms that PM =0.1 and 0.2 seem to 
be too big and TTT3 indicates PM =0.0 and 0.2 are poor choices since few genes can be tested 
when  PM =0.0 and  governing randomness does not preserve the better genes when PM =0.2.  
Thus, PM  should be greater than 0.0 but less than 0.10.  As the base condition, a PM  value of 
0.01 is chosen. 
 

Table 5.10  Mutation rate and TTT3 (MED, OD=3, PC=.3, N pop =100, N gen = 100) 
PM =0.00 PM =0.01 PM =0.10 PM =0.20 

302.0 274.0 279.6 298.5 
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(the MED network, OD=3, PC=0.30,N pop =100, N gen = 100) 

Figure 5.31  Mutation rate and minimum TTT (TTT1) of each population 
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(the MED network, OD=3, PC=0.30,N pop =100, N gen = 100) 

Figure 5.32  Mutation rate and average TTT (TTT2) of each population 
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(the MED network, OD=3, PC=0.30,N pop =100, N gen = 100) 

Figure 5.33  Mutation rate and best TTT (TTT3) of the associated generation 
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5.6.4 GENSS crossover rate, PC  
With PM =0.01, four different crossover rate (PC) levels are tested on the MED network.  

The best TTT's (TTT1) are given in Table 5.11.  The search trend is shown by TTT1, TTT2 and 
TTT3 with respect to generation in Figures 5.34, 5.35 and 5.36.  The two extreme cases, 
PC=0.00 and PC=0.45, are relatively worse than the other two indicating that PC should be 
between the two extremes.  Therefore, since the case with PC=0.30 performs best, it is chosen as 
the base condition. 
 

Table 5.11  Crossover rate and best TTT (TTT3) in the MED 
network (OD=3, PM =0.01, N pop =100, N gen = 100) 

PC=0.00 PC=0.15 PC=0.30 PC=0.45 
281.7 278.6 274.0 280.2 
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(the MED network, OD=3, PM =0.01,N pop =100, N gen = 100) 

Figure 5.34  Crossover rate and minimum TTT (TTT1) of each population  
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(the MED network, OD=3, PM =0.01,N pop =100, N gen = 100) 

Figure 5.35  Crossover rate and average TTT (TTT2) of each population  
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(the MED network, OD=3, PM =0.01,N pop =100, N gen = 100) 

Figure 5.36  Crossover rate and best TTT (TTT3) of the associated generation 
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5.6.5 Population size in TTT 
Population size and solution quality appear to be simply related with bigger size 

producing better quality if all other conditions are the same.  The SENSS inner iterations are 
similar to the GENSS population.  As indicated in Table 5.12, five different population sizes for 
the MED network are tested, and Figures 5.37, 5.38 and 5.39 confirm that the bigger, the better.  
In the table, the largest population, N pop =435, is selected to compare with SENSS, which 
performs 435 inner iterations by the guide line, N IN = 15NIP = 435. 
 
 

Table 5.12  Population size and best total travel time (TTT3) in 
the MED network (OD=3, PM =0.01, PC=0.30, N gen = 100) 

N pop =25 N pop =50 N pop =100 N pop =200 N pop =435 
284.9 277.6 274.0 273.6 269.5 
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(the MED network, OD=3, PM =0.01,PC=0.30, N gen =100) 

Figure 5.37  Population size and minimum TTT (TTT1) of each population 
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(the MED network, OD=3, PM =0.01,PC=0.30, N gen =100) 

Figure 5.38  Population size and average TTT (TTT2) of each population  
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(the MED network, OD=3, PM =0.01,PC=0.30, N gen =100) 

Figure 5.39  Population size and best TTT (TTT3) of the associated generation  
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5.6.6  Streamlining GENSS 
Figure 5.40 shows the streamlining effect upon GENSS by putting the UE flow of the 

latest evaluated individual as an initial flow for the next individual evaluation similar to the 
SENSS streamlining procedure.  Because of the diversity included in the GENSS population, it is 
expected that the benefit might be small.  However, the population homogeneity in genetic 
algorithms becomes greater as generations continue, since the better genes are continually 
preserved.  Figure 5.40 shows the average number of iterations to find UE versus numbers of 
generations.  The repetitions decrease as generation continues although the trend is not 
monotonic.  This reason for the reduction is the increasing gene homogeneity and the reason for 
the minor drift is the gene diversity introduced by mutation.  Although GENSS always utilizes 
the streamlined method, it produces less iteration reduction relative to SENSS and requires more 
computation effort to explore the same number of points. 
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(the MED network, Webster's curve, NP =435, N G = 100) 
Figure 5.40  Streamlining effect of GENSS 
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5.7  PRELIMINARY TEST FOR LOCAL CHARACTERISTICS 
Local search methods used include three different versions, aLOCAL, sLOCAL and 

nLOCAL.  These three include six cases depending on the gradient component treatment as 
shown in Table 4.8.  For simplicity, the following notation is used to represent the six different 
cases. 

• aLOCAL
with analytical ∂tk

∂λ k
⇒ "aLOCALa"

with numerical
∂tk
∂λ k

⇒ "aLOCALn"

 

 
 

 
 

 

• nLOCAL ⇒ "nLOCAL" 

• sLOCAL

with analytical ∂z
∂λ k

& analytical ∂tk
∂λ k

⇒ "sLOCALaa"

with analytical
∂z

∂λk
& numerical

∂t k
∂λk

⇒ "sLOCALan"

with numerical ∂z
∂λk

⇒ "sLOCALn"

 

 

 
 

 

 
 

 

Two convergence criteria are used for the local searches and the algorithm terminates if 
either one is satisfied; 

• ds
k( ) = 0 for each stage s , 

• Gs
k +1( ) − Gs

k( ) ≤ ε for each stage s  where ε ≤ 0.5sec . 

The first criterion is satisfied if the local search finds a local minimum point and all 
gradient components are zero valued.  The second means the change of two consecutive local 
searches do not make any tangible green time change and the search need not continue. 

One local search parameter is the green time perturbation, ∆  , which is used to evaluate 
gradient.  If it is too big, the gradient estimation does not properly represent the local topology 
and if it is too small, the gradient estimation is subject to numerical error.  This is shown in 
Figure 5.41 where the range 0.025 ≤ ∆ ≤1.0  shows fairly good performance.  Because CL=60 
sec, this range means 1.5sec ≤ ∆ ≤ 6.0sec .  Hereafter, ∆ = 0.05, i.e., 3 seconds is used when 
CL=60 sec. 
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Figure 5.41 Green time perturbation and TTT (AST, λ o = type 3 and OD=3, CL=60) 
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Table 5.13 contains the results for ∆ = 0.05, λ o = type 1 and OD=3 with Webster's 
curve.  For the VV network, all local codes converged to the same optimal solution with 3 
iterations.  For the 2x1 network, numerical versions, nLOCAL and sLOCALn found the best 
solution but with more iterations.  For the AST and MED networks, nLOCAL and sLOCAL 
found the best, respectively.  To compare the computational burden, the number of UE 
assignments required to converge are listed in the table.  This number counts all UE assignment 
repetitions until convergence including an initial UE flow calculation, gradient estimation and 
optimal line search step size calculation.  From the table, the following are found: 

• Numerical local searches (nLOCAL and sLOCALn) find better solutions than their 
analytical versions with some additional iterations. 

• Although simplified local searches (sLOCAL's) requires less computation in gradient 
calculation, they incur, either more iterations to converge (sLOCALn), or tend to 
become trapped in worse solutions (sLOCALaa and sLOCALan).  Therefore the benefit 
of the simplification is offset. 

• In the small VV and 2x1 networks, a major portion of the UE repetitions is caused by 
the optimal step size decision procedure, which appears more than 90% of the total UE 
repetitions.  For the large MED and AST networks, the UE repetitions in the optimal 
step size decision procedure are still the major portion for sLOCAL's.  For aLOCAL's 
and nLOCAL, however, the portion becomes less showing 24~66 % of the total UE 
repetitions. 

• One possible way to reduce the computational burden is streamlining the procedure by 
restricting the maximum repetition number in the line search or by using a fixed step 
size.  However, it is not in the current research scope. 

• Conclusively, nLOCAL is regarded as the most desirable local search. 
 
All local searches show very quick convergence within at most 10 iterations as shown in 

Table 5.13.  Figures 5.42 and 5.43 show the nLOCAL convergence pattern.  This confirms that 
the solution space under consideration is relatively flat or at least flat around (local) points.  One 
must note that many UE points that exhibit very high total travel time can be easily found by 
choosing very undesirable network signal settings.  In other words, the entire space is not flat but 
many parts may be flat. 
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Table 5.13  Local search results (∆ = 0.05, λ o = type 1, OD=3, Webster's curve) 

N/W aLOCALa
* 

aLOCALn nLOCAL sLOCALa
a 

sLOCALa
n 

sLOCALn 

 
VV 

38.8 
(.99) 

38.8 
(.99) 

38.8 
(.99) 

38.8 
(.99) 

38.8 
(.99) 

38.8 
(.99) 

 (3) 
(83, 96%) 

(3) 
(98, 96%) 

(3) 
(114, 95%)

(3) 
(84, 96%) 

(3) 
(98, 96%) 

(3) 
(182, 98%)

 
2x1 

27.3 
(.42,.64) 

29.2 
(.50,.50) 

25.2 
(.01,.61) 

27.3 
(.41,.64) 

29.2 
(.50,.50) 

25.2 
(.01,.61) 

 (3) 
(162, 96%)

(2) 
(83, 95%) 

(8) 
(353, 95%)

(3) 
(160, 98%)

(2) 
(82, 96%) 

(7) 
(502, 98%)

 
MED 

292.2 
(.) 

311.4 
(.) 

279.3 
(.) 

287.6 
(.) 

304.8 
(.) 

273.0 
(.) 

 (4) 
(196, 55%)

(2) 
(90, 66%) 

(4) 
(198, 41%)

(3) 
(90, 96%) 

(2) 
(64, 95%) 

(4) 
(196, 97%)

 
AST 

1100.4 
(.) 

1200.0 
(.) 

1073.3 
(.) 

1100.9 
(.) 

1202.7 
(.) 

1182.3 
(.) 

 (2) 
(150, 24%)

(1) 
(113, 49%) 

(4) 
(233, 27%)

(3) 
(38, 89%) 

(2) 
(58, 95%) 

(4) 
(184, 97%)

*TTT, (solutions), (iterations to converge), (total UE assignment repetitions, % of UE 
assignments in optimal step size decision to the total UE repetitions); bold TTT represents the 
best solution. 
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(∆ =.05, λ o = type 1 and OD=3) 

Figure 5.42  nLOCAL results on the 2x1 network with Webster's curve 
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Figure 5.43  nLOCAL result on the AST network with Webster's curve 
 
 
5.8  PRELIMINARY TEST FOR IOA CHARACTERISTICS 
 
5.8.1  Stopping criteria 

In this section, NIOA denotes the number of iterations of the IOA procedure to reach 
convergence.  Two convergence criteria are used for IOA.  The algorithm terminates if either one 
is satisfied; 

•  Gs
k +1( ) − Gs

k( ) ≤ ε1, for each stage s   where ε1 = 0.5 sec ; 

•  
Ps

k+1( ) − Ps
k( )

1
2

Ps
k +1( ) + Ps

k( )( )
≤ ε2, for each stage s   where ε2 = 0.001. 

The first criterion means the green time change caused by green swapping is minimal and the 
second means size of pressure change to realize the selected control policy caused by green 
swapping is minimal. 

After determining minimum and maximum pressurized stages, an optimum swap by the 
golden section search of green time from the minimum to maximum pressurized stage is 
performed subject to feasibility constraints.  When an intersection has more than two phases, 
swapping may need to be done several times since one swap between two stages cannot always 
balance all phase pressures.  Thus, there is a convergence criterion for the swap procedure 
between two swap iterations as follows; 

• Gs
m+1( ) − Gs

m( ) ≤ ε3, for each stage s   where ε3 = 0.5 sec  

This means green time swapping is stopped if the green time difference between two consecutive 
green times, (m)th and (m+1)th, for balancing minimum and maximum pressures is minimal. 
 



 182

 
5.8.2  Convergence characteristics of IOA 

Figures 5.44, 5.45, 5.46 and 5.47 show the total travel time trends with iteration.  For a 
given signal setting, the UE problem is solved and then for that UE flow, a new signal setting is 
found.  Each point in the figures represents TTT of this combination.  It is expected that the TTT 
after control optimization is less than the TTT of the UE and hence all points should be located 
below the line with slope=1.  The final points, i.e., mutually consistent points should be on the 
line with slope=1. 

One interesting convergence trend is that final UE TTT is not necessarily less than initial 
UE TTT for the given control parameter.  This means the iterative procedure may drive the 
system to a worse point.  This wrong way optimization is the main IOA drawback, which is 
caused by the fact that IOA control optimization is based on the observed flow and does not 
consider possible flow pattern changes caused by the control change.  In other words, using IOA 
to find a mutually consistent point is really not an optimization procedure and is an example of 
Braess's paradox which can occur in networks where travel times are flow dependent. 

Assuming IOA is roughly simulating the current traffic control procedure, this finding 
implies that expected IOA benefits may not be realized and even the system may even become 
worse.  How to avoid wrong way optimization is not clear; however, one conceptual way is to 
use flow information such as the OD pattern as well as the link flow pattern to take into account 
user behavior with control optimization.  Implementation of advanced traffic management 
systems should consider this. 
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(Webster's curve, OD=3, initial green=0.5, final green=0.01 and N IOA = 9 ) 

Figure 5.44  IOA convergence pattern for the VV network  
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Figure 5.45  IOA convergence pattern for the 2x1 network  
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Figure 5.46  IOA convergence pattern for the MED network  
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Figure 5.47  IOA convergence pattern for the AST network  
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5.8.3  Green swapping and streamlining IOA 
Given a fixed cycle length, each signal optimization is realized by green signal time 

swapping.  Table 5.14 includes the green swapping information for each example network.  As 
can be seen, the average number of repetitions of green swapping per IOA iteration is at most 2.5 
and does not severely increase with network size.  The main reason is green swapping is 
independently performed between the signal phases comprising each intersection signal timing 
plan.  Thus, although the intersection number becomes bigger, the required number of green 
swapping per intersection normally remains constant. 
 

Table 5.14  Green swapping (Webster's curve, OD=3, λ o = type 1) 
items VV 2x1 MED AST 
total IOA iterations 9 2 13 20 
total green swappingsa 17 3 33 50 
mean green swappings per IOA 
iteration 

1.9 1.5 2.5 2.5 

aone green swapping includes green time changing, through several golden section 
algorithm iterations, between the maximum and the minimum pressure phases at every 
intersection in the network under consideration. 

 
The streamlined IOA version is intended to speed up finding a mutually consistent point 

by using only one all-or-nothing assignment to find UE flow after a new signal setting is found 
through green swapping, instead of performing a full F-W algorithm to find the UE flow as 
explained in 4.8.6.  A performance comparison is presented in Table 5.9.  For the VV network, 
total iterations are reduced by half but for the 2x1 network, both versions show no difference.  
For the MED and AST networks, while the total numbers of IOA iterations and green swapping 
increase, the total number of iterations for UE are reduced by streamlining.  Thus, streamlining is 
effective, especially when the interim UE flow is not necessary and only the final mutually 
consistent point is needed. 
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Table 5.15  Performance of non streamlined and streamlined IOA 
(Webster's curve, OD=3, λ o = type 1) 

Items VVa 2x1a MEDa ASTa 
total IOA iterations (9, 9) (2,2) (13, 14) (20, 27) 
total green 
swappings 

(17, 17) (3,3) (33, 42) (50, 76) 

total UE iterations (18, 9) (2,2) (44, 14) (53, 27) 
a(regular, streamlined) 

 
 
5.9  CHAPTER 5 SUMMARY 

For the selected four example networks, the four codes are tested to ensure correct 
implementation.  Two simple networks are mainly used for this purpose.  SO and UE flow 
patterns in the VV network were found analytically to illustrate problem interaction.  The delay 
minimization policy has a tendency to drive the process to an extreme solution.  This discussion 
explains why the problem is difficult to solve analytically especially as the network size 
increases. 

The preliminary test shows that the two stochastic searches are slow and involve a much 
longer computational burden.  Relatively, the genetic algorithm might be slowest.  Local 
searches are quick but their solutions are not always good.  The iterative approach encounters the 
wrong way optimization trend due to its defect of not considering user behavior.  This is an 
example of Braess's paradox described in the literature. 
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CHAPTER 6  COMPREHENSIVE EXPERIMENTS 

6.1  PURPOSE OF COMPREHENSIVE EXPERIMENTS 
Several experiments were conducted in Chapter 5 to gain insight into code operational 

characteristics.  In this chapter, three experiments are conducted for different purposes.  
Experiment I is designed to computationally check the uniqueness or similarity of solutions by 
the different algorithms.  Experiment II is a comparison of the three local search methods 
including six variations.  Among these, the best local search will be selected.  Experiment III is a 
relative performance comparison of the four search methods: IOA, SENSS, GENSS and one 
local search selected from the Experiment II. 
 
6.2  EXPERIMENTAL DESIGN 

For the three experiments, the following three experimental factors are considered: 
• Network size: The four example networks represent three different network sizes.  The 

VV and 2x1 are small, the MED network is medium and the AST network is large.  
Network size might affect code performance by increasing the number of problem 
degrees of freedom; 

• Demand level: Five different demand levels used in the previous chapter are chosen.  At 
low demand levels, a shortest time path may not be sensitive to control variable 
changes.  At high demand levels, this might also be true, since few alternative paths are 
available.  Between the two boundaries, however, there may be many different UE 
patterns depending on control settings; 

• Different search algorithms: The IOA, LOCAL, SENSS and GENSS methods are 
included. 

For each network-demand level pair, repeated trials are performed with different initial 
control settings.  Due to non-convexity, local and iterative searches might be severely affected by 
initial control settings particularly for larger networks since initial control settings will likely 
affect final solutions. 

Regarding link performance, intersection links are modeled by Webster's curve and non-
intersection links by constant cruise time.  The modified BPR curve is excluded in this chapter 
since it is less meaningful for signal operations.  Table 6.1 lists parameters and stopping criteria 
of the four different codes and Table 6.2 enumerates total repetitions for the three experiments. 
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Table 6.1  Basic parameter settings and stopping criteria of the four codes 
Items SENSS GENSS LOCAL IOA 
streamlined • streamlined • streamlined • not 

available 
• regular 

stopping 
criterion 
 

• minimal TTT 
improvement 

• no acceptance 
movement 

• maximum outer 
iteration 
reached 

• minimal TTT 
improvement 

• maximum 
generation reached

• minimal 
change of 
variable 

• minimal 
change 
of 
variables 

number of 
iterations, 
A 

• N out =100 • N gen =100   

number of 
iterations, B 

• N IN = 15 ⋅N IP  
VV=15 
2x1=30 
MED=435 
AST=840 

• N pop = 15 ⋅N IP  
VV=15 
2x1=30 
MED=435 
AST=840 

  

perturbation   • ∆ =0.05  
functional 
type 

• exponential 
cooling 

• reciprocal fitness 
function type 

  

others  • P C=0.30, 
P M =0.01 
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Table 6.2  Total cases for the three experiments 
Experiment network demand algorithm initial setting total cases 

I 4 5 1 IOA( )
8 others( )

3 IOA( )
1 others( )  

220 

II 4 5 6 12 1440 
III 4 5 4 32 2560 

 
 
6.3  EXPERIMENT I: COMPUTATIONAL UNIQUENESS ANALYSIS 
 
6.3.1  Design of experiment I 

As discussed in Chapter 4, uniqueness of the mutually consistent solutions is not 
guaranteed.  From the computational standpoint, the uniqueness property is investigated by 
checking if approximately the same equilibrium flow pattern is obtained from different initial 
solutions.  In this study, computational uniqueness was evaluated by the following procedures 
applied for each example network and demand level.  Similar work can be found in Meneguzzer 
(1995): 

(1) obtain the base mutually consistent solution by IOA with initial control setting, 
λ o = type 1. 

(2) obtain different mutually consistent solutions with λ o = type 2  or  λ o = type 3; 
(3) evaluate the uniqueness of the obtained solutions. 

Refer to Table 5.3 regarding the λ o  definition.  In the procedure, the base model is a benchmark.  
Uniqueness of the solutions was evaluated by the following link flow pattern similarity index, 
SIα , 

SIα =
Nf
L

 (6.1) 

where L is the total number of links in the network and Nf  is the total number of links that 
satisfy equation (6.2). 

xa
b − xa

k ≤ α ⋅xa
b  (6.2) 

where 
xa

b =link a flow of the base mutually consistent solution, 
xa

k =link a flow of the k-th alternative solution, 
α=chosen decimal percentage similarity level. 

The inequality (6.2) tests the absolute difference between base link a flow and alternative by 
comparison to a chosen percentage of the base case (α=0.1, 10% difference is regarded as an 
acceptable similarity level).  SIα  is the fraction of all links passing the equation (6.2) test.  This 
is an aggregate link flow similarity measure and no additional systematic analysis at the 
individual link level was carried out.  The same procedure can be applied to the signal control 
parameter obtained as follows, 

SIα =
Nc
Ns

 (6.3) 

Λs
b − Λs

k ≤ α ⋅ Λs
b  (6.4) 

where 
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Ns =total number of phases in the network, 
Nc=total number of phases that satisfy (6.4), 
Λs

b =phase s base green time ratio of the mutually consistent solution, 
Λs

k =phase s k-th alternative solution green time ratio. 
 

6.3.2  Analysis 
This study included two cases, α=0.1 and α=0.05 for flow and control.  The SIα 's for 

the two cases do not show big differences (most differences are less than 0.07).  For simplicity, 
only results for α=0.05 are shown in Table 6.3.  For the VV and 2x1 networks, flow and control 
SIα  values are close to 1 except for the VV with OD level 4, which means the IOA converges to 
a unique mutually consistent flow from different initial signal settings.  In the unusual case, VV 
with OD level 4, the alternative solutions converge to totally different flow patterns and hence 
show little similarity.  For the MED and AST networks, similarity becomes less as flow 
increases although some exceptional cases are encountered.  This may be explained because the 
number of possible network flow patterns increases as demand increases. 

Generally, the control SIα  is greater than flow SIα .  This indicates that a small change of 
control variables can result in a bigger flow pattern change.  Although there is no guide line 
regarding SIα  magnitude as a uniqueness indication, IOA solution SIα 's are quite big when the 
network and demand are small but decrease as demand grows. 
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Table 6.3  Similarity of mutually consistent flow  
patterns for alternative initial solutions 

N/W OD 
level 

Flow SIα =0.05  Control SIα =0.05  

  Case 1a Case 2b Case 1a Case 2b 
VV 1 1.00 1.00 1.00 1.00 

 2 1.00 1.00 1.00 1.00 
 3 1.00 1.00 1.00 1.00 
 4 0.00 0.50 0.00 0.00 
 5 1.00 1.00 1.00 1.00 

2x1 1 1.00 1.00 1.00 1.00 
 2 1.00 1.00 1.00 1.00 
 3 1.00 1.00 1.00 1.00 
 4 1.00 1.00 1.00 1.00 
 5 1.00 1.00 1.00 1.00 

MED 1 1.00 0.81 0.98 0.80 
 2 0.81 1.00 0.73 1.00 
 3 0.68 0.85 0.70 0.95 
 4 0.58 0.63 0.65 0.78 
 5 0.54 0.58 0.58 0.65 

AST 1 0.94 0.70 0.93 0.76 
 2 0.82 0.77 0.90 0.75 
 3 0.90 0.80 0.98 0.88 
 4 0.66 0.69 0.75 0.77 
 5 0.79 0.82 0.92 0.93 

aCase 1 represents the base with λ o =type 1 vs. alternative solution with λ o =type 2. 
bCase 2 represents the base with λ o =type 1 vs. alternative solution with λ o =type 3. 
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The work is extended to compare solutions across algorithms as follows, 
(1) obtain the different equilibrium solutions by SENSS, GENSS, and LOCAL's for 

λ o =type 1; 
(2) evaluate the uniqueness of the different algorithm solutions. 

 
As can be seen in Table 6.4, flow SIα  is generally zero or 1 for the VV and 2x1 network.  This is 
basically caused by the fact that for small networks the algorithms converge to either one of two 
extreme solutions.  For the MED and AST networks, SIα  ranges from 0.73 to 0.28.  Again as 
demand increases, SIα  becomes less and the AST network shows less SIα  than the MED 
network.  As compared to Table 6.3, Table 6.4 generally shows smaller SIα  values, especially 
for the MED and AST networks.  This indicates the different algorithms converge to solutions 
that are quite different from the IOA solutions.  The control SIα  again shows somewhat higher 
values than the associated flow SIα . 
 
6.3.3  Experiment I summary 

Although the similarity index cannot be used for statistical analysis, it is used to compare 
flow pattern similarity.  Similarity between IOA and the other algorithms decreases as demand 
increases.  Control similarity is generally higher than flow similarity. 

 
Table 6.4  Flow similarity of solutions by the IOA 

and different algorithms with λ o =type 1 
 
 

N/W 
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level 
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VV 1 1.00 1.00 1.00 0.00 1.00 1.00 0.00 1.00 
 2 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 
 3 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
 4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
 5 0.00 0.00 0.00 1.00 0.00 0.00 1.00 0.00 

2x1 1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 4 1.00 1.00 0.45 0.45 1.00 0.45 0.45 0.45 
 5 1.00 1.00 0.73 0.73 0.73 0.73 0.73 0.73 

MED 1 0.66 0.63 0.69 0.60 0.69 0.67 0.60 0.67 
 2 0.68 0.68 0.67 0.66 0.73 0.73 0.65 0.73 
 3 0.53 0.52 0.49 0.46 0.54 0.49 0.45 0.51 
 4 0.34 0.35 0.47 0.49 0.52 0.53 0.52 0.54 
 5 0.47 0.48 0.58 0.52 0.44 0.53 0.43 0.49 

AST 1 0.67 0.68 0.58 0.54 0.66 0.62 0.54 0.63 
 2 0.47 0.49 0.50 0.48 0.50 0.47 0.48 0.48 
 3 0.38 0.39 0.44 0.37 0.50 0.46 0.36 0.46 
 4 0.36 0.37 0.43 0.28 0.40 0.42 0.30 0.42 
 5 0.43 0.45 0.40 0.37 0.33 0.43 0.38 0.48 

Note: GENSS initial setting is type 3 since type 1 cannot be implemented. 
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Table 6.5  Control similarity of solutions by the 
IOA and different algorithms with λ o =type 1 
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VV 1 1.00 1.00 1.00 0.00 1.00 1.00 0.00 1.00 
 2 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 
 3 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
 4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
 5 0.00 0.00 0.00 1.00 0.00 0.00 1.00 0.00 

2x1 1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 4 1.00 1.00 0.00 0.00 1.00 0.00 0.00 0.00 
 5 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 

MED 1 0.74 0.75 0.78 0.71 0.78 0.72 0.72 0.71 
 2 0.79 0.74 0.76 0.74 0.88 0.79 0.70 0.79 
 3 0.64 0.60 0.59 0.57 0.66 0.53 0.53 0.59 
 4 0.43 0.42 0.55 0.58 0.64 0.59 0.61 0.57 
 5 0.57 0.59 0.68 0.62 0.58 0.59 0.52 0.52 

AST 1 0.74 0.75 0.69 0.65 0.74 0.65 0.62 0.68 
 2 0.58 0.58 0.61 0.53 0.64 0.53 0.52 0.55 
 3 0.49 0.40 0.57 0.48 0.62 0.53 0.46 0.55 
 4 0.42 0.41 0.55 0.39 0.52 0.56 0.40 0.49 
 5 0.56 0.51 0.58 0.40 0.43 0.58 0.43 0.47 

Note: GENSS initial setting is type 3 since type 1 cannot be implemented. 
 
6.4  EXPERIMENT II: LOCAL SEARCH COMPARISONS 

To select the best, the three different local searches with six variations are investigated 
regarding solution quality and convergence pattern.  The experimental factors, network size and 
demand level are given in Table 6.2.  Twelve different initial settings from the three different 
types are tested.  Ten of the twelve are type 3 (random).  Total trials are 1440 as follows, 

6 var iations( )⋅ 4 networks( )⋅ 5 demands( ) ⋅12 initial settings( ) =1440 . 
Total travel time, weighted volume per capacity ratio (wvcr), number of iterations and UE 
assignment repetitions to convergence are investigated. 
 
6.4.1  Total travel time 

Means of total travel times are summarized in Table 6.6.  Each cell value is the TTT 
mean of 12 solutions employing different initial settings.  The best value of each row is 
shadowed.  The nLOCAL frequently shows the best performance, however, in many cells the 
differences are minimal. 

The main reason for the nLOCAL superiority can be ascribed to the fact that the gradient 
of all other methods is evaluated as a combination of analytical and numerical partial derivatives 
and hence is subject to inconsistent evaluation or numerical errors.  The nLOCAL, however, 
numerically evaluates the entire gradient.  Before concluding that nLOCAL is relatively better, a 
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paired t-test is performed between the nLOCAL results and the others with the following 
hypothesis, 

H0: µnLOCAL = µothers

H1: µnLOCAL < µothers
 

where µ  represents the TTT population mean by each search.  Table 6.7 reports the p-value of 
each comparison including a pooled case.  Here, the p-value means the smallest value of the 
significance level to lead to null hypothesis rejection.  Every t-statistic shows a negative value, 
which means the nLOCAL generally finds less TTT than the others.  In half of the 20 different 
comparisons, the p-values are less than 0.05.  In the pooled case, all five cases indicate p-values 
less than 0.05.  Conclusively, the nLOCAL is significantly outperforming the other five methods 
by finding better TTT. 

The sLOCAL's are a heuristic approach for lager networks.  Thus, the worse performance 
in some cases of the VV and 2x1 networks is not a main concern.  Although the three sLOCAL's 
show different results, they perform well when they are compared with their counter local 
searches, i.e., sLOCALaa vs. aLOCALa, sLOCALan vs. aLOCALn, and sLOCALn vs. 
nLOCAL. 
 

Table 6.6  Means of local search total travel time (hr) 
N/W OD aLOCALa aLOCAL

n 
nLOCAL sLOCALa

a 
sLOCALa

n 
sLOCALn 

VV 1 5.7 5.6 5.3 5.7 5.6 5.3 
 2 21.5 22.5 21.2 21.5 22.5 21.2 
 3 42.3 39.5 38.8 42.3 39.5 42.3 
 4 55.5 63.1 55.5 55.5 97.8 95.9 
 5 105.8 123.3 75.4 105.8 232.4 190.7 

2x1 1 4.5 5.0 4.3 4.5 5.1 4.3 
 2 14.2 36.0 13.1 14.2 36.1 13.4 
 3 29.9 127.2 25.2 29.8 129.1 28.3 
 4 185.7 303.4 44.8 178.4 312.0 66.1 
 5 342.8 561.7 79.5 324.6 580.0 133.9 

MED 1 35.9 36.3 35.8 35.8 36.3 35.8 
 2 144.5 147.1 142.8 143.4 147.5 143.3 
 3 339.9 355.5 310.3 341.5 359.3 330.0 
 4 764.8 915.6 772.7 772.9 941.9 810.8 
 5 1690.5 2036.7 1693.4 1689.3 2096.1 1810.3 

AST 1 154.4 155.1 154.1 154.1 155.1 154.1 
 2 594.0 612.6 586.8 591.8 613.0 588.9 
 3 1195.7 1353.6 1165.4 1201.6 1361.5 1169.0 
 4 2434.1 2862.2 2386.5 2476.2 2895.7 2349.5 
 5 5037.9 5920.7 4956.0 5148.4 5987.8 5043.0 

     
    best across 

algorithms 
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Table 6.7  Paired comparison of nLOCAL and other local searches using TTT 
Network case t-statistic d.f. p-value 

VV nLOCAL vs. aLOCALa -1.148 59 0.255 
 nLOCAL vs. aLOCALn -2.431 59 0.018 
 nLOCAL vs. sLOCALaa -1.148 59 0.255 
 nLOCAL vs. sLOCALan -3.806 59 0.000 
 nLOCAL vs. sLOCALn -3.075 59 0.003 

2x1 nLOCAL vs. aLOCALa -1.601 59 0.115 
 nLOCAL vs. aLOCALn -4.392 59 0.000 
 nLOCAL vs. sLOCALaa -1.502 59 0.138 
 nLOCAL vs. sLOCALan -4.564 59 0.000 
 nLOCAL vs. sLOCALn -1.578 59 0.120 

MED nLOCAL vs. aLOCALa -0.762 59 0.449 
 nLOCAL vs. aLOCALn -4.822 59 0.000 
 nLOCAL vs. sLOCALaa -0.773 59 0.443 
 nLOCAL vs. sLOCALan -5.060 59 0.000 
 nLOCAL vs. sLOCALn -2.686 59 0.009 

AST nLOCAL vs. aLOCALa -1.027 59 0.309 
 nLOCAL vs. aLOCALn -5.716 59 0.000 
 nLOCAL vs. sLOCALaa -1.846 59 0.070 
 nLOCAL vs. sLOCALan -5.900 59 0.000 
 nLOCAL vs. sLOCALn -0.354 59 0.724 

Pooled nLOCAL vs. aLOCALa -2.060 239 0.040 
 nLOCAL vs. aLOCALn -7.871 239 0.000 
 nLOCAL vs. sLOCALaa -2.449 239 0.015 
 nLOCAL vs. sLOCALan -8.558 239 0.000 
 nLOCAL vs. sLOCALn -2.549 239 0.011 

  
 p-value<0.05 
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6.4.2  Deviation of local search results 
Search method consistency can also be investigated using the TTT standard deviation of 

replicate solutions.  Table 6.8 presents TTT standard deviations.  As shown by the shadow 
pattern, nLOCAL most frequently produces the smallest standard deviation. 

To compare deviation across demand levels and/or network sizes, the coefficient of 
variation, defined by the ratio of the standard deviation to the sample mean, are calculated and 
shown in Table 6.9.  These values are unitless.  For the VV and 2x1 networks, the values range 
from 0.00 to 2.57 and apparently grows with demand level.  The nLOCAL produces smallest 
coefficient of variation over all demand levels.  For the MED and AST networks, the range 
becomes narrower, from 0.01 to 0.28 and again, it apparently grows with demand level. 

Overall, as demand increases, so does the deviation.  Bigger networks show relatively 
smaller deviation ranges across the search methods.  For small networks, the extreme solution 
nature might create a larger deviation range.  The nLOCAL most frequently shows the best 
value. 

 
6.4.3  Weighted volume per capacity ratio 

Although the five experimental demand levels were chosen to produce weighted vcr 
(defined by equation (5.1), wvcr) of 0.1, 0.3, 0.5, 0.7 and 0.9, respectively, through a preliminary 
test, wvcr's reveal different values depending on how good they are.  Table 6.10 is mean wvcr 
values.  For the MED and AST networks, wvcr's are roughly the intended values; however, for 
the VV and 2x1 networks, some cases deviate significantly.  This is caused by the small network 
search behavior tending to converge to extreme points.  The nLOCAL frequently shows wvcr 
values closest to those intended. 
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Table 6.8  Standard deviations of local search TTT results (hr) 
N/W OD 

level 
aLOCALa aLOCAL

n 
nLOCAL sLOCALa

a 
sLOCALa
n 

sLOCALn 

VV 1 0.5 0.4 0.0 0.5 0.4 0.0 
 2 1.5 0.0 1.6 1.5 0.0 1.6 
 3 6.5 1.2 0.0 6.5 1.2 6.5 
 4 0.0 19.3 0.0 0.0 50.7 52.2 
 5 104.3 71.0 0.0 104.3 116.5 144.9 
2x1 1 0.3 0.6 0.3 0.3 0.6 0.3 
 2 11.3 1407.5 7.8 11.3 1403.4 9.4 
 3 8.9 135.8 0.0 9.0 134.5 9.3 
 4 456.9 281.0 1.3 458.4 273.9 71.6 
 5 757.8 476.4 3.8 761.6 460.1 156.5 
MED 1 0.7 0.5 0.7 0.7 0.4 0.7 
 2 4.7 3.8 4.2 4.4 3.8 5.0 
 3 32.5 27.9 29.6 32.7 29.5 35.5 
 4 97.0 109.3 109.3 93.0 102.7 112.9 
 5 283.4 234.8 306.2 281.4 206.9 308.2 
AST 1 1.4 1.0 1.6 1.7 1.0 1.7 
 2 12.7 23.8 8.9 12.2 24.0 8.9 
 3 67.7 157.9 81.4 65.5 152.5 73.2 
 4 375.4 396.1 326.4 422.9 387.4 372.9 
 5 747.7 725.6 705.4 714.7 730.3 840.0 
        
       best across 

algorithms 
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Table 6.9  Coefficient of variation of local search TTT results 

N/W OD 
level 

aLOCALa aLOCAL
n 

nLOCAL sLOCALa
a 

sLOCALa
n 

sLOCALn 

VV 1 0.09 0.07 0.00 0.09 0.07 0.00 
 2 0.07 0.00 0.08 0.07 0.00 0.08 
 3 0.15 0.03 0.00 0.15 0.03 0.15 
 4 0.00 0.31 0.00 0.00 0.52 0.54 
 5 0.99 0.58 0.00 0.99 0.50 0.76 

2x1 1 0.07 0.13 0.06 0.07 0.12 0.06 
 2 0.24 1.04 0.21 0.24 1.04 0.23 
 3 0.30 1.07 0.00 0.30 1.04 0.33 
 4 2.46 0.93 0.03 2.57 0.88 1.08 
 5 2.21 0.85 0.05 2.35 0.79 1.17 

MED 1 0.02 0.01 0.02 0.02 0.01 0.02 
 2 0.03 0.03 0.03 0.03 0.03 0.03 
 3 0.10 0.08 0.10 0.10 0.08 0.11 
 4 0.13 0.12 0.14 0.12 0.11 0.14 
 5 0.17 0.12 0.18 0.17 0.10 0.17 

AST 1 0.01 0.01 0.01 0.01 0.01 0.01 
 2 0.02 0.04 0.02 0.02 0.04 0.02 
 3 0.06 0.12 0.07 0.05 0.11 0.06 
 4 0.15 0.14 0.14 0.17 0.13 0.16 
 5 0.15 0.12 0.14 0.14 0.12 0.17 
        
       best across 

algorithms 
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Table 6.10  Weighted vcr of the local search methods 
N/W OD aLOCALa aLOCAL

n 
nLOCAL sLOCALa

a 
sLOCALa

n 
sLOCALn 

VV 1 0.13 0.16 0.16 0.13 0.15 0.16 
 2 0.41 0.29 0.41 0.41 0.29 0.41 
 3 0.63 0.54 0.50 0.63 0.52 0.60 
 4 0.70 0.78 0.70 0.70 0.93 0.90 
 5 0.98 1.02 0.91 0.98 1.27 1.16 

2x1 1 0.11 0.16 0.10 0.11 0.16 0.10 
 2 0.35 0.50 0.31 0.36 0.50 0.32 
 3 0.57 0.81 0.52 0.57 0.82 0.55 
 4 0.95 1.12 0.75 0.95 1.14 0.78 
 5 1.18 1.44 0.91 1.18 1.46 0.95 

MED 1 0.11 0.11 0.11 0.11 0.11 0.11 
 2 0.34 0.35 0.34 0.34 0.35 0.33 
 3 0.55 0.56 0.54 0.55 0.56 0.54 
 4 0.72 0.76 0.72 0.72 0.76 0.73 
 5 0.90 0.96 0.90 0.90 0.96 0.92 

AST 1 0.11 0.11 0.10 0.10 0.11 0.10 
 2 0.34 0.34 0.33 0.33 0.34 0.33 
 3 0.53 0.55 0.53 0.53 0.55 0.53 
 4 0.72 0.75 0.71 0.72 0.75 0.71 
 5 0.92 0.96 0.91 0.92 0.96 0.91 
        
       best across 

algorithms 



 200

6.4.4  Convergence and UE assignment repetitions 
Each search technique iterates until the newly found signal setting is close enough to the 

previous setting.  Table 6.11 shows the average number of iterations until convergence.  As 
indicated in Chapter 5, all searches converge quickly usually within five iterations.  Each 
iteration involves more than one UE iteration because of gradient calculation and line search 
procedure.  Thus, for each search method, this study counts all UE assignment repetitions in 
estimating gradients, deciding optimal line search step sizes and solving an initial UE flow 
solution.  Table 6.12 presents the average number of UE assignment repetitions.  Each cell value 
is the mean of the 60 cases: 5 demands( )× 12 initial settings( ) = 60 . 

As explained, simplified local searches are for larger networks.  According to the relative 
comparison between simplified and their counter regular local searches (sLOCALaa vs. 
aLOCALa, sLOCALan vs. aLOCALn, and sLOCALn vs. nLOCAL) in the MED and AST 
networks in Table 6.12, the simplified searches clearly reduce computational burden without 
much impairing solution quality shown in Table 6.6.  Since a major portion of computation effort 
is spent on an optimal step size decision, a strategic line search expediting the computation 
should be investigated in future work. 

Table 6.11  Average number of iterations until convergence 
Network aLOCAL

a 
aLOCAL

n 
nLOCAL sLOCALaa sLOCALan sLOCALn 

VV 3.5 2.7 3.1 3.5 2.5 2.9 
2x1 3.3 2.1 5.1 3.3 2.0 5.0 

MED 2.9 2.1 3.0 2.9 2.0 2.8 
AST 3.2 2.1 3.0 3.2 2.0 3.0 

 
Table 6.12  Average UE assignment repetitions of the local searches 

Network aLOCAL
a 

aLOCALn nLOCAL sLOCALaa sLOCALan sLOCALn 

VV 85 92 105 84 101 176 
2x1 159 82 325 168 85 490 

MED 189 88 198 88 68 198 
AST 154 110 230 41 60 190 

 
6.4.5  Summary of experiment II and best local search 

Experiment II is a relative comparison among the local search methods.  The quality of 
the total travel times, wvcr and convergence patterns were investigated.  The nLOCAL generally 
finds better solutions and reveals relatively small deviations for different network and demand 
levels.  Thus, for the next experiment III, nLOCAL is the chosen local search method.  
Additionally, the simplified local search methods were proved to reduce the computational 
burden without much impairing solution quality. 
 
6.5  EXPERIMENT III:  ALGORITHM COMPARISONS 

Experiment III is the main experiment to compare the four algorithms in the four example 
networks with five different demand levels.  The IOA, nLOCAL, SENSS and GENSS are 
applied with 32 different initial settings, type 1, type 2 and 30 cases of type 3.  Type 1 and 2 
initial settings cannot be used with the GENSS so all 32 GENSS cases are type 3.  Therefore, the 
total number of trials are 2560: 
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4 a lgorithms( )⋅ 4 networks( )⋅ 5 demands( )⋅ 32 initial settings( ) = 2560  
Total travel time, weighted volume per capacity ratio (wvcr) and the converge pattern are 
investigated. 
 
6.5.1  Total travel time 
6.5.1.1  Overall results 

Mean and minimum total travel times are summarized in Tables 6.13 and 6.14, 
respectively.  Each table cell contains the mean and minimum TTT's produced by the 32 
different initial settings.  The best value of each row (i.e., across the algorithms) are shadowed.  
The standard deviation and coefficient of variation for each set of 32 trials are shown in Table 
6.15 and 6.16, respectively 

The results vary across the networks.  The TTT means by the IOA are relatively worse 
than those by the other algorithms for the VV and 2x1 networks.  The phenomenon, however, 
becomes reversed as the network size increases.  The IOA outperforms the other searches in the 
AST network but not for all OD-levels.  The nLOCAL shows relatively higher TTT deviation 
judged by the standard deviation.  Generally, the TTT deviation grows as network size increases 
or as demand increases.  A detailed network by network statistical investigation is given in the 
next sections. 

 
Table 6.13  Mean of total travel time by the four searches (hr) 

N/W OD IOA nLOCAL SENSS GENSS 
VV 1 6 5 5 5 

 2 21 21 19 19 
 3 46 39 39 39 
 4 84 56 56 56 
 5 172 80 75 75 

2x1 1 4 4 4 4 
 2 15 14 14 14 
 3 25 25 25 25 
 4 43 45 43 43 
 5 83 80 78 78 

MED 1 33 36 35 33 
 2 131 144 139 132 
 3 274 324 304 273 
 4 657 788 738 624 
 5 1398 1781 1637 1304 

AST 1 147 155 152 148 
 2 555 595 577 568 
 3 1030 1250 1094 1060 
 4 1838 2624 1970 1877 

 5 3345 5487 3548 3648 
   
  best across 

algorithms 
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Table 6.14  Minimum of total travel time by the four searches (hr) 
N/W OD IOA nLOCAL SENSS GENSS 
VV 1 5 5 5 4 

 2 19 19 19 14 
 3 39 39 39 39 
 4 56 56 56 56 
 5 75 75 75 75 

2x1 1 4 4 4 4 
 2 14 14 14 14 
 3 25 25 25 25 
 4 43 43 43 43 
 5 80 78 78 78 

MED 1 33 34 33 33 
 2 130 136 130 130 
 3 267 279 267 267 
 4 623 652 609 613 
 5 1330 1342 1240 1279 

AST 1 146 151 147 145 
 2 554 570 554 557 
 3 1024 1073 1025 1026 
 4 1810 1900 1739 1832 
 5 3319 3741 3272 3430 

   
  best across 

algorithms 
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Table 6.15  Standard deviation of total travel time by the four searches (hr) 
N/W OD IOA nLOCAL SENSS GENSS 
VV 1 0.47 0.01 0.02 0.20 

 2 1.52 1.52 0.01 1.19 
 3 6.61 2.49 0.01 0.06 
 4 32.92 4.28 0.00 0.25 
 5 61.10 24.87 0.01 0.07 

2x1 1 0.36 0.27 0.02 0.02 
 2 1.49 0.64 0.00 0.00 
 3 0.00 0.02 0.00 0.00 
 4 0.00 1.33 0.56 0.23 
 5 2.78 3.80 0.34 0.08 

MED 1 0.63 0.63 0.57 0.09 
 2 0.76 4.10 2.73 0.51 
 3 3.40 31.80 13.62 1.86 
 4 65.85 110.86 39.59 4.68 
 5 19.89 282.82 137.85 11.76 

AST 1 0.48 1.41 1.51 0.51 
 2 0.69 12.87 11.09 2.28 
 3 2.53 107.35 49.15 8.05 
 4 9.98 353.25 271.96 23.44 
 5 21.57 732.63 362.65 70.54 

   
  least across 

algorithms 



 204

 
Table 6.16  Coefficient of variation of total travel time by the four searches 

N/W OD IOA nLOCAL SENSS GENSS 
VV 1 0.082 0.002 0.005 0.037 

 2 0.074 0.071 0.001 0.061 
 3 0.142 0.063 0.000 0.002 
 4 0.394 0.076 0.000 0.005 
 5 0.355 0.312 0.000 0.001 

2x1 1 0.082 0.062 0.005 0.005 
 2 0.102 0.045 0.000 0.000 
 3 0.000 0.001 0.000 0.000 
 4 0.000 0.029 0.013 0.005 
 5 0.033 0.048 0.004 0.001 

MED 1 0.019 0.017 0.016 0.003 
 2 0.006 0.028 0.020 0.004 
 3 0.012 0.098 0.045 0.007 
 4 0.100 0.141 0.054 0.007 
 5 0.014 0.159 0.084 0.009 

AST 1 0.003 0.009 0.010 0.003 
 2 0.001 0.022 0.019 0.004 
 3 0.002 0.086 0.045 0.008 
 4 0.005 0.135 0.138 0.012 
 5 0.006 0.134 0.102 0.019 

   
  least across 

algorithms 
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6.5.1.2  The VV network and total travel time 
In this section, for the VV network, the solution quality of the four algorithms is 

statistically investigated focusing the IOA vs. the LOCAL search.  First, Table 6.17 is the part of 
Table 6.13 describing the VV network.  Apparently, the IOA has difficulty finding good quality 
solutions as demand increases, especially when OD level is 4 and 5.  Figure 6.1 indicates the 
same observation.  To justify this statistically, analysis of variance for the TTTs is performed. 

Table 6.17 can be considered a two factor experiment with 32 balanced replicates.  Here 
the two factors are OD level and various algorithms.  The p-values of the test statistics given in 
Table 6.18 reveal that the main and interaction effects of the two factors are significant.  The 
significant effect of OD level on TTT is trivial.  In order to performing more meaningful 
comparisons, the following ratio measure is used, 

Ti =
TTTi

TTTmin
 (6.5) 

where TTTi  is TTT of each trial and TTTmin  is the minimum TTT found for each OD level 
through the four algorithms for a given network.  Table 6.19 presents result of variance analysis 
for Ti  and again, the same results are found.  Now it is interesting to test at which OD level the 
algorithms show significantly different performance statistically.  The least significant difference 
(LSD) method is widely used for this purpose after the F test reveals significant.  The null 
hypothesis of the LSD test is H 0: µi = µ j  for all i ≠ j  where µ i  and µ j  indicate cell population 
means.  As can be seen in the Table 6.20, the IOA shows significantly different results (produces 
a significantly worse TTT) when OD level is 3, 4, and 5.  The pooled case confirms that the IOA 
result is different from the others.  The nLOCAL, SENSS and GENSS show better performance 
compared to the IOA, especially at the higher demand levels.  The GENSS and SENSS do not 
show any significantly different performance. 

Conclusively, the IOA performs worse than the nLOCAL when the demand is high and 
the GENSS, SENSS and nLOCAL produces similar quality solutions for the VV network. 
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Table 6.17  Total travel time mean values (hours) 
by the four search methods for the VV network 

N/W OD IOA nLOCAL SENSS GENSS 
VV 1 6 5 5 5 

 2 21 21 19 19 
 3 46 39 39 39 
 4 84 56 56 56 
 5 172 80 75 75 

  
 best across 

algorithms 
 
 
 

Table 6.18  Analysis of variance on TTT for the VV network 
source of variation sum of squares d.f. mean square F p-value 

OD level 717833.20 4 179458.30 649.24 0.0000 
algorithm 83256.30 3 27752.10 100.40 0.0000 
interaction 155991.60 12 12999.30 46.95 0.0000 
error 171376.12 620 276.41   
total 1128457.22 639   

 
 
 
 

Table 6.19  Analysis of variance on Ti  for the VV network 
source of variation sum of squares d.f. mean square F p-value 

OD level 11.03 4 2.7569 44.07 0.0000 
algorithm 22.50 3 7.4998 119.89 0.0000 
interaction 25.36 12 2.1136 33.73 0.0000 
error 38.78 620 0.0626   
total 97.67 639    
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Figure 6.1  Total travel time (hours) by the four algorithms in the VV network 
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Table 6.20  Least significant difference analysis of 
Ti  values for the VV network (p-values) 

OD algorithm IOA nLOCAL SENSS GENSS 
1 IOA . 1.0000 0.1517 0.1323 
1 nLOCAL . . 0.1517 0.1323 
1 SENSS . . . 0.9429 
1 GENSS . . . . 
2 IOA . 0.3650 0.1850 0.0000 
2 nLOCAL . . 0.0259 0.0000 
2 SENSS . . . 0.0016 
2 GENSS . . . . 
3 IOA . 0.0031 0.0017 0.0018 
3 nLOCAL . . 0.8548 0.8596 
3 SENSS . . . 0.9951 
3 GENSS . . . . 
4 IOA . 0.0000 0.0000 0.0000 
4 nLOCAL . . 0.8280 0.8432 
4 SENSS . . . 0.9845 
4 GENSS . . . . 
5 IOA . 0.0000 0.0000 0.0000 
5 nLOCAL . . 0.3493 0.3509 
5 SENSS . . . 0.9974 
5 GENSS . . . . 

pooled IOA . 0.0000 0.0000 0.0000 
 nLOCAL . . 0.0735 0.0531 
 SENSS . . . 0.1517 

 GENSS . . . . 
      
     p-value<0.05 
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6.5.1.3  The 2x1 network and total travel time 
Although the mean TTT values in the 2x1 network are similar at OD level=1, 2, 3 and 4, 

the IOA produces worse solutions at demand level 5 as shown in Table 6.21 and Figure 6.2.  
According to the variance analysis in Table 6.22, the main and interaction effects of OD levels 
and algorithms are quite significant.  The LSD test in Table 6.23 indicates the IOA produces 
statistically different solutions through all demand levels except OD level 3.  Again for the 2x1 
network, the IOA works poorly at high demand levels. 

 
Table 6.21  Total travel time mean values (hours) 
by the four search methods for the 2x1 network 

N/W OD IOA nLOCAL SENSS GENSS 
2x1 1 4 4 4 4 

 2 15 14 14 14 
 3 25 25 25 25 
 4 43 45 43 43 
 5 83 80 78 78 
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Figure 6.2  Total travel time (hours) by the four algorithms in the 2x1 network 
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Table 6.22  Analysis of variance on Ti  for the 2x1 network 
source of variation sum of squares d.f. mean square F p-value 

OD level 0.04 4 0.0101 6.53 0.0000 
algorithm 0.12 3 0.0414 26.70 0.0000 
interaction 0.14 12 0.0114 7.32 0.0000 

error 0.96 620 0.0016   
total 1.26 639    

 
 

Table 6.23  LSD analysis of Ti  values for the 2x1 network (p-values) 
OD algorithm IOA nLOCAL SENSS GENSS 
1 IOA . 0.0083 0.0000 0.0000 
1 nLOCAL . . 0.0413 0.0344 
1 SENSS . . . 0.9397 
1 GENSS . . . . 
2 IOA . 0.0000 0.0000 0.0000 
2 nLOCAL . . 0.4105 0.4105 
2 SENSS . . . 1.0000 
2 GENSS . . . . 
3 IOA . 0.9899 1.0000 1.0000 
3 nLOCAL . . 0.9899 0.9899 
3 SENSS . . . 1.0000 
3 GENSS . . . . 
4 IOA . 0.0000 0.6422 0.5701 
4 nLOCAL . . 0.0000 0.0000 
4 SENSS . . . 0.9178 
4 GENSS . . . . 
5 IOA . 0.0000 0.0000 0.0000 
5 nLOCAL . . 0.0132 0.0095 
5 SENSS . . . 0.9056 
5 GENSS . . . . 

pooled IOA . 0.0018 0.0000 0.0000 
 nLOCAL . . 0.0735 0.0531 
 SENSS . . . 0.9675 
 GENSS . . . . 
      
     p-value<0.05 
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6.5.1.4  The MED network and total travel time 
For the MED network, again, the main and interaction effects of demand levels and 

algorithms are quite strong according to the variance analysis in Table 6.24.  Figure 6.3 indicates 
the nLOCAL works badly, and the IOA and GENSS outperform the others through all demand 
levels.  According to the LSD test in Table 6.25, the IOA shows significant differences from the 
nLOCAL and the SENSS throughout all demand levels.  For the MED network, the IOA 
outperforms nLOCAL although GENSS performs best.  SENSS and nLOCAL do not produce 
the best solution for any demand level. 
 

Table 6.24  Total travel time mean values 
(hours) by the four search methods for the MED network 

N/W OD IOA nLOCAL SENSS GENSS 
MED 1 33 36 35 33 

 2 131 144 139 132 
 3 274 324 304 273 
 4 657 788 738 624 
 5 1398 1781 1637 1304 

   
  best across 

algorithms 
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Figure 6.3  Total travel time (hours) by the four algorithms in the MED network 
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Table 6.25  Analysis of variance on Ti  for the MED network 
source of variation sum of squares d.f. mean square F p-value 

OD level 3.24 4 0.8089 120.79 0.0000 
algorithm 4.49 3 1.4955 223.34 0.0000 
interaction 1.20 12 0.10003 14.95 0.0000 

error 4.15 620 0.0067   
total 13.08 639    

 
Table 6.26  LSD analysis of Ti  values for the MED network (p-values) 

OD algorithm IOA nLOCAL SENSS GENSS 
1 IOA . 0.0000 0.0268 0.9628 
1 nLOCAL . . 0.0249 0.0000 
1 SENSS . . . 0.0301 
1 GENSS . . . . 
2 IOA . 0.0000 0.0013 0.7090 
2 nLOCAL . . 0.0578 0.0000 
2 SENSS . . . 0.0043 
2 GENSS . . . . 
3 IOA . 0.0000 0.0000 0.7304 
3 nLOCAL . . 0.0002 0.0000 
3 SENSS . . . 0.0000 
3 GENSS . . . . 
4 IOA . 0.0000 0.0000 0.0081 
4 nLOCAL . . 0.0001 0.0000 
4 SENSS . . . 0.0000 
4 GENSS . . . . 
5 IOA . 0.0000 0.0000 0.0002 
5 nLOCAL . . 0.0000 0.0000 
5 SENSS . . . 0.0000 
5 GENSS . . . . 

pooled IOA . 0.0000 0.0000 0.0052 
 nLOCAL . . 0.0735 0.0531 
 SENSS . . . 0.0000 
 GENSS . . . . 
      
     p-value<0.05 
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6.5.1.5  The AST network and total travel time 
For the most complex network, the AST, apparently, the IOA consistently produces the 

best solutions throughout all demand levels, as indicated in Table 6.27 and Figure 6.4.  
According to the variance analysis in Table 6.28, TTT is affected by the demand levels, 
algorithms and their interaction.  The LSD test in Table 6.29 statistically confirms that the IOA 
produces significantly better solution as demand becomes higher, although SENSS and GENSS 
works comparably at lower demands.  Conclusively, for the complex network, IOA works best 
and as demand increases difference becomes more pronounced. 
 

Table 6.27  Total travel time mean values (hours) 
by the four search methods for the AST network 

N/W OD IOA nLOCAL SENSS GENSS 
AST 1 147 155 152 148 

 2 555 595 577 568 
 3 1030 1250 1094 1060 
 4 1838 2624 1970 1877 

 5 3345 5487 3548 3648 
   
  best across 

algorithms 
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Table 6.28  Analysis of variance on Ti  for the AST network 
source of variation sum of squares d.f. mean square F p-value 
OD level 4.09 4 1.0230 142.24 0.0000 
algorithm 8.36 3 2.7859 387.36 0.0000 
interaction 5.87 12 0.4892 67.92 0.0000 
error 4.46 620 0.0072   
total 22.78 639   

 
Table 6.29  LSD analysis of Ti  values for the AST network (p-values) 

OD algorithm IOA nLOCAL SENSS GENSS 
1 IOA . 0.0071 0.0623 0.6734 
1 nLOCAL . . 0.4039 0.0229 
1 SENSS . . . 0.1487 
1 GENSS . . . . 
2 IOA . 0.0007 0.0567 0.2679 
2 nLOCAL . . 0.1338 0.0217 
2 SENSS . . . 0.4238 
2 GENSS . . . . 
3 IOA . 0.0000 0.0034 0.1615 
3 nLOCAL . . 0.0000 0.0000 
3 SENSS . . . 0.1251 
3 GENSS . . . . 
4 IOA . 0.0000 0.0004 0.2860 
4 nLOCAL . . 0.0000 0.0000 
4 SENSS . . . 0.0123 
4 GENSS . . . . 
5 IOA . 0.0000 0.0034 0.0000 
5 nLOCAL . . 0.0000 0.0000 
5 SENSS . . . 0.1510 
5 GENSS . . . . 

pooled IOA . 0.0000 0.0000 0.0002 
 nLOCAL . . 0.0735 0.0531 
 SENSS . . . 0.0303 

 GENSS . . . . 
      
     p-value<0.05 
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6.5.2  Weighted volume per capacity ratio 
Although the five demand levels were chosen to produce volume-capacity ratios of 0.1, 

0.3, 0.5, 0.7 and 0.9, respectively, actual values vary due to solution quality.  Tables 6.30, 6.31 
and 6.32 are weighted vcr means, standard deviations, and coefficients of variation for the 32 
trials across the four algorithms.  Except for the VV network, all wvcr means are roughly within 
the intended ranges. 

For the VV network, the IOA produces greater deviation than the others.  Figure 6.5 
implies that this deviation is caused by the trend that IOA repeatedly converges to one of two 
extreme solutions.  For the 2x1 network, all search methods produce good solutions as discussed 
in the previous section and hence the wvcr are similar across the algorithms at all demand levels. 

For the MED network, no significant wvcr differences are found although nLOCAL 
shows slightly bigger wvcr's than the others.  As discussed in the previous section, nLOCAL 
fails to find relatively good solutions in the AST network, and hence it is natural that its wvcr in 
the AST network is higher than others.  Except for the small network, IOA and GENSS produce 
less wvcr standard deviation as shown in Table 6.31 and the same pattern is observed in Table 
6.32. 



 219

Table 6.30  Mean of weighted vcr for the four search methods 
N/W OD IOA nLOCAL SENSS GENSS 
VV 1 0.13 0.16 0.17 0.16 

 2 0.45 0.41 0.58 0.58 
 3 0.77 0.50 0.49 0.50 
 4 0.88 0.70 0.70 0.70 
 5 1.09 0.91 0.89 0.91 

2x1 1 0.11 0.10 0.10 0.10 
 2 0.32 0.31 0.31 0.31 
 3 0.52 0.52 0.52 0.52 
 4 0.73 0.75 0.74 0.74 
 5 0.90 0.91 0.91 0.91 

MED 1 0.10 0.11 0.11 0.10 
 2 0.32 0.34 0.33 0.31 
 3 0.52 0.54 0.53 0.49 
 4 0.69 0.73 0.67 0.66 
 5 0.86 0.91 0.89 0.83 

AST 1 0.10 0.11 0.10 0.10 
 2 0.32 0.33 0.32 0.30 
 3 0.49 0.53 0.50 0.48 
 4 0.66 0.72 0.68 0.67 
 5 0.83 0.92 0.83 0.83 
      
     best across 

algorithms 
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Table 6.31  Standard deviation of weighted vcr for the four search methods 
N/W OD IOA nLOCAL SENSS GENSS 
VV 1 0.04 0.00 0.07 0.00 

 2 0.15 0.14 0.00 0.00 
 3 0.25 0.00 0.00 0.00 
 4 0.16 0.00 0.00 0.00 
 5 0.14 0.00 0.06 0.00 

2x1 1 0.02 0.01 0.00 0.00 
 2 0.08 0.00 0.00 0.00 
 3 0.00 0.00 0.00 0.00 
 4 0.00 0.01 0.00 0.00 
 5 0.00 0.01 0.00 0.00 

MED 1 0.00 0.01 0.01 0.00 
 2 0.01 0.01 0.01 0.00 
 3 0.01 0.02 0.02 0.01 
 4 0.01 0.03 0.11 0.01 
 5 0.01 0.05 0.02 0.01 

AST 1 0.00 0.01 0.01 0.00 
 2 0.01 0.01 0.02 0.00 
 3 0.00 0.02 0.02 0.00 
 4 0.00 0.03 0.03 0.00 
 5 0.00 0.04 0.01 0.00 
      
     least across 

algorithms 
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Table 6.32  Coefficient of variation of weighted vcr for the four search methods 
N/W OD IOA nLOCAL SENSS GENSS 
VV 1 0.30 0.00 0.42 0.00 

 2 0.32 0.35 0.00 0.00 
 3 0.32 0.00 0.00 0.00 
 4 0.19 0.00 0.00 0.00 
 5 0.13 0.00 0.07 0.00 

2x1 1 0.17 0.12 0.00 0.00 
 2 0.25 0.00 0.00 0.00 
 3 0.00 0.00 0.00 0.00 
 4 0.00 0.02 0.01 0.00 
 5 0.00 0.01 0.00 0.00 

MED 1 0.03 0.05 0.07 0.03 
 2 0.03 0.04 0.04 0.01 
 3 0.01 0.03 0.03 0.01 
 4 0.01 0.04 0.17 0.01 
 5 0.01 0.05 0.02 0.01 

AST 1 0.03 0.06 0.05 0.02 
 2 0.02 0.04 0.05 0.01 
 3 0.01 0.04 0.03 0.01 
 4 0.00 0.04 0.04 0.01 
 5 0.00 0.05 0.01 0.01 

   
  least across 

algorithms 
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Figure 6.5  Weighted vcr for the VV network at the five different OD levels 
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6.5.3  Convergence pattern 
The SENSS and GENSS require a much larger computational burden than the IOA and 

nLOCAL techniques because of their extensive searches.  Thus, computational burden is 
compared between the IOA and nLOCAL, and between the SENSS and GENSS methods. 
 
6.5.3.1  Convergence pattern of the IOA and nLOCAL methods 

Table 6.33 shows the average number of iterations until convergence.  The IOA 
converges within 10 iterations for the VV and 2x1 networks but the required iterations increase 
for the MED and AST networks.  Within a network, higher demand level usually causes more 
iterations.  The nLOCAL needs fewer iterations to converge and is not so sensitive to network 
size or demand level.  The main difference between the IOA and nLOCAL convergence patterns 
can be explained as follows.  The IOA is an approximate main problem optimization procedure 
and hence it must oscillate (drift) to find a mutually consistent solution possibly including wrong 
way optimization as explained in Chapter 5, while nLOCAL is a main problem optimization 
process and hence it does not need any drift procedure. 

Table 6.34 presents the number of IOA wrong way optimizations experienced during 
Experiment III.  The frequency of occurrence ranges from 88% to 0%.  To investigate how badly 
the wrong way optimization affects the final solution, the IOA TTT after each traffic assignment 
following control adjustment is traced.  The following measure is defined: 

ω =
final UE TTT

min UE TTT during iteration
−1

 
 
  

 
⋅100 . (6.5) 

ω  is the ratio of TTT increase caused by wrong way optimization to the minimum TTT among 
the UE solutions encountered during iteration.  If it is m% this means wrong way optimization 
causes m% higher system TTT than the best operation.  For the worst case, ω  does not exceed 
5% and on the average, it does not exceed 4% for all networks except the VV.  For the VV 
network, in two cases (OD level=3 and 5), ω  is quite big and the IOA is severely affected by 
wrong way optimization.  The wrong way optimization can be discovered only through a post 
hoc investigation.  This is the cost for not using OD information in the unilateral control 
optimization procedure. 
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Table 6.33  Average number of iterations until 
convergence of the IOA and nLOCAL methods 
N/W OD IOA nLOCAL 
VV 1 2.1 3.4 

 2 2.3 3.0 
 3 4.3 3.0 
 4 5.6 3.0 
 5 4.2 3.0 
 pooled 3.7 3.1 

2x1 1 2.0 5.4 
 2 2.3 5.7 
 3 3.0 6.3 
 4 3.4 3.7 
 5 9.8 4.4 
 pooled 4.1 5.1 

MED 1 5.7 2.6 
 2 7.8 3.1 
 3 10.3 3.3 
 4 8.9 3.0 
 5 8.7 2.9 
 pooled 8.3 3.0 

AST 1 6.5 2.7 
 2 11.2 3.2 
 3 19.4 3.3 
 4 14.8 3.0 

 5 21.6 2.9 
 pooled 14.7 3.0 
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Table 6.34  Wrong way optimization 
encountered during the IOA procedure 

N/W OD % occurrence max ω  mean ω  
VV 1 0% . . 

 2 0% . . 
 3 38% 16% 4% 
 4 0% . . 
 5 6% 19% 1% 
 pooled 9% . . 

2x1 1 0% . . 
 2 0% . . 
 3 3% 2%. 2%. 
 4 0% . . 
 5 53% 4% 2% 
 pooled 11% . . 

MED 1 3% 2% 1% 
 2 3% 1% 1% 
 3 84% 4% 1% 
 4 0% . . 
 5 13% 2% 1% 
 pooled 21% . . 

AST 1 0% . . 
 2 0% . . 
 3 63% 1% 1% 
 4 88% 4% 2% 

5 0% . . 
 pooled 30% . . 
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6.5.3.2  Convergence of the SENSS and GENSS procedures 
Without considering how good the best solution is, the average number of iterations used 

to find the best solution is shown in Table 6.35.  Iteration here is the number of outer iterations 
for SENSS and the number of generations for GENSS.  Iteration numbers to find the best 
solutions are listed for SENSS and GENSS in the table and SENSS appears relatively quicker.  
For both algorithms, the iteration number increases with demand.  Increasing network size tends 
to increase number of required iterations, but this is not consistent across all networks. 

The stopped iteration numbers are listed in the last two table columns.  For the VV 
network, SENSS and GENSS required similar iteration numbers.  For other networks, however, 
GENSS always requires more iterations to stop than SENSS.  The demand level seems to have 
little effect upon the iteration number to stop. 

Conclusively, SENSS without considering solution quality is faster than GENSS. 
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Table 6.35  Average SENSS and GENSS iterations to find best solution and to stop 
N/W OD best SENSS 

outer iteration 
best GENSS 
generation 

stopped SENSS
outer iteration 

stopped GENSS 
generation 

VV 1 2.1 5.0 28 26 
 2 1.9 3.5 28 24 
 3 6.9 10.8 29 25 
 4 8.1 12.6 29 23 
 5 16.8 17.2 32 24 
 pooled 7.2 9.8 29 24 

2x1 1 33.6 61.9 36 93 
 2 34.9 73.9 37 94 
 3 34.4 69.0 39 91 
 4 30.3 59.8 39 89 
 5 30.7 57.2 37 91 
 pooled 32.8 64.4 38 92 

MED 1 1.1 90.4 37 95 
 2 6.2 86.9 35 94 
 3 4.0 87.9 35 95 
 4 5.0 89.8 34 97 
 5 7.0 77.8 30 96 
 pooled 4.7 86.6 34 95 

AST 1 10.9 95.5 40 98 
 2 14.3 86.8 37 97 
 3 29.3 76.7 33 96 
 4 26.4 91.1 33 97 

 5 28.0 80.1 35 97 
 pooled 21.8 86.0 36 97 
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6.5.4  Conclusion and implication of the Experiment III 
Four algorithms were intensively tested regarding solution total travel time, weighted vcr 

and convergence pattern.  The major analysis was the relative performance between the IOA and 
nLOCAL, and problem solving ability of the GENSS and SENSS methods.  The four algorithms 
showed relative superiority in different combinations of network and demand level.  Figure 6.6 
indicates their performance in a schematic way.  The local search outperforms in the higher 
demand in smaller networks, while the IOA excels in higher demand in larger networks. 
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Figure 6.6  Relative superior regions of the four searches 

 
The SENSS and GENSS work fairly well for different demand levels and networks 

without producing the extremely poor solutions, except for the region of higher demand in the 
larger network.  The performance trends of the four methods can be explained as follows: 

For small networks, the problem might have only a few local and mutually consistent 
points, and the IOA can drive the search to the poorer mutually consistent point (Figure 6.7 (a)).  
As demand increases, the additional travel time caused by such an IOA solution can be very 
high.  When the network size increases, the number of local solutions will increase and some of 
them may be good and some bad.  The local search is heavily dependent on the starting place and 
hence a bad start will restrict the search to the worse domain.  On the other hand, the IOA 
procedure includes signal optimization without considering the flow change.  For a large 
network, IOA finds a total travel time minimizing setting for a given flow (it may not be a 
mutually consistent point) at the first iteration and flow will be adjusted.  Then the IOA may drift 
around that domain until it converges to a mutually consistent point.  During this drift, wrong 
way optimization can occur.  Because of the increased number of degrees of freedom of the large 
network with high demand, IOA may easily find a mutually consistent point near the current 
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control optimized point (Figure 6.7 (b)).  However, the local search does not get any benefit from 
the increased number of degrees of freedom.  Actually the LOCAL SENSS and GENSS suffer 
from many worse solutions induced by the increased number of degrees of freedom. 
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(a) small network (b) large network

current point / not mutually consistent

mutually consistent point

drifting direction
 

Figure 6.7  The IOA optimization scheme 
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The weighted vcr of the solutions is relatively less variable than total travel time except 
for the smallest network case.  Due to the extreme behavior of the TTT minimization policy, the 
wvcr is not stable for a small network depending on which extreme solution is found. 

The convergence pattern analysis reveals that wrong way optimization of the IOA can 
make the IOA solution worse by as much as 19% for a small network.  For the larger networks, 
however, the frequency of the occurrence is not reduced but the effect is minimal.  Overall the 
IOA and nLOCAL converged within 5 to 10 iterations.  The SENSS and GENSS bring huge 
computational burdens and the SENSS is relatively faster than the GENSS without considering 
solution quality. 
 
6.6  CYCLE LENGTH AND EXPERIMENT RESULTS 
In the three experiments, cycle length was fixed for all demand levels in the example networks.  
Thus, the optimal green time ratio obtained can be changed by cycle length optimization.  
However, there exists no simple way to simultaneously include cycle length optimization into all 
searches while maintaining their unique characteristics.  Thus, sequential optimization of cycle 
length is a practical alternative, which was implemented in the developed codes but not used 
during the experiments.  If all searches utilize the same type of cycle length optimization, cycle 
length effect on solution quality remains the same, at least, across the searches.  In other words, 
the relative performance of the four codes will still be valid whether cycle length is optimized or 
not.  Moreover, Webster (1958) showed delay is rather insensitive to cycle length for a given 
flow rate over a fairly broad range of values unless cycle length is so short that it causes frequent 
cycle failures.  However, this study covers re-distribution of flow and this result may not 
necessarily kept.  In Chapter 6, inclusion of cycle length optimization will be presented with 
strategic sequential optimization algorithms. 
 
6.7  CHAPTER 6 SUMMARY 
This Chapter performs three experiments addressing the computational uniqueness, selection of 
the best local search, and comparisons of the four algorithms, respectively.  The experiments 
yielded the following conclusions: 

• Experiment I: Flow similarity of the mutually consistent points is evaluated by an 
aggregate measure.  The similarity among the algorithms diminished as demand or 
network size increased.  Control setting similarity is higher than flow similarity, which 
means flow variables are more sensitive than control variables; 

• Experiment II: The nLOCAL is the most stable local search method among the three 
different methods with the six variations.  The simplified local searches reduce gradient 
calculation computational burden in larger networks without much impairing solution 
quality compared with their counter regular local searches.  Because a major portion of 
the computation is the line search procedure for an optimal step size, to make the 
simplified local search fully effective, a strategy to expedite the line search should be 
developed. 

• Experiment III: For smaller networks, the IOA approach frequently failed to produce 
relatively good solutions at high demand, and was outperformed by the nLOCAL 
method.  Wrong way IOA optimization was sometimes critical for the small network.  
The SENSS and GENSS worked fairly well but were outperformed by the IOA at high 
demand in the larger network.  The IOA and nLOCAL converged within 20 iterations 
in most experimental trials.  SENSS and GENSS required many more trials than the 
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other methods and without considering the solution quality SENSS converged faster 
than GENSS. 
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CHAPTER 7  INCLUSION OF CYCLE LENGTH OPTIMIZATION 
 

Cycle length is one of four main control parameters in the signalized network.  Offset and 
phase sequence are optimized using operational level programs such as TRANSYT-7F and 
PASSER II.  Cycle length, however, can be optimized using the analytical method as well as the 
operational programs depending on the study purpose. 

This chapter will focus on incorporating the cycle length optimization in the four codes 
and will try to investigate the cycle length inclusion impact.  As shown in Figure 7.1, cycle 
length inclusion means the decision variable increase and hence the network performance will be 
in some range depending on how well the cycle length is set. 
 
7.1  CHARACTERISTICS OF CYCLE LENGTH 

Webster (1958) has derived an expression for the optimum cycle length to minimize 
delay and then developed an approximation as follows, 

CLo =
1.5L + 5

1 − x
s∑

 (7.1) 

where 
CLo =optimum cycle length (sec) 
L=sum of lost time for all phases (sec) 
 
Figure 7.2 shows a plot of the average delay for a set of demand levels and demonstrates 

that the delay is rather insensitive to the cycle length for a given flow rate over a fairly broad 
range of values (0.75CLo ~ 1.50CLo ).  When the cycle length is too short, delay increases 
asymptotically because of potential frequent cycle failures.  Excessive long cycle length results 
in delay increase as well.  The additional delay caused by longer cycle length, however, is much 
less than that caused by shorter cycle length. 
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Figure 7.1  Adding more decision variables such as cycle length 
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Figure 7.2  Average delay as a function of demand level  

and cycle length (Amended from Webster, 1958). 
 
7.2  CYCLE LENGTH SELECTION IN NETWORKS 

For an urban network, selection of cycle length is a system consideration because of the 
importance of vehicle platoon controls.  In order to do this, a common cycle length is almost 
always assumed in a network under control.  Of course, this common cycle length can be 
changed depending on time of day.  This study ignores offset effect due to the analytical 
approach, so that it is not necessarily true that a common cycle length is always better for the 
network performance.  In other words, for a fixed link flow pattern, individually setting signal 
lengths across the intersections is always outperforming than a single value cycle length if offset 
effect is ignored.  However, this study assumes that a common cycle length should be used to 
simulate a real world operation.  This study will call this common cycle length "system cycle 
length" or "network cycle length." 

 
7.3  DEVELOPMENT OF SYSTEM CYCLE LENGTH OPTIMIZATION 

To simultaneously optimizing cycle length with green time ratio, the gradient 

information, 
∆ total travel time

∆ CL
 , is required as well as the gradient information with respect to 

phase split, Λ .  To calculate cycle length gradient, phase split is assumed the current phase split, 
and to calculate the phase split gradient, cycle length is assumed the current cycle length.  Thus, 
it is hard to obtain the two gradient information simultaneously.  Sequential approach is 
generally used because of this difficulty in spite of its less effectiveness. 

This study implemented the following sequential algorithm for the four codes.  This 
approach does not calculate the cycle length gradient.  Instead, the individual optimum cycle 
length for each intersection i, CLo i( ), is calculated using the equation (7.1) and a single value of 
the system cycle length is strategically decided.  No superior strategy has been known yet. 
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7.4 UNCERTAINTY OF SELECTION OF NETWORK CYCLE LENGTH 
In the previous section, it is explained why a single value system cycle length is used for 

this study.  However, there is no single answer on the method of the selection among the 
different CLo i( )'s across the network.  Here, CLo i( )  means the optimum cycle length of 
intersection i by Equation (7.1).  Simply, the maximum CLo i( ) can be used to handle the 
oversaturated operation of the critical intersection.  However, longer cycle length can increase 
the redundant delay to the other intersection approaches, and because of re-distribution of flow, 
the critical intersection can be operated in undersaturated condition for the new flow pattern after 
re-setting the signal parameters.  This study devised a new parameter wCL as in Figure 7.3. 

The wCL simply denotes the weighting factor relative to the average of CLo i( )'s.  For 
the insensitive characteristics of optimum cycle length characteristics, a simple method is 
expected to work well once the cycle length is close to the optimum if the re-distribution of flow 
does not affect much.  The re-distribution, however, still can cause the situation that the cycle 
length in the current iteration is no longer a (near) optimum value in the next iteration. 

 
Method A 

Set network cycle length of the next iteration, 
CLo = max

all int er section i
CLo i( ){ } 

 
Method B 

Set CLo = wCL ⋅
CLo i( )

i

N

∑
N

 

where wCL ranges around 1.0. 
Figure 7.3  Deciding network cycle length 
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7.5  CYCLE LENGTH OPTIMIZATION ALGORITHMS  
AND IMPLEMENTATION� 

Figure 7.4 through Figure 7.7 are the algorithms implemented.  For GENSS, the previous 
green phase is modified by the evolution processes including selection, crossover, and mutation.  
Due to this, the new green phase is rather different from the previous one during the (initial) 
process and the resulting flow pattern is so.  Thus, cycle length is up and down with less 
continuity.  This study, therefore, ignores the experiment of GENSS although the code has been 
developed.  Similarly, SENSS contains this feature a little but used in the experimental study. 

Among the 6 different local searches, nLOCAL search is used because of its relative out 
performance as shown in the pervious chapter. 

 
 
STEP0: Set CLo  
STEP1: Perform UE 
STEP2: Calculate CLo (i) 
STEP3: Decide new CLo   (Refer to Figure 7.3) 
STEP4: Checking stopping criteria, and if not met go to STEP1 
 

Figure 7.4  IOA and cycle length optimization 
 
 

 
STEP0: Set CLo  
STEP1: Perform nLOCAL 
STEP2: Calculate CLo (i) 
STEP3: Decide new CLo   (Refer to Figure 7.3) 
STEP4: Checking stopping criteria, and if not met go to STEP1 
 

Figure 7.5  nLOCAL and cycle length optimization 
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STEP0: Set CLo  
STEP1: Perform SENSS 
STEP2: Find best inner iteration and flow pattern 
STEP3: Calculate CLo (i) 
STEP4: Decide new CLo   (Refer to Figure 7.3) 
STEP5: Checking stopping criteria, and if not met go to STEP1 
 

Figure 7.6  SENSS and cycle length optimization 
 

 
STEP0: Set CLo  
STEP1: Perform GENSS 
STEP2: Find best individuals and flow pattern 
STEP3: Calculate CLo (i) 
STEP4: Decide new CLo   (Refer to Figure 7.3) 
STEP5: Checking stopping criteria, and if not met go to STEP1 
 

Figure 7.7  GENSS and cycle length optimization 
 
 

7.6  PRELIMINARY TEST AND FINDINGS 
Before performing the comprehensive experiment, the three codes, nLOCAL, IOA and 

SENSS are applied in the four networks assuming pre-specified cycle lengths and cycle lengths 
ranges as follows; 

• 5 different cycle length cases: 
fixed 40sec, 
fixed 60sec, 
fixed 80sec 
Method A in Figure 7.3:  variable 40~80sec, 
Method A in Figure 7.3:  variable 10~250sec 

• No lost time is assumed 
• Starting point: 3 different cases 
• Test network: VV, 2x1, MED and AST network 
• Total cases=3(starting) × 5 CL( )× 4 network( ) × 5(OD) × 3 codes( ) = 900 
Tables 7.1 through 7.4 indicate the mean of total travel time and resulting cycle length of 

the cases using variable cycle length. 
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Table 7.1  Mean of total travel time for VV network (zero lost time) 

Algorithm OD CL=40se
c 

CL=60se
c 

CL=80sec �Method A 
CL=40~80 

Method A 
CL=10~250

 1 5 5 5 5    (40)* 5    (10)* 
 2 19 19 19 19   (40)* 19   (12)* 

IOA 3 51 52 52 52   (80)* 39   (250)* 
 4 71 74 78 74   (60)* 74   (60)* 
 5 211 216 221 216   (60)* 216   (60)* 
 1 5 5 5 5    (40)* 5    (10)* 
 2 23 23 23 23   (40)* 23   (10)* 

nLOCAL 3 34 39 39 34   (40)* 39   (10)* 
 4 56 56 56 56   (40)* 56   (10)* 
 5 75 75 75 75   (40)* 75   (10)* 
 1 5 5 5 5    (40)* 5    (10)* 
 2 19 19 19 19   (40)* 19   (12)* 

SENSS 3 39 39 39 34   (40)* 39   (10)* 
 4 56 56 56 56   (40)* 56   (10)* 
 5 75 75 75 75   (40)* 75   (10)* 

*(CL of the best solution) 
 
 

Table 7.2  Mean of total travel time for 2x1 network (zero lost time) 
Algorithm OD CL=40sec CL=60sec CL=80sec �CL=40~8

0 
CL=10~250

 1 4 4 5 4    (40)* 3    (10)* 
 2 13 14 15 13   (40)* 11   (10)* 

IOA 3 23 25 28 23   (40)* 20  (14)* 
 4 39 43 47 40   (43)* 40   (43)* 
 5 78 86 94 95   (80)* 174   (250)*
 1 4 4 5 4    (40)* 3    (10)* 
 2 13 14 15 13   (40)* 11   (10)* 

nLOCAL 3 23 25 28 23   (40)* 20  (14)* 
 4 43 46 49 40   (43)* 40   (43)* 
 5 70 78 86 85   (77)* 78   (60)* 
 1 4 4 5 4    (40)* 3    (10)* 
 2 13 14 15 13   (40)* 11   (10)* 

SENSS 3 23 25 28 23   (40)* 20  (14)* 
 4 39 43 47 40   (43)* 40   (43)* 
 5 70 78 86 86   (80)* 109   (60)* 

*(CL of the best solution) 
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Table 7.3  Mean of total travel time for MED network (zero lost time) 

Algorithm OD CL=40sec CL=60sec CL=80sec �CL=40~8
0 

CL=10~250 

 1 28 33 38 28    (40)* 20    (10)* 
 2 110 131 153 110   (40)* 78   (10)* 

IOA 3 229 279 323 231   (40)* 174  (16)* 
 4 557 625 703 705   (80)* 734   (89)* 
 5 1314 1408 1535 1506   (80)* 2372   (250)*
 1 30 36 42 30    (40)* 21    (10)* 
 2 119 144 168 120   (40)* 83   (10)* 

nLOCAL 3 245 304 357 253   (40)* 198  (18)* 
 4 611 678 789 751   (80)* 697   (60)* 
 5 1396 1468 1574 1570   (80)* 1476   (250)*
 1 29 35 40 29    (40)* 21    (10)* 
 2 117 144 165 110   (40)* 81   (10)* 

SENSS 3 267 312 364 274   (40)* 214  (20)* 
 4 681 753 799 753   (60)* 753   (250)* 
 5 1612 1700 1767 1765   (60)* 1765   (250)*

*(CL of the best solution) 
 
 

Table 7.4  Mean of total travel time for AST network (zero lost time) 
Algorithm OD CL=40sec CL=60sec CL=80sec �CL=40~8

0 
CL=10~250 

 1 136 146 157 136    (40)* 121    (10)* 
 2 512 555 599 512   (40)* 444   (10)* 

IOA 3 940 1029 1116 941   (40)* 879   (26)* 
 4 1677 1843 1983 1981   (80)* 3233   (250)*
 5 3151 3331 3511 3530   (80)* 5191   (250)*
 1 142 155 168 142    (40)* 122    (10)* 
 2 532 588 636 531   (40)* 458   (10)* 

nLOCAL 3 1093 1195 1284 1101   (40)* 1040   (30)* 
 4 2184 2315 2527 2472   (80)* 2311   (60)* 
 5 5284 5178 5333 5381   (80)* 5230   (60)* 
 1 140 153 165 141    (40)* 122    (10)* 
 2 523 582 603 537   (40)* 456   (10)* 

SENSS 3 1035 1183 1184 957   (40)* 1093   (25)* 
 4 1935 1863 2151 1909   (80)* 2514   (60)* 
 5 3173 3321 3475 3480   (80)* 5053   (250)*

*(CL of the best solution) 
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Findings of the test experiment are as follows. 
• The shorter cycle length indicates shorter total travel time.  This is caused by the no lost 

time assumption.  With no lost time, the weighted vcr's remain same no matter which 
cycle lengths are used for a flow pattern.  However, delay of an approach will be 
shorter in case that the shorter cycle length is used if vcr is not changed.  Thus, if lost 
time is not zero, then shorter cycle length will increase vcr and delay reduction can be 
offset by this vcr increase.  A tradeoff exists.  Although comparing IOA solution and 
some optimum solution is not depreciated by this fact, non-zero lost time is 
recommended in the comprehensive experiment study for improving reality.  

• For smaller network, using a single valued cycle length for the entire intersections and 
studying cycle length impact does not show much implication.  Because a good cycle 
length for an intersection may not be a good to the other intersections.  Thus, 
investigating iterative solution including cycle length impact should be focused on 
larger networks. 

• SENSS requires too much computational burden as expected and shows relatively 
stable at high demand on the larger network. 

• As like as in Chapter 6, IOA is outperformed by others in small networks. 
 
7.7  COMPREHENSIVE EXPERIMENT 

After the preliminary test, a comprehensive experiment has proceeded.  The purpose of 
this test is bench marking the iterative solution over the other algorithm solutions.  Zero lost time 
should be avoided as explained in the previous preliminary test section because of the tendency 
toward to shorter cycle length preferences.  Thus, non-zero lost time per each phase is assumed.  
Furthermore, as explained in Figure 7.3 of Section 7.4, wCL is introduced in the comprehensive 
test.  The test network is the Austin network.  

• Cycle length: 
Method A: CLo = max

all int er section i
CLo i( ){ } (variable 30~180sec) 

Method B:  CLo = wCL ⋅
CLo i( )

i

N

∑
N

 

wCL=0.6 
wCL=0.8 
wCL=1.0 
wCL=1.2 
wCL=1.4 

Fixed 60sec, 
• Lost time: 3sec assumed 
• Starting point: 3 different cases 
• Test network: AST network 
• Total cases=3(starting) × 7 CL( )×1 network( )× 7(OD) × 3 codes( ) = 441 
Table 7.5 and 7.6 represents the mean of total travel time and resulting cycle length of the 

cases, respectively.  Figure 7.8 and 7.9 show the difference of travel time between nLOCAL and 
IOA, and SENSS and IOA, respectively.  Surprisingly, as demand and wCL increase, nLOCAL 
and SENSS become outperforming IOA.  This result is somewhat different from that in Chapter 
6.  This can be interpreted as follows. 
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When demand is low in large network, gradient is not so distinctive and its numerical estimation 
is very difficult.  However, as demand increases, gradient estimation in nLOCAL becomes 
helpful to search better solution.  Because of this, in large network, nLOCAL with a good cycle 
length selection strategy can competes with IOA.  Conclusively, traditional IOA approach 
produces solutions containing room for improvement.  For SENSS, IOA is frequently 
outperformed even in lower demand levels, in case that cycle length optimization included.  This 
is because SENSS is stable in lower demand level as can be seen in Chapter 6 and becomes more 
stable in high demand level by the increased search domain. 

Figure 7.10 and 7.11 show the difference of cycle length between nLOCAL and IOA, and 
SENSS and IOA, respectively.  Generally, SENSS converged to less extreme values of cycle 
length than nLOCAL and IOA.  This is because SENSS searches much more domain than the 
others and no gradient is used.  At low demand level, all algorithms find similar cycle length. 
 
 

Table 7.5  Mean of total travel time of comprehensive experiment 
Algorithm OD Method 

A 
  Method 

B 
  Fixed 

Cycle 
  CL= 

30~180 
wCL= 

0.6 
wCL= 

0.8 
�wCL=

1.0 
wCL= 

1.2 
�wCL

= 
1.4 

CL=60

 1 134 134 134 134 134 134 152 
 2 559 509 509 509 521 539 590 

IOA 3 1811 973 996 1026 1092 1140 1138 
 4 3286 2156 2391 2520 2792 3037 2272 
 5 6678 5566 5968 6144 6515 6678 5491 
 1 142 142 142 142 142 142 159 
 2 571 601 601 601 590 582 616 

nLOCAL 3 1376 1745 1541 1361 1302 1289 1292 
 4 3227 2974 2871 2909 2999 3096 3005 
 5 5953 5854 5903 5953 5953 5963 6297 
 1 142 137 136 137 136 136 158 
 2 565 543 525 601 590 582 616 

SENSS 3 1523 1123 1175 1105 1088 1085 1125 
 4 2765 2345 2331 2411 2588 2501 2443 
 5 6013 5992 5903 5861 6234 6207 5753 
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Figure 7.8  Difference of total travel tine between nLOCAL and IOA 
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Figure 7.9  Difference of total travel tine between SENSS and IOA 
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Table 7.6  Mean of cycle length of comprehensive experiment 

Algorithm OD Method 
A 

  Metho
d B 

  Fixed 
Cycle 

  CL= 
30~180 

wCL= 
0.6 

wCL= 
0.8 

�wCL
= 

1.0 

wCL= 
1.2 

�wCL
= 

1.4 

CL=60

 1 30 30 30 30 30 30 60 
 2 48 30 30 30 34 40 60 

IOA 3 180 30 34 40 52 61 60 
 4 180 46 74 89 121 152 60 
 5 180 65 109 128 164 180 60 
 1 30 30 30 30 30 30 60 
 2 37 30 30 30 33 38 60 

nLOCAL 3 90 30 33 41 50 58 60 
 4 180 67 89 112 134 154 60 
 5 180 152 169 180 180 180 60 
 1 30 31 32 30 32 30 60 
 2 45 32 43 46 42 47 60 

SENSS 3 76 54 65 67 68 72 60 
 4 112 87 98 105 134 154 60 
 5 145 128 135 142 154 165 60 
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Figure 7.10  Difference of cycle length between nLOCAL and IOA 
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Cycle length differnce (SENSS-IOA)

-120

-100
-80

-60
-40

-20

0
20

40

60
80

O
D

=1

O
D

=2

O
D

=3

O
D

=4

O
D

=5

Method-A

wCL=0.6

wCL=0.8

wCL=1.0

wCL=1.2

wCL=1.4

CL=60

 
Figure 7.11  Difference of cycle length between SENSS and IOA 

 
 
7.8  CHAPTER 7 SUMMARY 

This chapter presented the cycle length inclusion effect.  For four codes, cycle length inclusion 
procedure was added in a sequential way.  GENSS, however, has not been used for 
discontinuous changing of green time ratios with cycle length change.  According to a pretest, 
zero lost time was not reasonable any longer and non-zero lost time was implemented.  A 
network cycle length decision method was suggested as well.  In comprehensive experimental 
test, cycle length optimization reduced IOA's outperforming in a large network.  Surprisingly, 
nLOCAL and SENSS found better solution than IOA as demand increases with high 
computational cost.  This reverse relative performance of IOA to nLOCAL and SENSS can be 
conjectured due to the too fast convergence nature of IOA.  In other words, the fast stops loses to 
search extensively the increased domain by variable cycle length.  Notice that the problem is still 
nonconvex.  Although this study needs more experiments in different networks in future, it is 
found that the mutually consistent solution can be improved with other algorithms. 
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CHAPTER 8  CONCLUSIONS 

This chapter presents overall conclusions and contributions drawn from this study as well 
as suggestions for future research directions. 
 
8.1  OVERALL CONCLUSIONS AND RESEARCH CONTRIBUTIONS 

This study is the first application of global search methods to the combined control and 
traffic assignment problem.  These methods are examined as a means of dealing with the 
nonconvexity of the problem.  Except for heavy demand situations in the large network, 
simulated annealing and the genetic algorithm found good solutions.  Local search methods 
performed best for smaller networks at high demand levels.  The iterative approach showed 
relative superiority with high demand and the large network with a fixed cycle length.  Each 
algorithm seemed to yield relative superior performance for a particular demand-network 
combination.  However, with variable cycle lengths, the iterative approach stops quickly at low 
quality solutions at high demand level.  Fast stops limit the search area in the domain and hence 
possibly lose the chance to search the better domain.  The overall conclusions, chapter by 
chapter, are as follows. 

Chapter 1 presented the study frame work including the study objectives and selected 
assumptions. 

Chapter 2 and 3 presented extensive reviews of the combined control optimization and 
traffic assignment problem and two stochastic global optimization techniques, simulated 
annealing and a genetic algorithm, focusing on origins, parameters, and stochastic convergence 
nature. 

Chapter 4 presented a method to combine the Webster and deterministic oversaturation 
delay curves to define delay above capacity maintaining continuous differentiability.  Utilization 
of a chain rule to accommodate complex signal schemes was explained.  The problem of 
nonconvexity was discussed including numerical counter example derivations.  Then, the 
simulated annealing methodology, a genetic algorithm, local and iterative searches were 
presented.  The adopted simulated annealing technique is a continuous variable version with 
outer and inner iterations.  A new point generation strategy, called boundary intensified 
searching, was developed to reduce the computational burden of maintaining feasibility and to 
thoroughly search boundary areas.  The applied genetic algorithm easily maintained feasibility 
after minor modifications.  The local search techniques constitute three different versions with 
six gradient calculation variations.  The simplified version, suggested by Sheffi and Powell 
(1983) and devised for gradient calculation computational burden reduction, was implemented.  
A full numerical local search (nLOCAL) was also implemented.  The "pressure" concept was 
utilized for signal optimization of the iterative approach. 

Chapter 5 presented characteristics of the four implemented codes, named SENSS, 
GENSS, LOCAL and IOA.  LOCAL has three different codes and six different running 
variations.  For a small network, multiple solutions, showing extreme convergence behavior, 
were derived.  This derivation demonstrated the problem difficulty in deriving solutions 
analytically even in a small network.  The code characteristics investigation was centered on 
performance effects of code parameters.  One important finding was potential wrong way 
optimization of the IOA procedure because of the Breass paradox. 

Chapter 6 consists of three comprehensive experiments.  Experiment I computationally 
investigated different solution flow-control similarity.  Similarity generally became less as 
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demand increased.  Experiment II compared the local searches and selected a best local search 
among the six variations.  The full numerical local search produced the most stable results.  The 
simplified local search methods (sLOCAL's) found fairly good solutions except for smaller 
networks and showed computational efficiency compared to the regular local search versions.  
Experiment III was designed for comprehensive comparisons of the four codes, IOA, nLOCAL, 
SENSS and GENSS.  For smaller networks, the IOA approach frequently failed to produce good 
solutions at higher demand levels and was outperformed by nLOCAL.  The wrong way 
optimization of IOA was sometimes critical for smaller networks.  For larger networks, the 
wrong way optimization problem was minimal and IOA outperformed nLOCAL especially at 
high demand levels.  SENSS and GENSS worked fairly well at low demand levels in all 
networks, but were outperformed by IOA at high demands in the large network.  IOA and 
nLOCAL converged within 20 iterations in most experimental trials.  SENSS and GENSS 
required many more trials to reach the stopping criteria and SENSS was relatively faster than 
GENSS but did not always produce equivalent quality solutions. 

Chapter 7 presented the cycle length inclusion effect, which increases solution domain.  
For four codes, cycle length inclusion procedure was added in a sequential way.  GENSS, 
however, has not been used for discontinuous changing of green time ratios with cycle length 
change.  According to a pretest, zero lost time was not reasonable any longer and non-zero lost 
time was implemented.  A network cycle length decision method was suggested as well.  In 
comprehensive experimental test, cycle length optimization reduced IOA's outperforming in a 
large network.  Surprisingly, nLOCAL and SENSS found a better solution than IOA as demand 
increases with high computational cost.  This reverse relative performance of IOA to nLOCAL 
and SENSS can be conjectured due to the too fast convergence nature of IOA.  In other words, 
the fast stops loses to search extensively the increased domain by variable cycle length.  Notice 
that the problem is still nonconvex.  Although this study needs more experiments in different 
networks, it is found that the mutually consistent solution can be improved with other algorithms. 

The most significant contribution of this research is the recognition of the nonconvexity 
of the urban street network combined control and assignment problem and the adaptation of 
global searches countering the nonconvexity.  Another significant contribution of this study is 
implementation of several local search techniques with different gradient estimation methods and 
identification of their performance. 

Another important contribution is the discovery that the iterative approach performs well 
despite its theoretical drawbacks, although it does not consistently outperform the other 
algorithms. 

An important finding is that the selected two main experimental parameters, demand 
level and network size, are strongly interrelated with algorithm solution quality and hence a 
relative performance pattern observed in one combination of the two factors is not repeated in 
different combinations.  This finding implicates that a proper approach (or algorithm) selection 
for the problem under consideration is very important to producing an efficient traffic network 
system operation.  Moreover, the iterative approach, which is the most widely used current 
practice, should be carefully designed to ensure the expected system efficiency.  The selection 
rule is, the simpler the problem, the more precise the solving approach must be, and vise versa. 

Another important finding is that flow similarity of different algorithm solutions is poor 
at high demand levels and generally worse than control similarity. 
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Another significant contribution of this study is inclusion of complex signal schemes with 
overlapping movements and multiphases in all codes, which avoids the limitation of many 
previous works having only simple two phase control and two movements. 

 
8.2  FUTURE RESEARCH 

This study suggests the following further research. 
Practical application of the study findings to real networks will require including more 

control variables.  Due to the analytical link performance modeling frame work, signal 
progression effects have not been explicitly included.  An alternative would be to incorporate a 
traffic flow simulation component, which could include queue management as well. 

A strategic line search to reduce the local search computational burden should be studied 
since extensive computation time is spent in the line search rather than gradient estimation, and 
this offsets the expected simplified local search benefits.  Limiting iteration numbers of each line 
search is a possible alternative to be examined.  If the iterative approach is the future field 
practice, then its performance under high demand in a simple network should be further 
examined and ultimately improved.  Moreover, alternative control optimization policies and 
different link performance functions should be compared since solution quality and convergence 
behavior can be significantly affected by them. 

To improve the code performance, a hybrid algorithm of global search and local/iterative 
search to utilize each algorithm's exclusive merits simultaneously and efficiently should be 
probed.  This hybrid approach will reduce each algorithm's drawbacks and be more plausible 
with ever-improving computer performance to apply for large scale realistic network problems. 

The stability issue has not been properly investigated in this study.  Stability of different 
algorithm solutions merits further research.  The study concept was limited to static traffic 
assignment.  Extending the research to different user behavior rules with different control 
optimization polices and link performance functions are suggested.  Work toward dynamic 
traffic assignment would be preferable but still challenging. 
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APPENDIX 
 
A.1  Gradient, Jacobian and Hessian 
[Definition: Operator ∇ , Gradient and Jacobian (Sheffi, 1984, p212)] 

Let x ∈S ⊆ Rn .  Then the operator ∇  denotes  
(1) the gradient vector if it operates on a scalar function f, 

  
∇f = grad f =

∂f
∂x1

,L,
∂f

∂xn

 
 
  

 
   where f:S → R1 ; 

(2) or the Jacobian if it operates on a vector-valued function f, 

  

∇f = J f =

∂f1
∂x1

L
∂f1
∂xn

M O M
∂f n
∂x1

L
∂fn
∂xn

 

 

 
 
 

 

 

 
 
 
  where 

f x( ) = f1 x( ), f2 x( ),. ..( )= f1,f2 ,. ..( )
f: S→ Rn

fi : S→ R1

 

 
 

  
. 

[Definition: Hessian] 
The n × n   symmetric matrix by the second partial derivatives of f is called the Hessian 

of f; 

  

∇2f = Hf =

∂2f
∂x1∂x1

L
∂2f

∂x1∂xn
M O M

∂2f
∂xn∂x1

L
∂2f

∂xn∂xn

 

 

 
 
 
 

 

 

 
 
 
 

. 

[Definition: Leading principal determinants or Determinants of all principal minor] 
For a square matrix Q = qij( ), the i-th leading principal determinant Qi is defined as the 
determinant of the matrix formed by taking the intersection of the first i rows and the first 
i columns.  For example, if Q is 3 × 3, 

Q1 = q11 , Q2 =
q11 q12

q21 q22
, Q3 =

q11 q12 q13

q21 q22 q23

q31 q32 q33

 

[Definition: Eigenvalues and Eigenvectors] 
Let Q be an n × n  matrix.  A scalar λ  and a nonzero vector x satisfying Q ⋅ x = λ ⋅ x are 
called, respectively, an eigenvalue and an eigenvector of Q.   Q - λ ⋅ I = 0 should be 
solved to compute them, where I is the n × n  identity matrix. 
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A.2  Definiteness, Monotonicity and Convexity 
[Definition: Definiteness] 

An n × n  matrix Q is positive semidefinite (positive definite) if and only if any of the 
following satisfies, 

(1) x ⋅ Q ⋅ x ≥ 0 (x ⋅ Q ⋅ x > 0 ) for any nonzero n-vector x; 
(2) all eigenvalues are nonnegative (positive); 
(3) all the leading principal determinants are nonnegative (positive). 

Q is negative samidefinite (negative definite), 
(4) if -Q satisfies (1) or (2); 
(5) if the leading principal determinants alternate in sign with 

Q1 ≤ 0(Q1 < 0) , i.e., 
Q1 ≤ 0, Q2 ≥ 0, Q3 ≤ 0,.. .   (Q1 < 0, Q2 > 0, Q3 < 0,.. .). 

Q is indefinite if it is neither positive nor negative definite. 
[Definition: Monotonicity] 

An n dimensional vector function f x( ) = f1 x( ),f 2 x( ),. ..( ) is 
monotone on S if   f x( )− f y( )[ ]⋅ x − y( )≥ 0,    ∀  x, y ∈S ⊆ Rn   and 
strictly monotone if   f x( )− f y( )[ ]⋅ x − y( )> 0,  ∀ x,y ∈S ⊆ Rn , x ≠ y . 

[Definition: Convexity of a set (Bazaraa and Shetty 1979)] 
A set S in Rn  is convex if for x, y ∈S and α∈ 0,1[ ], the points of the linear segment (or 
convex combinations of x and y) belongs to S: i.e., αx + 1- α( )y ∈S. 

[Definition: Convexity of a function (Bazaraa and Shetty 1979)] 
Let S be a convex set in Rn .  For x, y ∈S and α∈ 0,1[ ], the function f: S → R   is convex 
if f αx + 1- α( )y[ ]≤ αf x( ) + 1− α( )f y( ) and 
strictly convex if f αx + 1- α( )y[ ]< αf x( ) + 1− α( )f y( ) . 

 
A.3  Relation of Monotonicity, Jacobian, Definiteness and Convexity 
[Theorem A.1: Monotonicity and Jacobian] (Nagurney, 1993) 

An n dimensional vector function f x( ) is monotone (strictly monotone) 
if and only if the Jacobian matrix J is positive semidefinite (positive definite) or 

if and only if all the leading principal determinants of 
1
2

J + J T( ) or J + JT( ) is 

nonnegative (positive) when J is not symmetric (Smith and Van Vuren, 1993). 
[Theorem A.2: Relation of convexity and positive definite (Bazaraa and Shetty, 1979)] 

Let f be twice differentiable.  Then for each x ∈S ⊆ Rn , 
f is convex if and only if H is positive semidefinite; 
f is strictly convex if H is positive definite; 
further, if f is strictly convex, H is positive semidefinite. 

[Theorem A.3: Relation of convexity and monotonicity] 
Let a real valued function f x( ):S → R1 be differentiable for each x ∈S ⊆ Rn . 
f is convex if and only if Hf   is positive semidefinite (  Q Theorem A.2). 
∇f  is monotone if and only if J∇f   is positive semidefinite.(  Q Theorem A.1), where J ∇f  
is the Jacobian of ∇f , i.e., ∇2f = Hf . 
Thus, f is convex if and only if ∇f  is monotone. 
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The monotonicity of ∇f  can be tested by examining all the leading principal 

determinants of 
1
2

J∇f + J∇f
T( )=

1
2

∇2f + ∇2fT( )=
1
2

Hf + Hf
T( ) as explained in Theorem A.1.  

Specially bring the UE problem: 
f x( ) = ta0

xa∫
a
∑ w( )dw, 

then  

∇f x( ) = t1 x1( ), t2 x2( ), .. .( ) and 

 

∇2f = J∇f = Hf =  

∂t1
∂x1

L
∂t1
∂xn

M O M
∂t n
∂x1

L
∂tn
∂xn

 

 

 
 
 

 

 

 
 
 

. 

Here, f is convex if and only if ∇f  is monotone, or if and only if J∇f  is positive semidefinite; Let 
t x( ) = ∇f x( ) = t1 x1( ), t2 x2( ), .. .( ), f is convex if and only if t is monotone or if and only if J t  is 
positive semidefinite.  In words, UE is convex as long as cost function t is monotone or Jacobian 
of cost function is positive semidefinite.  In the above, when J ∇f  is diagonal (i.e., 
∂t i
∂xj

= 0  if  i ≠ j ) the UE is the standard static user equilibrium problem with no link 

interactions. 
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A.4  Spanning Trees 
A tree is a connected graph without any cycle, a spanning tree is a tree including all 
nodes and a shortest path spanning tree is a spanning tree of which each path from the 
origin to a destination is the shortest path between them.  Notice that a shortest path 
spanning tree is not necessarily a minimum spanning tree with minimum total cost (time 
or weight) of the network. 

 
A.5  Algorithm 

An algorithm for a problem is a precise description of well-defined operations through 
which an acceptable input data vector is transformed into an output data vector.  An 
iteration is a repetitive execution of a set of actions, for example, of numerical 
evaluations. 

 
A.6  NP and Polynomial-Time Approximation 

Refer to Cormen, Leiserson and Rivest (1990) for more detailed explanation. 
[Definition: Polynomial-time algorithm] 

On inputs of size n, the algorithm to show the worst-case running time is o nk( ) for some 
constant k. 

[Definition: Polynomial-time approximation algorithm] 
The algorithm to return near-optimal solution in polynomial time (either in the worst case 
or on the average) in the size of its input.  It has a relative error bound of ε n( ) such that 
z − z*

z* ≤ ε n( ).  Ideally, the run time should not increase too rapidly as ε  decreases.  An 

example run time of this is nk 1
ε

 
 

 
 

′ k 
 for some constant k and k'. 

[Definition: NP-problem] 
NP stands for non-deterministic polynomial-time.  NP-problem is the problem whose 
solution, when given, can be checked in polynomial time whether its solution finding 
takes non-polynomial time or not.  Thus NP covers problems to be solvable in 
polynomial time (say P).  NP-complete problem is the problem with the property that 
every other problem in NP can be polynomilally reduced to it--this implies one problem 
in NP-complete is solved in polynomial time, then so can every other problem in NP.  For 
example, traveling salesman problem is NP-complete. 

NP
NP-completeP

 
 
No polynomial-time algorithm has yet been discovered for an NP-complete problem.  
Some NP-complete problems allow approximation algorithms to achieve increasingly 
smaller relative error bound by paying more and more time. 
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A.7  Markov Chain and Two Balance Equations 
Refer to section 3.4.1 for the notation of this section. 

[Definition: Markov chain] 
A stochastic process Xn , n = 0,1,2,...{ } is called a discrete-time Markov chain if it has 
the following Markov property, 
Pr Xn +1 = j / X n = i,  Xn−1 = in−1,. .. ,X1 = i1,  X0 = i0( )
= Pr Xn+1 = j / Xn = i( )

. 

[Definition: Irreducible] 
A Markov chain is irreducible, if for each pair of i and j, there is a positive probability of 
reaching j from i in a finite number of steps, i.e., 
∀i, j ∃ n ≥1 such that Pij

n > 0 . 
[Definition: Periodic and Aperiodic] 

State i is said to have period d if the greatest common divisor gcd(Di)=d, where the set 
Di  consists of all integer n > 0  with P ii

n > 0 .  Now, 
i  is  aperiodic  if  d =1,
i  is  periodic    if  d > 1.
 
 
  
A Markov chain is aperiodic if all states have period one. 

[Definition: Probability of first passage times] 
For each pair of i and j, the probability of first passage time, qij

n( ), is defined by, 

qij
(n ) = Pr Xn = j,  Xn−1 ≠ j,. .., X1 ≠ j / X0 = i( )  for  n ∈ I+  where, I+  is a set of positive 

integers. 
[Definition: Recurrent and Transient] 

Let qij  denote the probability that, starting in i, the process will ever reenter j, i.e., 

q ij = qij
n( )

n=1

∞

∑ .  State i is recurrent if qii = 1 and transient if qii <1.  The mean recurrence 

time, vi , is defined by vi = nqii
(n )

n =1

∞

∑ .  A recurrent state i is positive if vi < ∞  and null if 

vi = ∞ .  A Markov chain is (positive) recurrent if all states are (positive) recurrent. 
[Definition: Ergodic] 

A Markov chain is ergodic if all states are positive recurrent and aperiodic. 
[Definition: Homogeneous and Inhomogeneous or Stationary and Nonstationary] 

A Markov chain is stationary or homogeneous if the transition probabilities are 
independent of the trial number m, i.e., 
P ij = P ij

1st
= Pij

2nd
=. ..= Pij

mth
= Pij

m+1th
=. .. ,  for m ∈I+ . 

A Markov chain is called nonstationary or inhomogeneous if the transition probabilities 
are dependent on the trial number m.  When the control parameter c changes by cooling 
in SA, P ij  is changeable and a nonstationary Markov chain appears.  In the SA literature, 
homogeneous and inhomogeneous are more widely used than stationary and 
nonstationary. 

[Definition: Stationary distribution of SA] 
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The limiting distribution of a Markov chain with P is π = π0 ,π1,π 2,...( ), 
where  π i = lim

n→∞
Pr Xn = i / X0 = j( )= lim

n→∞
P ji

n .  Limiting distribution is also called 

stationary, steady-state or equilibrium distribution because of the following property 
associated with Theorem A.4 below. 
Pr Xn = i( )= Pr Xn = i / X n−1 = j( )⋅ Pr Xn−1 = j( )

j
∑ = Pji ⋅ P X n−1 = j( )

j
∑  

By letting n → ∞ , we get lim
n→∞

Pr Xn = i( )= πi = Pji ⋅ π j
j
∑ . 

 
A Markov chain is irreducible if and only if its graphical representation shows a 

connected graph.  In other words, there is a path between every pair of nodes (Wolff, 1989).  An 
irreducible Markov chain is known aperiodic if P ii > 0  for all i (Aarts and Korst, 1989).  In a 
finite-state Markov chain all recurrent states are positive (Ross, 1985, pp. 144-145).  In the SA 
literature, ergodic and aperiodic have been interchangablely used because irreducible finite-state 
Markov chains associated with SA are recurrent and therefore positive (Wolff, 1989, p 210).  
Thus, aperiodicity is sufficient for SA ergodicity. 

If P is one step transition probability matrix associated with a finite, irreducible and 
aperiodic stationary Markov chain, then P satisfies the following two theorems.  If a Markov 
chain is either transient or null, there is no probability distribution that satisfies the global 
balance equation below and therefore clearly no stationary distribution exists. 
[Theorem A.4: Global balance equation] 

For the P defined in the above, there exists a stationary distribution π  which is uniquely 
determined by the global balance equation: πj ⋅P ji

j
∑ = π i  for all i. 

[Theorem A.5: Detailed balance equation (reversibility)] 
For the P defined in the above, a stochastic distribution π   is the stationary distribution 
of the Markov chain if its components satisfy the detailed balance equation: 
π iPij = π jP ji , for all i, j. 

Although there is no reason to expect detailed balance equation to hold in general, some Markov 
chains satisfy the detailed balance equation, which implies the global balance equation.  Thus, if 
a given stochastic distribution meets the detailed balanced equation, then it is stationary by 
Theorem A.5 and unique by Theorem A.4. 
 
A.8  Hajek (1988)'s Definitions and p-Series 
[Definition : Reachable at height H] 

A state j is reachable at height H from i if i=j, or if there is a sequence of states 
X 0 = 1, X1 = m1,  X2 = m2 , X3 = m3,.. ., Xp = j,  for some p ≥ 1 such that X n+1 ∈Sm n

 
for 0 ≤ n ≤ p −1 and zn ≤ H  for 0 ≤ n ≤ p.  Here Smn

 is the neighborhood of X n  which 
is in state mn . 

[Definition : Local minimum] 
State i is said to be a local minimum if no state j with z j( ) < z i( )  is reachable from i at 
height z i( ) 
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[Definition : Depth of a local minimum] 
For a local minimum i, the depth of i, d i( ), is defined to be +∞  if i is a global minimum.  
Otherwise, the depth of a local minimum i is defined to be the smallest positive number 
D such that some state j with z j( ) < z i( )  can be reachable from i at height z i( )+ D.  The 
depth is the smallest necessary amount of objective value worsening to escape from a 
local minimum i. 

[Definition : Weak reversibility] 
State i is reachable from j at height H if and only if j is reachable from i at height H, for 
any two states i, j ∈ S and H. 
 
To illustrate the above definitions, Hajek gave Figure A.1 below.  A node indicates a 

state in S and a directed arc (i, j) does a transition from i to j such that j ∈Si .  The directed graph 
in the picture satisfies the weak reversibility of Definition 3.13.  States 1, 2, 3 are global minima.  
State 2 is reachable at height 1 from state 1 and state 3 is reachable at height 12 from state 1.  
States 4, 6, 7 are local minima with depths 5, 6, and 2, respectively.  Hence, the deepest depth d* 
is 6.  Notice that state 5 is not a local minimum because state 6 with z 6( ) = 4 is reachable at 
height z 5( )= 5 without worsening the objective value z 5( ). 
 
[Definition : The p-series] 

1 +
1

2p +
1

3p +
1

4p +...   =

p
p -1

    if  p >1,   

+∞      if  p = 1,  
+∞      if  p < 1,  

 

 
 

 
 

 

 
 

 
 

       for p > 0 . 
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Figure A.1  Depth of discrete states (Hajek, 1988) 
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A.9  Proof of Descent Direction in Section 4.7.3 
Let u is a p dimensional vector and A is the arithmetic average of all components of u, 

i.e., 

u = u1,u2,... ,up( )  and  A = um
m=1

p

∑ . 

Now define ′ u = − u1 − A,u2 − A,... ,up − A( ).   Then, an inner product u ⋅ ′ u   can be simplified 
and is always negative when u ≠ 0  as follows: 

u ⋅ ′ u = u1,u2, .. .,up( )− u1 − A,u2 − A,.. ., up − A( ) 

= − um
2

m=1

p

∑ + A um
m=1

p

∑  

= − um
2

m=1

p

∑ +
1
p

um
2

m=1

p

∑ + 2umun
n =m+1

p

∑
m=1

p −1

∑
 

  
 

  
 

= −
1
p

(p −1) ui
2

m=1

p

∑ − 2umun
n=m+1

p

∑
m=1

p−1

∑
 

  
 

  
 

= −
1
p

(um − un )2

n =m+1

p

∑
m=1

p−1

∑ . 

When u ≠ 0 , u ⋅ ′ u < 0 . 
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